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Abstract.
In this paper we prop ose a generalization of multiscale �nite element methods (MsFEM) to nonlinear problems. We study

the convergence of the prop osed method for nonlinear elliptic equations and prop ose an oversampling technique. Numerical
examples demonstrate that the oversampling technique greatly reduces the error. The application of MsFEM to porous media

o ws is considered. Finally , we describe further generalizations of MsFEM to nonlinear time-dep endent equations and discuss
the convergence of the method for various kinds of heterogeneities.

1. In tro duction. Many processesinvolve a wide range of scales. Becauseof the scale disparity in
multiscale problems, it is often impossibleto resolve the e�ects of small scalesdirectly. For this reasonsome
type of coarseningor upscaling is performed. The main idea of upscaling techniques is to form coarse-scale
equations with a prescribed analytical form that may di�er from the underlying �ne-scale equations. In
multiscale methods, by contrast, the �ne-scale information may be carried throughout the simulation, and
the coarse-scaleequationsare generallynot expressedanalytically, but rather formed and solved numerically.

Recently a number of multiscale numerical methods, such as residual free bubbles [5, 31], variational
multiscale method [21], multiscale �nite element method (MsFEM) [19], two-scale�nite element methods
[25], two-scaleconservative subgrid approaches [1, 2], and heterogeneousmultiscale method (HMM) [10]
have beenproposed. We remark that special basefunctions in �nite element methods have beenusedearlier
in [4] and in [3], where using special base function, the generalized�nite element method is intro duced.
In this paper we will generalizeMsFEM to nonlinear problems. Originally , MsFEM is proposedfor linear
equations and its main idea is to use oscillatory basefunctions to capture the local-scaleinformation. The
pre-computed multiscale basefunctions allow us to interpolate a coarse-scalefunction, de�ned at the nodal
values of the coarsegrid, to the underlying �ne grid. This idea can be naturally generalizedto nonlinear
problems if one considers,instead of the basefunctions, a multiscale map from the coarsegrid spaceto the
underlying �ne grid space.This multiscale map is constructed using the solutions of the local problems and
provides us with the interpolation of the coarse-scalefunction, de�ned at the nodal valuesof the coarsegrid,
to the underlying �ne grid. For linear problems, our multiscale map is linear and, thus, the image of the
coarsedimensional spaceis a linear spacewith the samedimension. A basis for the multiscale spacecan
be obtained by mapping a basis of the coarsedimensional space. The latter gives us the multiscale �nite
element basis functions intro duced in [19]. Once the multiscale mapping is de�ned, we formulate the global
�nite element formulation of the problem. Our multiscale �nite element methods use a Petrov-Galerkin
formulation in which we use multiscale �nite element basesas basis functions and standard linear �nite
elements as test functions. We note that the Petrov-Galerkin formulation of MsFEM is found to have an
advantage [18] for linear problems. We would like to stressthat the formulation of MsFEM doesnot require
any assumptionson the nature of heterogeneities,such as periodicit y, almost periodicit y, or etc.

We consider the analysis of MsFEM for generalnonlinear elliptic equations,u� 2 W 1;p
0 (
)

� div(a� (x; u� ; D x u� )) + a0;� (x; u� ; D x u� ) = f ; (1.1)

where a� (x; � ; � ) and a0;� (x; � ; � ), � 2 R, � 2 Rd satisfy some assumptions given by (3.1)-(3.5), which
guarantee the well-posednessof the nonlinear elliptic problem (1.1). Here 
 � Rd is a Lipschitz domain and
� denotesthe small scaleof the problem. The homogenizationof nonlinear partial di�eren tial equationshas
beenstudied previously (see,e.g., [28]). It can be shown that a solution u� converges(up to a sub-sequence)
to u in an appropriate norm, where u 2 W 1;p

0 (
) is a solution of a homogenizedequation

� div(a� (x; u; Du)) + a�
0(x; u; Du) = f : (1.2)
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The homogenizedcoe�cien ts can be computed if we make an additional assumption on the heterogeneities,
such asperiodicit y, almost periodicit y, or when the 
uxes are strictly stationary �elds with respect to spatial
variables. In thesecases,an auxiliary problem is formulated and usedin the calculations of the homogenized

uxes, a� and a�

0. Our motivation in consideringthis type of equation stemsfrom porousmedia applications,
where nonlinear 
uxes arise. In particular, we are interested in porous media 
o ws in unsaturated media
and the transport of two-phase
o ws in heterogeneousporous media. In theseexamples,nonlinearities arise
due to the interaction betweenthe phasesand components.

In this paper we study the convergenceof the generalizedMsFEM for periodic heterogeneities. To
analyze the method, we �rst approximate the solutions of the local problems by intro ducing appropriate
correctors, which are periodic with respect to the fast variables. Theseapproximations of the local solutions
allow us to extract the homogenizedbehavior of MsFEM solutions and compare it with the homogenized
solutions of the continuous equations. Sharp estimatesfor the corrector approximations are obtained in the
paper. The analysis allows us to understand the resonanceerror and proposean oversampling technique as
in [19]. Numerical examplesare presented in the paper to show the accuracy of the oversampling method.
We use both periodic and random �elds with long-range correlation structures (with and without discon-
tinuities) in our numerical experiments. We present numerical examplesfor both multiscale �nite element
and multiscale �nite volume element methods. Multiscale �nite volume element methods are very closely
related to multiscale �nite element method, where the formulation of the method follows the standard �nite
volume element methods. All the examplesclearly demonstrate the advantagesof the oversamplingmethod.
In particular, the oversampling approach provides small errors for relatively large coarsening. Further gen-
eralization of the analysis to the casesof more generalheterogeneitiesis discussedin the paper. Finally, we
would like to note that the resonanceerrors are a common feature of multiscale methods unless periodic
problems are consideredand the solutions of the local problems in an exact period are used. In this case,
one can solve the local problems in one period to approximate the multiscale map.

The paper is organized in the following way. In the next section, we intro duce MsFEM for nonlinear
problems. Section3 is devoted to the analysisof MsFEM. In Section4, numerical examplesare presented. In
particular, weshow that with the oversamplingtechnique, the error is reduceddramatically. The applications
of MsFEM to porous media 
o ws are also consideredin Section 4. Finally, in Section 5 someconclusions
are drawn. We present further generalizationsof MsFEM to nonlinear parabolic equations and discussthe
convergenceof the method for various typesof heterogeneities.

2. Multiscale �nite elemen t metho ds (MsFEM). The goal of MsFEM is to �nd a numerical
approximation of a homogenizedsolution without solving auxiliary problems (e.g., periodic cell problems)
that arise in homogenization. The homogenizedsolutions are sought on a coarsegrid spaceSh , whereh � � .
Let K h be a partition of 
. We denote by Sh standard family of �nite dimensional space,which possesses
approximation properties, e.g., piecewiselinear functions over triangular elements,

Sh = f vh 2 C0(
) : the restriction vh is linear for each element K and vh = 0 on @
 g: (2.1)

In further presentation, K is a triangular element that belongs to K h . To formulate MsFEM for general
nonlinear problems,we will need(1) a multiscale mappingthat givesus the desiredapproximation containing
the small scaleinformation and (2) a multiscale numerical formulation of the equation.

Multiscale mapping. Intro ducethe mapping E M sF E M : Sh ! V h
� in the following way. For each element

vh 2 Sh , v�;h = E M sF E M vh is de�ned as the solution of

� div(a� (x; � vh ; D x v�;h )) = 0 in K ; (2.2)

v�;h = vh on @K and � vh = 1
jK j

R
K vh dx for each K . We would like to point out that di�eren t boundary

conditions can be chosen to obtain more accurate solutions and this will be discussedlater. Note that
for linear problems, E M sF E M is a linear operator, where for each vh 2 Sh , v�;h is the solution of the linear
problem. Consequently , V h

� is a linear spacethat can be obtained by mapping a basisof Sh . This is precisely
the construction presented in [19] for linear elliptic equations.
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Fig. 2.1. Left: Portion of triangulation sharing a common vertex z and its contr ol volume. Right: Partition of a triangle
K into three quadrilater als

Multiscale numerical formulation. Multiscale �nite element formulation of the problem is the following.
Find uh 2 Sh (consequently , u�;h (= E M sF E M uh ) 2 V h

� ) such that

hA �;h uh ; vh i =
Z



f vhdx 8vh 2 Sh ; (2.3)

where

hA �;h uh ; vh i =
X

K 2 K h

Z

K
((a� (x; � uh ; D x u�;h ); D x vh ) + a0;� (x; � uh ; D x u�;h )vh )dx: (2.4)

Note that the aboveformulation of MsFEM is a generalizationof the Petrov-Galerkin MsFEM intro duced
in [18] for linear problems. MsFEM, intro duced above, can be generalizedto di�eren t kinds of nonlinear
problems and this will be discussedlater.

2.1. Multiscale �nite volume elemen t metho d (MsFVEM). The formulation of multiscale �nite
element (MsFEM) can be extended to a �nite volume method. By its construction, the �nite volume
method has local conservative properties [16] and it is derived from a local relation, namely the balance
equation/conservation expressionon a number of subdomains which are called control volumes. Finite
volume element method can be considered as a Petrov-Galerkin �nite element method, where the test
functions are constants de�ned in a dual grid. Consider a triangle K , and let zK be its barycenter. The
triangle K is divided into three quadrilaterals of equal area by connecting zK to the midpoints of its three
edges. We denote these quadrilaterals by K z , where z 2 Zh (K ) are the vertices of K . Also we denote
Zh =

S
K Zh (K ), and Z 0

h are all vertices that do not lie on � D , where � D is Dirichlet boundaries. The
control volume Vz is de�ned as the union of the quadrilaterals K z sharing the vertex z (seeFigure 2.1). The
multiscale �nite volume element method (MsFVEM) is to �nd uh 2 Sh (consequently , u�;h = E M sF V E M uh

such that

�
Z

@Vz

a� (x; � uh ; D x u�;h ) � n dS +
Z

Vz

a0;� (x; � uh ; D x u�;h ) dx =
Z

Vz

f dx 8z 2 Z 0
h ; (2.5)

where n is the unit normal vector pointing outward on @Vz . Note that the number of control volumesthat
satis�es (2.5) is the sameas the dimensionof Sh . We will present numerical results for both multiscale �nite
element and multiscale �nite volume element methods.

2.2. Examples of V h
� . Linear case. For linear operators, V h

� can be obtained by mapping a basis
of Sh . De�ne a basis of Sh , Sh = span(� i

0), where � i
0 are standard linear basis functions. In each element

K 2 K h , we de�ne a set of nodal basis f � i
� g, i = 1; : : : ; nd with nd(= 3) being the number of nodes of the

element, satisfying

� div(a� (x)D x � i
� ) = 0 in K 2 K h (2.6)

3



and � i
� = � i

0 on @K . Thus, we have

V h
� = spanf � i

� ; i = 1; : : : ; nd; K � K h g � H 1
0 (
) :

Oversampling technique can be usedto improve the method [19].
Special nonlinear case. For the special case,a� (x; u� ; D x u� ) = a� (x)b(u� )D x u� , V h

� can be related to
the linear case. Indeed, for this case,the local problems associated with the multiscale mapping E M sF E M

(see(2.2)) have the form

� div(a� (x)b(� vh )D x v�;h ) = 0 in K :

Because� vh are constants over K , the local problems satisfy the linear equations,

� div(a� (x)D x � i
� ) = 0 in K ;

and V h
� can be obtained by mapping a basisof Sh as it is done for the �rst example. Thus, for this caseone

can construct the basefunctions in the beginning of the computations.
V h

� using sub domain problems. One can use the solutions of smaller (than K 2 K h ) subdomain
problemsto approximate the solutions of the local problems(2.2). This can be donein various ways basedon
a homogenizationexpansion. For example, instead of solving (2.2) we can solve (2.2) in a subdomain S with
boundary conditions vh restricted onto the subdomain boundaries,@S. Then the gradient of the solution in a
subdomain canbeextendedperiodically to K to approximate D x v�;h in (2.4). v�;h canbeeasilyreconstructed
basedon D x v�;h . When the multiscale coe�cien t has a periodic structure, the multiscale mapping can be
constructed over one periodic cell with a speci�ed average. In this case,v�;h is approximated by P, which is
de�ned by (3.18).

3. Analysis of MsFEM. For the analysisof MsFEM, we assumethe following conditions for a� (x; � ; � )
and a0;� (x; � ; � ), � 2 R and � 2 Rd.

ja� (x; � ; � )j + ja0;� (x; � ; � )j � C (1 + j� jp� 1 + j� jp� 1); (3.1)

(a� (x; � ; � 1) � a� (x; � ; � 2); � 1 � � 2) � C j� 1 � � 2 jp; (3.2)

(a� (x; � ; � ); � ) + a0;� (x; � ; � )� � Cj� jp: (3.3)

Denote

H (� 1; � 1; � 2; � 2; r ) = (1 + j� 1 jr + j� 2 jr + j� 1jr + j� 2jr ); (3.4)

for arbitrary � 1; � 2 2 R, � 1; � 2 2 Rd, and r > 0. We further assumethat

ja� (x; � 1; � 1) � a� (x; � 2; � 2)j + ja0;� (x; � 1; � 1) � a0;� (x; � 2; � 2)j

� C H (� 1; � 1; � 2; � 2; p � 1) � (j� 1 � � 2j)

+ C H (� 1; � 1; � 2; � 2; p � 1 � s) j� 1 � � 2 js ;

(3.5)

where s > 0, p > 1, s 2 (0; min(p � 1; 1)) and � is the modulus of continuit y, a bounded, concave, and
continuous function in R+ such that � (0) = 0, � (t) = 1 for t � 1 and � (t) > 0 for t > 0. Throughout the
paper C and c (sometimeswith indices) denote generic constants, q is de�ned by 1=p+ 1=q = 1, y = x=� ,
and k � kp;
 denotesL p-norm (either vector or scalar). In further analysis K 2 K h will be referred simply
by K . Inequalities (3.1)-(3.5) are the general conditions that guarantee the existenceof a solution and are
used in homogenizationof nonlinear operators [28]. Here p represents the rate of the polynomial growth of
the 
uxes with respect to gradient and, consequently , it controls the summability of the solution. We do not
assumeany di�eren tiabilit y with respect to � and � in the coe�cien ts. Our objective is to present MsFEM
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and study its convergencefor generalnonlinear equations, where the 
uxes can be discontinuous functions
in space. Thesekinds of equations arise in many applications such as nonlinear heat conduction, nonlinear
elasticity, 
o w in porous media, and etc. (see,e.g., [27, 32, 33, 24]). Our interest is in the applications to
porous media 
o ws related to 
o w in unsaturated media.

In [11] we have shown using G-convergencetheory that

lim
h! 0

lim
� ! 0

kuh � ukW 1;p
0 (
) = 0; (3.6)

(up to a subsequence)where u is a solution of (1.2) and uh is a MsFEM solution given by (2.3). This
result can be obtained without any assumptionon the nature of the heterogeneitiesand can not be improved
becausethere could be in�nitely many scales,� (� ), present such that � (� ) ! 0 as � ! 0.

For the periodic case(and general random homogeneouscase)our goal is to show the convergenceof
MsFEM in the limit as �=h ! 0. To show the convergencefor �=h ! 0, we consider h = h(� ), such that
h(� ) � � and h(� ) ! 0 as � ! 0. We would like to note that this limit as well as the proof of the periodic
caseis di�eren t from (3.6), where the double-limit is taken. In contrast to the proof of (3.6), the proof of
the periodic caserequires the correctors for the solutions of the local problems.

Next we will present the convergenceresults for MsFEM solutions. For generalnonlinear elliptic equa-
tions under the assumptions(3.1)-(3.5) the strong convergenceof MsFEM solutions can be shown. In the
proof of this theorem we show the form of the truncation error (in a weak sense)in terms of the resonance
errors between the mesh size and small scale� . The resonanceerrors are derived explicitly . To obtain the
convergencerate from the truncation error, one needssome lower bounds. Under the general conditions,
such as (3.1)-(3.5), one can prove strong convergenceof MsFEM solutions without an explicit convergence
rate (cf. [33]). To convert the obtained convergencerates for the truncation errors into the convergencerate
of MsFEM solutions, additional assumptions,such as monotonicity, are needed.This is discussedat the end
of this section.

Theorem 3.1. Assumea� (x; � ; � ) and a0;� (x; � ; � ) are periodic functions with respect to x and let u be a
solution of (1.2) and uh is a MsFEM solution given by (2.3). Moreover, we assumethat D x uh is uniformly
bounded in L p+ � (
) for some� > 01. Then

lim
� ! 0

kuh � ukW 1;p
0 (
) = 0 (3.7)

where h = h(� ) � � and h ! 0 as � ! 0 (up to a subsequence).
Theorem 3.2. Let u and uh be the solutions of the homogenized problem (1.2) and MsFEM (2.3),

respectively, with the coe�cient a� (x; � ; � ) = a(x=�; � ) and a0;� = 0. Then

kuh � ukp
W 1;p

0 (
)
� c

� �
h

� s
( p � 1)( p � s )

+ c
� �

h

� p
p � 1

+ ch
p

p � 1 : (3.8)

We will �rst prove Theorem 3.1. Then, using the estimates obtained in the proof of this theorem, we
will show (3.8). The main idea of the proof of Theorem 3.1 is the following. First, the boundednessof
the discrete solutions independent of � and h will be shown. This allows us to extract a weakly converging
sub-sequence.The next task is to prove that a limit is a solution of the homogenizedequation. For this
reasoncorrectors for v�;h (see(2.2)) are usedand their convergenceis demonstrated. We would like to note
that the known convergenceresults for the correctorsassumea �xed (given) homogenizedsolution, while the
correctors for v�;h are de�ned for only uniformly boundedsequencevh , i.e., the homogenizationlimits of v�;h

(with respect to � ) depend on h, and are only uniformly bounded. Becauseof this, more precisecorrector
results needto be obtained where the homogenizedlimit of the solution is tracked carefully in the analysis.
Note that to prove (3.6) (see[13]), one doesnot needcorrectors and can use the fact of the convergenceof

uxes, and, thus, the proof of the periodic casepresented in this paper di�ers from the one in [13]. Some

1Please see Remark 3.1 at the end of the proof of Theorem 3.1 for more discussions and partial results regarding this
assumption.
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results of our paper (Lemmas 3.3, 3.4, and their proofs) do not require periodicit y assumptions. For these
results we will use the notations a� (x; � ; � ) and a0;� (x; � ; � ) to distinguish the two cases. The rest of the
proofs require periodicit y, and we will usea(x=�; � ; � ) and a0(x=�; � ; � ) notations.

Lemma 3.3. There exists a constant C > 0 such that for any vh 2 Sh

hA �;h vh ; vh i � CkD x vh kp
p;
 ;

for su�ciently small h.
The proof of this lemma is provided in the Appendix A. The following lemma will be used in the proof

of Lemma 3.5.
Lemma 3.4. Let v� � v0 2 W 1;p

0 (K ) and w� � w0 2 W 1;p
0 (K ) satisfy the following problems,respectively:

� div(a� (x; � ; D x v� )) = 0 in K (3.9)

� div(a� (x; � ; D x w� )) = 0 in K (3.10)

where � is constant in K . Then the following estimate holds:

kD x (v� � w� )kp
p;K � C H0 kD x (v0 � w0)k

p
p � s

p;K ; (3.11)

where

H0 =
�

jK j + k� kp
p;K + kD x v0kp

p;K + kD x w0kp
p;K

� (p� s� 1)=(p� s)
;

where s 2 (0; min(1; p � 1)), p > 1.
Proof of this lemma is presented in Appendix B
Regarding � vh , where � vh = 1

jK j

R
K vh dx in each K , we note that Jensen'sinequality implies

k� vh kp;
 � Ckvh kp;
 : (3.12)

In addition, the following estimateshold for � vh :

kvh � � vh kp;K � C h kD x vh kp;K : (3.13)

At this stagewe de�ne a numerical corrector associated with v�;h = E M sF E M vh , vh 2 Sh . First, let

P� ;� (y) = � + D y N � ;� (y); (3.14)

for � 2 R and � 2 Rd, where N � ;� 2 W 1;p
per (Y ) is the periodic solution (with averagezero) of

� div(a(y; � ; � + D y N � ;� (y))) = 0 in Y; (3.15)

where Y is a unit period. The homogenized
uxes are de�ned as follows:

a� (� ; � ) =
Z

Y
a(y; � ; � + D y N � ;� (y)) dy; (3.16)

a�
0(� ; � ) =

Z

Y
a0(y; � ; � + D y N � ;� (y)) dy; (3.17)

where a� and a�
0 satisfy the conditions similar to (3.1) - (3.5). We refer to [28] for further details. Using

(3.14), we denote our numerical corrector by P which is de�ned as

P = P� v h ;D x vh = D x vh + D y N � v h ;D x vh (y): (3.18)
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Here � vh is a piece-wiseconstant function de�ned in each K 2 K h by � vh = 1
jK j

R
K vh dx. Consequently , P

is de�ned in 
 by using (3.18) in each K 2 K h . For the linear problem P = D x vh + N (y) � D x vh . Our goal
is to show the convergenceof these correctors for uniformly bounded family of vh in W 1;p (
). We would
like to note that the corrector results known in the literature are for a �xed homogenizedsolution.

Lemma 3.5. Let v�;h satisfy (2.2), where a� (x; � ; � ) is periodic function with respect to x, and assume
that vh is uniformly bounded in W 1;p

0 (
) . Then

kD x v�;h � Pkp;
 � C
� �

h

� 1
p ( p � s )

�
j
 j + kvh kp

p;
 + kD x vh kp
p;


� 1
p

: (3.19)

We note that here s 2 (0; min(p � 1; 1)), p > 1. For the proof of this lemma, we need the following
proposition.

Pr oposition 3.6. For every � 2 R and � 2 Rd we have

kP� ;� kp
p;Y �

� c(1 + j� jp + j� jp) jY� j; (3.20)

where Y� is a period of size � . An easyconsequenceof this proposition is the following estimate for N � ;�

(see(3.15)).
Cor ollar y 3.7. For every � 2 R and � 2 Rd we have

kD y N � ;� kp
p;Y �

� c(1 + j� jp + j� jp) jY� j: (3.21)

The proof of Proposition 3.6 is presented in Appendix C.
Proof. (Lemma 3.5) Recall that by de�nition P = D x vh + D y N � v h ;D x vh (y) = D x vh + � D x N � v h ;D x vh (x=� ),

where by using (3.15) N � v h ;D x vh (y) is a zero-meanperiodic function satisfying the following:

� div(a(x=�; � vh ; D x vh + �D x N � v h ;D x vh )) = 0 in K : (3.22)

We expand v�;h as

v�;h = vh (x) + � N � v h ;D x vh (x=� ) + � (x; x=� ): (3.23)

We note that here � (x; x=� ) is similar to the correction terms that arise in linear problems becauseof the
mismatch betweenlinear boundary conditions and the oscillatory corrector, N � v h ;D x vh (x=� ) = N (x=� ) �D x vh .
Next wedenoteby w�;h = vh (x)+ � N � v h ;D x vh (x=� ). Clearly w�;h satis�es (3.22). Taking all theseinto account,
the claim in the lemma is the sameas to proving

kD x � kp;
 = kD x (v�;h � w�;h )kp;
 � C
� �

h

� 1
p ( p � s )

�
j
 j + kvh kp

p;
 + kD x vh kp
p;


� 1
p

: (3.24)

Here we may write w�;h as a solution of the following boundary value problem:

� div(a(x=�; � vh ; D x w�;h )) = 0 in K and w�;h = vh + � ~N � v h ;D x vh on @K ;

with ~N � v h ;D x vh = ' N � v h ;D x vh , where ' is a su�cien tly smooth function whosevalue is 1 on a strip of width
� adjacent to @K and 0 elsewhere.We denote this strip by S� . This idea has beenused in [22]. By Lemma
3.4 we have the following estimate:

kD x � kp
p;K = kD x (v�;h � w�;h )kp

p;K

� C H0 kD x (vh � vh � � ~N � v h ;D x vh )k
p

p � s

p;K

� C H0 k� D x ~N � v h ;D x vh k
p

p � s

p;K ;

(3.25)

where

H0 =
�

jK j + k� vh kp
p;K + kD x vh kp

p;K + kD x (vh + � ~N � v h ;D x vh )kp
p;K

� p � s � 1
p � s

: (3.26)
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We needto show that H 0 is boundedand k� D x ~N � v h ;D x vh kp
p;
 uniformly vanishesas � ! 0. For this purpose,

we use the following notations: let J K
� = f i 2 Zd : Y i

�
T

K 6= 0; K nY i
� 6= 0g and F K

� = [ i 2 J K
�

Y i
� . In other

words, F K
� is the union of all periods Y i

� that cover the strip S� . Using thesenotations and because' is zero
everywhere in K , except in the strip S� , we may write the following:

k� D x ~N � v h ;D x vh kp
p;K = � p

Z

K
jD x (' N � v h ;D x vh )jp dx

= � p
Z

S�

jD x (' N � v h ;D x vh )jp dx

� � p
Z

F K
�

jD x (' N � v h ;D x vh )jp dx

= � p
X

i 2 J K
�

Z

Y i
�

jD x (' N � v h ;D x vh )jp dx

� � p
X

i 2 J K
�

Z

Y i
�

(jD x N � v h ;D x vh jp j' jp + jN � v h ;D x vh jp jD x ' jp) dx;

(3.27)

where we have used the product rule on the partial derivative in the last line of (3.27). Our aim now is to
show that the sum of integrals in the last line of (3.27) is uniformly bounded. We note that (seeCorollary
3.7)

kD y N � v h ;D x vh kp
p;Y i

�
� C(1 + j� vh jp + jD x vh jp) jY i

� j; (3.28)

from which, using the Poincar�e-Friedrich inequality we have

kN � v h ;D x vh kp
p;Y i

�
� C(1 + j� vh jp + jD x vh jp) jY i

� j: (3.29)

We note also that � vh and D x vh are constant in K . Because' is su�cien tly smooth, and whosevalue is one
on the strip S� and zero elsewhere,we know that jD x ' j � C=� (cf. [22]). Applying all these facts to (3.27)
we have

k� D x ~N � v h ;D x vh kp
p;K � C � p (1 + j� vh jp + jD x vh jp)

X

i 2 J K
�

(1 + � � p) jY i
� j

= C (� p + 1) (1 + j� vh jp + jD x vh jp)
X

i 2 J K
�

jY i
� j

� C (1 + j� vh jp + jD x vh jp)
X

i 2 J K
�

jY i
� j:

(3.30)

Moreover, becauseall Y i
� , i 2 J K

� , cover the strip S� , we know that
P

i 2 J K
�

jY i
� j � C hd� 1 � . Hence,we have

k� D x ~N � v h ;D x vh kp
p;K � C

hd

hd (1 + j� vh jp + jD x vh jp) hd� 1 �

� C
�
h

�
jK j + k� vh kp

p;K + kD x vh kp
p;K

�
:

(3.31)

Furthermore, using this estimate and noting that �=h < 1, we obtain from (3.26) that

H0 � C
�

jK j + k� vh kp
p;K + kvh kp

p;K + kD x vh kp
p;K

� p � s � 1
p � s

: (3.32)

Summarizing the results from (3.25) combined with (3.32) and (3.31), we get

kD x � kp
p;K � C H0 k� D x ~N � v h ;D x vh k

p
p � s

p;K

� C
� �

h

� 1
p � s

�
jK j + k� vh kp

p;K + kvh kp
p;K + kD x vh kp

p;K

�
:

(3.33)
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Finally summing over all K 2 K h and applying (3.12) to
P

K 2 K h k� vh kp
p;K , we obtain

kD x � kp
p;
 =

X

K

kD x � kp
p;K

� C
� �

h

� 1
p � s

X

K

�
jK j + kvhkp

p;K + kD x vh kp
p;K

�

= C
� �

h

� 1
p � s

�
j
 j + kvhkp

p;
 + kD x vh kp
p;


�
:

(3.34)

The last inequality uniformly vanishesas � approaching zero, thus we have completed the proof of Lemma
3.5.

The next lemma is crucial for the proof of Theorem 3.1 and it guarantees the convergenceof MsFEM
solutions to a solution of the homogenizedequation. This lemma also provides us with the estimate for the
truncation error (in a weak sense).

Lemma 3.8. Supposevh ; wh 2 Sh where D x vh and D x wh are uniformly bounded in L p+ � (
) and L p(
) ,
respectively, for some � > 0. Let A � be the operator associated with the homogenized problem (1.2), such
that

hA � vh ; wh i =
X

K 2 K h

Z

K
((a� (vh ; D x vh ); D x wh ) + a�

0(vh ; D x vh )wh ) dx; 8vh ; wh 2 Sh : (3.35)

Then we have

lim
� ! 0

hA �;h vh � A � vh ; wh i = 0: (3.36)

The proof of this lemma is presented in Appendix D. Now we are ready to prove Theorem 3.1.
Proof. (Theorem 3.1) Since A �;h is coercive, it follows that uh is bounded, which implies that it has a

subsequence(which we also denote by uh ) such that uh * ~u in W 1;p (
) as � ! 0. Becausethe operator A �

is of type S+ (see,e.g., [33], page3, for the de�nition), then by its de�nition, the strong convergencewould
be true if we can show that lim sup� ! 0 hA � uh ; uh � ~ui ! 0. Moreover, by adding and subtracting the term,
we have the following equality:

hA � uh ; uh � ~ui = hA � uh � A �;h uh ; uh � ~ui + hA �;h uh ; uh � ~ui

= hA � uh � A �;h uh ; uh i � hA � uh � A �;h uh ; ~ui + (f ; uh � ~u):
(3.37)

Lemma 3.8 implies that the �rst and secondterm vanish as � ! 0 provided D x uh is uniformly bounded
in L p+ � for � > 0, while the last term vanishesas � ! 0 (up to a subsequence)by the weak convergence
of uh . One can assumeadditional mild regularity assumptions[26] for input data and obtain Meyers type
estimates,kD x ukp+ �; 
 � C, for the homogenizedsolutions. In this caseit is reasonableto assumethat the
discrete solutions are uniformly bounded in L p+ � (
). We have obtained results on Meyers type estimates
for our approximate solutions in the casep = 2 [12]. We are currently studying the generalizationsof these
results to arbitrary p. Finally, sinceA � is alsoof type M (see,e.g., [32], page38, for the de�nition), all these
conditions imply that A � ~u = f , which meansthat ~u = u.

Remark 3.1. We would like to point out that for the proof of Theorem 3.1 it is assumed that D x uh

is uniformly bounded in L p+ � (
) for some � > 0 (see, discussion after (3.37)). This has been shown for
p = 2 in [12]. To avoid this assumption, one can impose additional restrictions on a� (� ; � ) (see, [13], page
254{255). We would like to note that the assumption, D x uh is uniformly bounded in L p+ � (
) , is not used
for the estimation of the resonance errors, but only used in (D.12).

Next we present someexplicit estimates for the convergencerates of MsFEM. First, we note that from
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the proof of the Lemma 3.8 it follows that the truncation error of MsFEM (in a weak sense)is given by

hA �;h uh � A � uh ; wh i = hf � A � uh ; wh i � c
� �

h

� s
p ( p � s )

�
j
 j + kuhkp

p;
 + kD x uh kp
p;


� 1
q

kD x wh kp;
 +

c
�
h

�
j
 j + kuhkp

p;
 + kD x uhkp
p;


� 1
q

kD x wh kp;
 + e(h)kD x wh kp;


= c
� � �

h

� s
p ( p � s )

+
�
h

� �
j
 j + kuhkp

p;
 + kD x uhkp
p;


� 1
q

kD x wh kp;
 + e(h)kD x wh kp;
 ;

(3.38)

where e(h) is a generic sequenceindependent of small scale� , such that e(h) ! 0 as h ! 0. In particular,
the �rst, second,and third terms on the right side of (3.38) are the estimates of

P
K 2 K h I K ,

P
K 2 K h I I K ,

and
P

K 2 K h I I I K , respectively (see (D.3) and (D.4)). We note that the �rst term on the right side of
(3.38) is the leading order resonanceerror causedby the linear boundary conditions imposedon @K , the
secondterm is due to mismatch betweenthe meshsizeand the small scaleof the problem. Theseresonance
errors are also present in the linear case[14]. If one usesthe periodic solution of the auxiliary problem for
constructing the solutions of the local problems, then the resonanceerror can be removed. To obtain explicit
convergencerates, we �rst derive upper bounds for hA � uh � A � Ph u; uh � Ph ui , where Ph u denotesa �nite
element projection of u onto Sh , i.e.,

hA � Ph u; vh i = hf ; vh i ; 8vh 2 Sh ;

and hA � uh ; vh i is de�ned by (3.35). Then using estimate (3.38), we have

hA � uh � A � Ph u; uh � Ph ui = hA � uh � A �;h uh ; uh � Ph ui + hA �;h uh � A � Ph u; uh � Ph ui

= hA � uh � A �;h uh ; uh � Ph ui + hf � A � Ph u; uh � Ph ui = hA � uh � A �;h uh ; uh � Ph ui

� c
� � �

h

� s
p ( p � s )

+
�
h

� �
j
 j + kuh kp

p;
 + kD x uh kp
p;


� 1
q

kD x (uh � Ph u)kp;
 + e(h)kD x (uh � Ph u)kp;
 :

(3.39)

The estimate (3.39) doesnot allow us to obtain an explicit convergencerate without somelower bound
for the left side of the expression.In the proof of Theorem 3.1, we only usethe fact that A � is the operator
of type S+ , which guaranteesthat the convergenceof the left sideof (3.39) to zero implies the convergenceof
the discrete solutions to a solution of the homogenizedequation. Explicit convergencerates can be obtained
by assumingsomekind of an inversestabilit y condition, kA � u � A � vk � cku � vk. In particular, we may
assumethat A � is a monotone operator, i.e.,

hA � u � A � v; u � vi � ckD x (u � v)kp
p;
 : (3.40)

A simple way to achieve monotonicity is to assumea� (x; � ; � ) = a� (x; � ) and a0;� (x; � ; � ) = 0, though one
can imposeadditional conditions on a� (x; � ; � ) and a0;� (x; � ; � ), such that monotonicity condition (3.40) is
satis�ed. For our further calculations, we only assume(3.40). Then from (3.39) and (3.40), and using Young
inequality, we have

kD x (uh � Ph u)kp
p;
 � c

� �
h

� s
( p � 1)( p � s )

+ c
� �

h

� p
p � 1

+ e(h):

Next taking into account the convergenceof standard �nite element solutions of the homogenizedequation
we write

kD x Ph u � D x ukp;
 � e1(h);

where e1(h) ! 0 (as h ! 0) is independent of � . Consequently , using triangle inequality we have

kD x (uh � u)kp
p;
 � c

� �
h

� s
( p � 1)( p � s )

+ c
� �

h

� p
p � 1

+ e(h) + e1(h):
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Proof. (Theorem 3.2).
For monotone operators, a� (x; � ; � ) = a� (x; � ) and a0;� (x; � ; � ) = 0, � 2 R and � 2 Rd, the estimates for

e(h) and e1(h) can be easily derived. In particular, becauseof the absenceof � in a� , e(h) = 0 (see(D.3)
and (D.4)), while e1(h) � Ch

1
p � 1 (seefor example [7]). Combining theseestimateswe have

kD x (uh � u)kp
p;
 � c

� �
h

� s
( p � 1)( p � s )

+ c
� �

h

� p
p � 1

+ ch
p

p � 1 : (3.41)

From here one obtains (3.8).

Remark 3.2.
One can impose various conditions on the operators to obtain di�er ent kinds of convergence rates. For

example,under the additional assumptions(cf. [27])

j
@a� (� ; � )

@�
j + j

@a� (� ; � )
@�

j � C;
@a�

i (� ; � )
@� j

� i � j � Cj� j2; (3.42)

where � 2 Rd is an arbitrary vector, and p = 2, following the analysis presented in [27], pages51{52, the
convergence rate in terms of L p-norm of uh � Ph u can be obtained,

kD x (uh � Ph u)kp
p;
 � c

� �
h

� s
( p � 1)( p � s )

+ c
� �

h

� p
p � 1

+ e(h) + Ckuh � Ph ukp
p;
 ;

where s 2 (0; 1), p = 2.
Remark 3.3. For the linear operators (p = 2, s = 1), we recover the convergence rate obtained in [20],

Ch + C1
p

�=h.
Remark 3.4.
We have shown that MsFEM for nonlinear problems has the same error structure as for the linear

problems. In particular, our studies revealed two kinds of resonance errors for nonlinear problemswith the
samenature as those that arise in linear problems[14].

3.1. Appro ximation of the oscillations. In this section we present a theorem demonstrating the
approximation of oscillatory solutions u� of (1.1).

Theorem 3.9. Let u� be the solution of boundary value problem (1.1) and uh 2 Sh and u�;h 2 V h
� with

u�;h = E M sF E M uh be MsFEM solution (homogenized and 
uctuating components, respectively) (2.3). Then
lim � ! 0 kD x u�;h � D x u� kp;
 = 0.

Below, we outline the proof (the details can be found in [17]). For the proof of this theorem we �rst
intro duce correctors for u� . De�ne an operator approximating the identit y map in L p(
) by

M � ' (x) =
X

i 2 I �

	 Y i
�
(x)

1
jY i

� j

Z

Y i
�

' (y) dy; (3.43)

where Y i
� is a period of size � for i 2 Zd, I � = f i 2 Zd : Y i

� � 
 g and 	 Y i
�

is an indicator function for Y i
� .

Next we denote P = PM � u;M � D x u (x; x=� ) = M � D x u(x) + D y NM � u;M � D x u (x=� ), where u is the solution of the
homogenizedproblem. The function P is a corrector associated with the original boundary value problem
(1.1). Now, by triangle inequality, we have

kD x u�;h � D x u� kp;
 � kD x u�;h � Pkp;
 + kP � Pkp;
 + kP � D x u� kp;
 ; (3.44)

where P = D x uh + D y N � h ;D x uh
(y) as de�ned before for v�;h . Lemma 3.5 gives the convergenceof the �rst

term. The convergenceof the third term can be obtained using the techniques developed in [8] and the
details are in [17]. The convergenceof the secondterm is due to the fact that D x uh ! D x u in L p(
) d, and
the details can be found in [17].
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K

S

Fig. 3.1. Il lustr ation of oversampling domain. K is a target coarse block, S is an oversampled domain

3.2. An Ov ersampling Technique. The approximation property of the corrector P(x; x=� ) (cf.
Lemma 3.5) reveals the existenceof a resonanceerror proportional to �=h, which is resulted from the mis-
match due to the imposedlinear boundary conditions for the local problem in the multiscale map E M sF E M .
The correction that arises in the expansionof the local solutions (3.23) and accounts for the mismatch is
given by � (x; x=� ). As in the linear problems ([19]), � (x; x=� ) is the causeof the resonanceerrors. In [19]
the authors suggestedan oversampling technique for reducing the e�ects of � (x; x=� ). The main idea of the
oversampling technique is to use the solutions of the local problems (cf. (2.2)) in larger domains. Here we
extend this technique to nonlinear equations. In particular, the multiscale map E M sF E M is constructed
using the solutions of the local problems on the element larger than h. For periodic problems, the size of
the larger domain can be chosento be h + � , though for more generalproblems without scaleseparation the
sizeof the larger domain can be chosento be h + � h, where � is a constant. In our simulations for general
anisotropic heterogeneities,we choose� = 1. Furthermore, only the information from the target element is
used in the multiscale formulation of the problem (seeFigure 3.1).

In general,given vh 2 Sh , where vh is de�ned in K , we want to �nd v�;h that satis�es

� div(a� (x; � vh ; D x v�;h )) = 0 in S (3.45)

such that v�;h (zi ) = vh (zi ), where zi are the nodal points of the target coarseelement K . Thus, in general,
we needto �nd a solution of the local equation with given valuesat the nodal (interior) points. This problem
can be solved for linear problems using linear combinations of the local solutions in larger domains S. Here
we present an oversampling technique for special casesin which the gradient in the coe�cien t is linear, i.e.,
a� (x; � ; � ) = a(x=�; � ) � , given vh 2 Sh , we de�ne

v�;h =
3X

i =1

ci � i
� ; (3.46)

where � i
� satis�es

� div(a(x=�; � vh ) D x � i
� ) = 0 in S

� i
� = � i

0 on @S:
(3.47)

The constants ci , i = 1; 2; 3 are determined by imposing the conditions

v�;h (zj ) = vh (zj ) j = 1; 2; 3: (3.48)

We note that the piecewiseconstants in � vh are taken as the averageover the element K . We would like to
note that the convergenceanalysis of MsFEM with an oversampling technique requires somemodi�cations
of the proof presented in this paper for MsFEM without oversampling. In particular, the improved corrector
results (see Lemma 3.5) are necessaryto show the advantages of MsFEM with oversampling. This is a
subject of our future research.
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4. Numerical results and applications.

4.1. Ov ersampling vs. non-o versampling. In this sectionwe present several ingredients pertaining
to the implementation of multiscale �nite element method. We will present numerical results for both
MsFEM and multiscale �nite volume element method (MsFVEM). We usean Inexact-Newton algorithm as
an iterativ e technique to tackle the nonlinearity. For the numerical examplesbelow, we usea� (x; u� ; D x u� ) =
a� (x; u� )D x u� . Let f � i

0gN dof

i =1 be the standard piecewiselinear basis functions of Sh . Then MsFEM solution
may be written as

uh =
N dofX

i =1

� i � i
0 (4.1)

for some� = (� 1; � 2; � � � ; � N dof )T , where � i dependson � . Hence,we needto �nd � such that

F (� ) = 0; (4.2)

where F : RN dof ! RN dof is a nonlinear operator such that

Fi (� ) =
X

K 2 K h

Z

K
(a� (x; � uh )D x u�;h ); D x � i

0) dx �
Z



f � i

0 dx: (4.3)

We note that in (4.3) � is implicitly buried in � uh and u�;h . An inexact-Newton algorithm is a variation
of Newton's iteration for nonlinear system of equations, where the Jacobian system is only approximately
solved. To be speci�c, given an initial iterate � 0, for k = 0; 1; 2; � � � until convergencedo the following:

� Solve F 0(� k )� k = � F (� k ) by someiterativ e technique until kF (� k ) + F 0(� k )� k k � � k kF (� k )k.
� Update � k+1 = � k + � k .

In this algorithm F 0(� k ) is the Jacobian matrix evaluated at iteration k. We note that when � k = 0 then
we have recovered the classicalNewton iteration. Here we have used

� k = 0:001
�

kF (� k )k
kF (� k � 1)k

� 2

; (4.4)

with � 0 = 0:001. Choosing � k this way, we avoid over-solving the Jacobian system when � k is still consid-
erably far from the exact solution.

Next we present the entries of the Jacobian matrix. For this purpose,we use the following notations.
Let K h

i = f K 2 K h : zi is a vertex of K g, I i = f j : zj is a vertex of K 2 K h
i g, and K h

ij = f K 2 K h
i :

K shareszi zj g. We note that we may write Fi (� ) as follows:

Fi (� ) =
X

K 2 K h
i

� Z

K
(a� (x; � uh )D x u�;h ; D x � i

0) dx �
Z

K
f � i

0 dx
�

; (4.5)

with

� div(a� (x; � uh ) D x u�;h ) = 0 in K and u�;h =
X

zm 2 Z K

� m � m
0 on @K ; (4.6)

whereZK is all the verticesof element K . It is apparent that Fi (� ) is not fully dependent on all � 1; � 2; � � � ; � d.
Consequently , @F i ( � )

@� j
= 0 for j =2 I i . To this end, we denote  j

� = @u �;h

@� j
. By applying chain rule of di�eren-

tiation to (4.6) we have the following local problem for  j
� :

� div(a� (x; � uh ) D x  j
� ) =

1
3

div(
@a� (x; � uh )

@u
D x u�;h ) in K and  j

� = � j
� on @K : (4.7)

The fraction 1=3 comesfrom taking the derivative in the chain rule of di�eren tiation. In the formulation
of the local problem, we have replaced the nonlinearity in the coe�cien t by � vh , where for each triangle
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K � vh = 1=3
P 3

i =1 � K
i , which gives@� vh =@� i = 1=3. Moreover, for a rectangular element the fraction 1=3

should be replacedby 1=4.
Thus, provided that v�;h has been computed, then we may compute  j

� using (4.7). Using the above
descriptions we have the expressionsfor the entries of the Jacobian matrix:

@Fi

@� i
=

X

K 2 K h
i

�
1
3

Z

K
(
@a� (x; � uh )

@u
D x u�;h ; D x � i

0) dx +
Z

K
(a� (x; � uh ) D x  i ; D x � i

0) dx;
�

(4.8)

@Fi

@� j
=

X

K 2 K h
ij

�
1
3

Z

K
(
@a� (x; � uh )

@u
D x u�;h ; D x � i

� ) dx +
Z

K
(a� (x; � uh ) D x  j

� ; D x � i
0) dx;

�
(4.9)

for j 6= i , j 2 I i .
The implementation of the oversampling technique is similar to the procedurepresented above, except

the local problems in larger domains are used. From (3.46), (3.47), and (3.48) we obtain v�;h that satis�es
the homogeneouslocal problem. As in the non-oversampling case,we denote  j

� = @v �;h

@� j
, such that after

applying chain rule of di�eren tiation to the local problem we have:

� div(a� (x; � uh ) D x  j
� ) =

1
3

div(
@a� (x; � uh )

@u
D x v�;h ) in S and  j

� = � j
0 on @S; (4.10)

where � uh is computed over the corresponding element K and � j
0 is understood as the nodal basis functions

on oversampleddomain S. Then all the rest of the inexact-Newton algorithms are the sameas in the non-
oversampling case. Speci�cally , we also use(4.8) and (4.9) to construct the Jacobian matrix of the system.
We note that we will only use j

� from (4.10) pertaining to the element K .
From the derivation (both for oversamplingand non-oversampling) it is obvious that the Jacobianmatrix

is not symmetric but sparse.Computation of this Jacobianmatrix is similar to computing the sti�ness matrix
resulting from standard �nite element, where each entry is formed by accumulation of element by element
contribution. Once we have the matrix stored in memory, then its action to a vector is straightforward.
Becauseit is a sparsematrix, devoting some amount of memory for entries storage is inexpensive. The
resulting linear system is solved using preconditioned bi-conjugate gradient stabilized method.

We want to solve the following problem:

� div(a(x=�; u� )D x u� ) = � 1 in 
 � R2;

u� = 0 on @
 ;
(4.11)

where 
 = [0; 1] � [0; 1], a(x=�; u� ) = k(x=� )=(1 + u� )
l (x=� ) , with

k(x=� ) =
2 + 1:8sin(2� x1=�)
2 + 1:8cos(2� x2=�)

+
2 + sin(2� x2=�)

2 + 1:8cos(2� x1=�)
(4.12)

and l(x=� ) is generated from k(x=� ) such that the average of l (x=� ) over 
 is 2. Here we use � = 0:01.
Becausethe exact solution for this problem is not available, we usea well resolved numerical solution using
standard �nite element method as a referencesolution. The resulting nonlinear system is solved using
inexact-Newton algorithm. The referencesolution is solved on 512� 512 mesh. Tables4.1 and 4.3 present
the relative errors of the solution with and without oversampling, respectively. In tables 4.2 and 4.4, the
relative errors for multiscale �nite volume element method are presented. The relative errors are computed
as the corresponding error divided by the norm of the solution. In each table, the second,third, and fourth
columns list the relative error in L 2, H 1, and L 1 norm, respectively. As we can seefrom thesetwo tables,
the oversampling signi�can tly improvesthe accuracyof the multiscale method.

For our next example,weconsiderthe problem with non-periodic coe�cien ts, wherea� (x; � ) = k� (x)=(1+
� ) � � (x ) . k� (x) = exp(� � (x)) is chosensuch that � � (x) is a realization of a random �eld with the spherical
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Table 4.1
Relative MsFEM Err ors without Oversampling

N
L 2-norm H 1-norm L 1 -norm

Error Rate Error Rate Error Rate
32 0:029 0:115 0:03
64 0:053 -0.85 0:156 -0.44 0:0534 -0.94

128 0:10 -0.94 0:234 -0.59 0:10 -0.94

variogram [9] and with the correlation lengths lx = 0:2, ly = 0:02 and with the variance � = 1. � � (x) is
chosensuch that � � (x) = k� (x) + const with the spatial averageof 2. As for the boundary conditions we use
\left-to-righ t 
o w" in 
 = [0; 5]� [0; 1] domain, u� = 1 at the inlet (x1 = 0), u� = 0 at the outlet (x1 = 5), and
no 
o w boundary conditions on the lateral sidesx2 = 0 and x2 = 1. In Table 4.5 we present the relative error
for multiscale method with oversampling. Similarly, in Table 4.6 we present the relative error for multiscale
�nite volume method with oversampling. Clearly, the oversampling method captures the e�ects induced by
the large correlation features. Both H 1 and horizontal 
ux errors are under �v e percent. Similar results
have beenobserved for various kinds of non-periodic heterogeneities.In the next set of numerical examples,
we test MsFEM for problems with 
uxes a� (x; � ) that are discontinuous in space. The discontinuit y in the

uxes is intro duced by multiplying the underlying permeability function, k� (x), by a constant in certain
regions,while leaving it unchangedin the rest of the domain. As an underlying permeability �eld, k� (x), we
choosethe random �eld usedfor the results in Table 4.5. In the �rst set of examples,the discontinuities are
intro ducedalong the boundariesof the coarseelements. In particular, k� (x) on the left half of the domain is
multiplied by a constant J , where J = exp(1), or exp(2), or exp(4). The results in Tables4.7-4.9show that
MsFEM convergesand the error falls below �v e percent for relatively large coarsening.For the secondset of
examples(Tables4.10-4.12),the discontinuities are not aligned with the boundariesof the coarseelements.
In particular, the discontinuit y boundary is given by y = x

p
2 + 0:5, i.e., the discontinuit y line intersects

the coarsegrid blocks. Similar to the aligned case,various jump magnitudes are considered. These results
demonstrate the robustnessof our approach for anisotropic �elds where h and � are nearly the same,and
the 
uxes that are discontinuous spatial functions.

As for CPU comparisons,we haveobservedmore than 92percent CPU savings whenusing MsFEM with-
out oversampling. With the oversamplingapproach, the CPU savings depend on the sizeof the oversampled
domain. For example, if the oversampleddomain size is two times larger than the target coarseblock (half
coarseblock extension on each side) we have observed 70 percent CPU savings for 64 � 64 and 80 percent
CPU savings for 128� 128 coarsegrid. In general, the computational cost will decreaseif the oversampled
domain size is closeto the target coarseblock size, and this cost will be closeto the cost of MsFEM with-
out oversampling. Conversely, the error decreasesif the size of the oversampleddomains increases. In the
numerical examplesstudied in our paper, we have observed the sameerrors for the oversampling methods
using either onecoarseblock extensionor half coarseblock extensions. The latter indicates that the leading
resonanceerror is eliminated by using a smaller oversampleddomain. Oversampleddomainswith onecoarse
block extensionare previously usedin simulations of 
o w through heterogeneousporous media [36]. As it is
indicated in [19], one can uselarge oversampleddomains for simultaneous computations of the several local
solutions. Moreover, parallel computations will improve the speed of the method becauseMsFEM is well
suited for parallel computation [19]. For the problemswherea� (x; � ; � ) = a� (x)b(� )� (seesection2.2 and the
next section for applications) our multiscale computations are very fast becausethe basefunctions are built
in the beginning of the computations. In this case,we have observed more than 95 percent CPU savings.

4.2. Applications of MsFEM to Ric hards' equation. In this sectionweconsiderthe applications of
MsFEM to Richards' equation, which describesthe in�ltration of water 
o w into a porousmedia whosepore
spaceis �lled with air and somewater. The equation describingRichards' equation under someassumptions
is given by

D t � (u) � div(K (x; u)D x (u + x3)) = 0 in 
 ; (4.13)
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Table 4.2
Relative MsFVEM Err ors without Oversampling

N
L 2-norm H 1-norm L 1 -norm

Error Rate Error Rate Error Rate
32 0:03 0:13 0:04
64 0:05 -0.65 0:19 -0.60 0:05 -0.24

128 0:058 -0.19 0:25 -0.35 0:057 -0.19

Table 4.3
Relative MsFEM Err ors with Oversampling

N
L 2-norm H 1-norm L 1 -norm

Error Rate Error Rate Error Rate
32 0:0016 0:036 0:0029
64 0:0012 0.38 0:019 0.93 0:0016 0.92

128 0:0024 -0.96 0:0087 1.14 0:0026 -0.71

Table 4.4
Relative MsFVEM Err ors with Oversampling

N
L 2-norm H 1-norm L 1 -norm

Error Rate Error Rate Error Rate
32 0:002 0:038 0:005
64 0:003 -0.43 0:021 0.87 0:003 0.72

128 0:001 1.10 0:009 1.09 0:001 1.08

Table 4.5
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0:0006 0:0505 0:0025 0:025
64 0:0002 1:58 0:029 0:8 0:001 1:32 0:017 0:57

128 0:0001 1 0:016 0:85 0:0005 1 0:011 0.62

Table 4.6
Relative MsFVEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0:0006 0:0515 0:0025 0:027
64 0:0002 1:58 0:029 0:81 0:0013 0:94 0:018 0:58

128 0:0001 1 0:016 0:85 0:0005 1:38 0:012 0.58

Table 4.7
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0, aligned disconti-

nuity, jump = exp(1)

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0.0006 0.0641 0.0020 0.039
64 0.0002 1.58 0.0382 0.75 0.0010 1.00 0.027 0.53

128 0.0001 1.00 0.0210 0.86 0.0005 1.00 0.018 0.59
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Table 4.8
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0, aligned disconti-

nuity, jump = exp(2)

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0.0008 0.0817 0.0040 0.061
64 0.0004 1.00 0.0493 0.73 0.0023 0.80 0.041 0.57

128 0.0002 1.00 0.0256 0.95 0.0011 1.06 0.025 0.71

Table 4.9
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0, aligned disconti-

nuity, jump = exp(4)

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0.0011 0.1010 0.0068 0.195
64 0.0006 0.87 0.0638 0.66 0.0045 0.59 0.109 0.84

128 0.0003 1.00 0.0349 0.87 0.0024 0.91 0.063 0.79

where � (u) is volumetric water content and u is the pressure. The followings are assumed([30]) for (4.13):
(1) the porous medium and water are incompressible;(2) the temporal variation of the water saturation is
signi�can tly larger than the temporal variation of the water pressure;(3) air phase is in�nitely mobile so
that the air pressureremains constant, in this caseit is atmospheric pressurewhich equalszero; (4) neglect
the source/sink terms.

Constitutiv e relations between � and u and betweenK and u are developed appropriately, which con-
sequently gives nonlinearity behavior in (4.13). The relation between the water content and pressure is
referred to as moisture retention function. The equation written in (4.13) is called the coupled-form of
Richards' Equation. In other literature this equation is also called the mixed form of Richards' Equation,
due to the fact that there are two variables involved in it, namely, the water content � and the pressurehead
u. Taking advantage of the di�eren tiabilit y of the soil retention function, one may rewrite (4.13) as follows:

C(u)D t u � div(K (x; u)D x (u + x3)) = 0 in 
 ; (4.14)

where C(u) = d� =du is the speci�c moisture capacity. This version is referred to as the head-form (h-form)
of Richards' Equation. Another formulation of the Richards' Equation is basedon the water content � ,

D t � � div(D (x; � )D x � ) �
@K
@x3

= 0 in 
 ; (4.15)

where D(� ) = K (� )=(d� =du) de�nes the di�usivit y. This form is called the � -form of Richards' Equation.
The sourcesof nonlinearity of Richards' Equation comesfrom the moisture retention and relative hy-

draulic conductivit y functions, � (u) and K (x; u), respectively. Reliable approximation of theserelations are
in general tedious to develop and thus also challenging. Field measurements or laboratory experiments to
gather the parametersare relatively expensive, and furthermore, even if onecan comeup with such relations
from theseworks, they will be somehow limited to the particular casesunder consideration.

Perhaps the most widely used empirical constitutiv e relations for the moisture content and hydraulic
conductivit y is due to the work of van Genuchten [34]. He proposeda method of determining the functional
relation of relative hydraulic conductivit y to the pressurehead by using the �eld observation knowledge
of the moisture retention. In turn, the procedure would require curve-�tting to the proposed moisture
retention function with the experimental/observational data to establish certain parameters inherent to the
resulting hydraulic conductivit y model. There are several widely known formulations of the constitutiv e
relations: Ha verk amp mo del - � (u) = � ( � s � � r )

� + ju j � + � r , K (x; u) = K s(x) A
A + ju j 
 ; van Gen uchten mo del
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Table 4.10
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0, nonaligned

discontinuity, jump = exp(1)

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0.0006 0.0623 0.0023 0.035
64 0.0002 1.58 0.0366 0.77 0.0014 0.72 0.024 0.54

128 0.0001 1.00 0.0203 0.85 0.0006 1.22 0.016 0.59

Table 4.11
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0, nonaligned

discontinuity, jump = exp(2)

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0.0010 0.0785 0.0088 0.052
64 0.0003 1.74 0.0440 0.84 0.0052 0.76 0.031 0.75

128 0.0001 1.59 0.0239 0.88 0.0022 1.24 0.017 0.87

[34] - � (u) = � ( � s � � r )
[1+( � ju j )n ]m + � r , K (x; u) = K s(x) f 1� ( � ju j )n � 1 [1+( � ju j )n ]� m g2

[1+( � ju j )n ]m= 2 ; Exp onential mo del [35] -

� (u) = � s e� u , K (x; u) = K s(x) e�u .
The variable K s in the above models is also known as the saturated hydraulic conductivit y. It has been

observed that the hydraulic conductivit y has a broad range of values, which together with the functional
forms presented above, con�rm the nonlinear behavior of the process.Furthermore, the water content and
hydraulic conductivit y approach zeroasthe pressureheadgoesto very large negative values. In other words,
the Richards' Equation has a tendency to degeneratein a very dry condition, i.e., conditions with the large
negative pressure. Becausewe are interested in massconservative schemes,�nite volume formulation (2.5)
of the global problem instead of �nite element formulation will be used. For (4.13), it is to �nd uh 2 Sh

such that
Z

Vz

(� (� uh ) � � n � 1) dx � � t
Z

@Vz

K (x; � uh ) D x u�;h � n dl = 0 8z 2 Z 0
h ; (4.16)

where � n � 1 is the value of � (� uh ) evaluated at time step n � 1, and u�;h 2 V h
� is a function that satis�es the

boundary value problem:

� div(K (x; � uh )D x u�;h ) = 0 in K 2 Sh ;

u�;h = uh on @K :
(4.17)

Here Vz is the control volume surrounding the vertex z 2 Z 0
h and Z 0

h is the collection of all vertices that do
not belong to the Dirichlet boundary.

MsFEM (or MsFVEM) o�ers great advantage when the nonlinearity and heterogeneity of K (x; p) is
separable,i.e.,

K (x; u) = ks(x) kr (u): (4.18)

In this case,as we discussedearlier, the local problems becomelinear and the corresponding V h
� is a linear

space,i.e., we may construct a set of basis functions f  zgz2 Z 0
h

such that they satisfy

� div(ks(x)D x  z ) = 0 in K 2 Sh ;

 z = � z on @K ;
(4.19)

where � z is a piecewiselinear function. We note that if uh has a discontinuit y or a sharp front region, then
the multiscale basis functions need to be updated only in that region. The latter is similar to the use of

18



Table 4.12
Relative MsFEM Err ors for random heterogeneities, spherical variogram, l x = 0:20, lz = 0:02, � = 1:0, nonaligned

discontinuity, jump = exp(4)

N
L 2-norm H 1-norm L 1 -norm hor. 
ux

Error Rate Error Rate Error Rate Error Rate
32 0.0067 0.1775 0.1000 0.164
64 0.0016 2.07 0.0758 1.23 0.0288 1.80 0.077 1.09

128 0.0009 0.83 0.0687 0.14 0.0423 -0.55 0.039 0.98

MsFEM in two-phase
o w applications. For this casethe basefunctions are only updated along the front.
Now, we may formulate the �nite dimensionalproblem. We want to seeku�;h 2 V h

� with u�;h =
P

z2 Z 0
h

pz  z

such that
Z

Vz

(� (� uh ) � � n � 1) dx � � t
Z

@Vz

ks(x) kr (� uh ) D x u�;h � n dl = 0; (4.20)

for every control volumeVz � 
. To this equation wecandirectly apply the linearization proceduredescribed
in [17]. Let us here denote

r m = um
�;h � um � 1

�;h ; m = 1; 2; 3; �; (4.21)

where um
�;h is the iterate of u�;h at the iteration level m. Thus, we want to �nd r m =

P
z2 Z 0

h
r m

z  z such that
for m = 1; 2; 3; � � � kr m k � � with � being somepredetermined error tolerance

Z

Vz

C(� uh ;m � 1) r m dx � � t
Z

@Vz

ks(x) kr (� uh ;m � 1) D x r m � n dl = Rh;m � 1; (4.22)

with

Rh;m � 1 = �
Z

Vz

(� (� uh ;m � 1) � � n � 1) dx + � t
Z

@Vz

ks(x) kr (� uh ;m � 1) D x um � 1
�;h � n dl: (4.23)

The superscript m at each of the functions means that the corresponding functions are evaluated at an
iteration level m.

We present several numerical experiments that demonstrate the abilit y of the coarsemodels presented
in the previous subsections.The coarsemodels are comparedwith the �ne model solved on a �ne mesh. We
have employed a �nite volume di�erence to solve the �ne-scale equations. This solution servesasa reference
for the proposedcoarsemodels. The problemsthat we considerare typical water in�ltration into an initially
dry soil. The porous medium that we consideris a rectangleof sizeL x � L z (seeFigure 4.1). The �ne model
uses256� 256 rectangular elements, while the coarsemodel uses32� 32 rectangular elements.

A realization of the permeability �eld is generatedusing geostatistical package GSLIB ([9]). We have
useda spherical variogram with prescribed correlation lengths (lx , lz ) and the variance (� ) for this purpose.
All examplesuse� = 1:5.

The �rst problem is a soil in�ltration, which was �rst analyzed by Haverkamp (cf. [6]). The porous
medium dimension is L x = 40 and L z = 40. The boundary conditions are as follows: � L and � R are
impermeable,while Dirichlet conditions are imposedon � B and � T , namely uT = � 21:7 in � T , and uB =
� 61:5 in � B . The initial pressureis u0 = � 61:5. The constitutiv e relations useHa verk amp mo del . The
related parameters are as follows: � = 1:611� 106, � s = 0:287, � r = 0:075, � = 3:96, A = 1:175� 106,
and 
 = 4:74. For this problem we assumethat the nonlinearity and heterogeneity are separable,where the
latter comesfrom K s(x) with K s = 0:00944. We assumethat appropriate units for theseparameters hold.
There are two casesconsideredfor this problem, namely, the isotropic heterogeneity with l x = lz = 0:1, and
the anisotropic heterogeneity with lx = 0:01 and lz = 0:20. For the backward Euler scheme,we use� t = 10.
Note that the large value of � t is due to the smallnessof K s (averagemagnitude of the di�usion). The
comparison is shown in Figures 4.2 and 4.3, where the solutions are plotted at t = 360.
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Fig. 4.1. Rectangular porous medium

The secondproblem is a soil in�ltration through a porous medium whose dimension is L x = 1 and
L z = 1. The boundary conditions are as follows: � L and � R are impermeable. Dirichlet conditions are
imposedon � B with uB = � 10. The boundary � T is divided into three parts. On the middle part, a zero
Dirichlet condition is imposed,and the rest are impermeable. The constitutiv e relations use Exp onential
mo del with the following related parameters: � = 0:01, � s = 1, K s = 1, and � = 0:01. The heterogeneity
comesfrom K s(x) and � (x). Clearly, for this problem the nonlinearity and heterogeneity are not separable.
Again, isotropic and anisotropic heterogeneitiesare consideredwith l x = lz = 0:1 and lx = 0:20, lz = 0:01,
respectively. For the backward Euler scheme,we use � t = 2. The comparison is shown in Figures 4.4 and
4.5, where the solutions are plotted at t = 10.

We note that the problems that we have consideredare vertical in�ltration on the porous medium.
Hence,it is also useful to comparethe cross-sectionalvertical velocity that will be plotted against the depth
z. Here, the cross-sectionalvertical velocity is obtained by taking an averageover the horizontal direction
(x-axis).

Figure 4.6 shows comparison of the cross-sectionalvertical velocity for the Haverkamp model. The
averageis taken over all the horizontal span becausethe boundary condition on � T (and also on � B ) is all
Dirichlet condition. Both plots in this �gure show a closeagreement between the �ne and coarsemodels.
For the Exponential model, as we have described above, there are three di�eren t segments for the boundary
condition on � T , i.e., a Neumann condition on the �rst and third part, and a Dirichlet condition on the
second/middle part of � T . Thus, we will compare the cross-sectionalvertical velocity in each of these
segments separately. Figure 4.7 shows the comparison for one of these segments. The agreement between
the coarsegrid and �ne grid calculations is excellent.

5. Extension of MsFEM and concluding remarks.

5.1. On the convergence of MsFEM. In this paper we havediscussedthe convergenceof MsFEM in
the limit �=h ! 0 for the periodic problems. This result, we believe, alsoholds for nonlinear elliptic problems
with random homogeneouscoe�cien ts, where we assumea� (x; � ; � ) = a(T(x=� )! ; � ; � ), where a(! ; � ; � ) is
a random homogeneous�eld. The analysis of the casewith random heterogeneitiesis di�eren t from the
periodic caseand it is currently under investigation. For more generalcaseswithout any assumptionson the
nature of heterogeneities,one can show (see[13])

lim
h! 0

lim
� ! 0

kuh � ukW 1;p
0 (
) = 0; (5.1)

(up to a subsequence)where u be a solution of (1.2) and uh is a MsFEM solution given by (2.3). The proof
of this fact usesonly G-convergenceresults and holds up to a subsequenceof � . As we mentioned before,
this result can not be improved becausethere could be in�nitely many scales(� (� )) such that � (� ) ! 0 as
� ! 0.
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Fig. 4.2. Haverkamp model with isotr opic heterogeneity. Comparison of water pressure between the �ne model (left) and
the coarse model (right).

Fig. 4.3. Haverkamp model with anisotr opic heterogeneity. Comparison of water pressure between the �ne model (left)
and the coarse model (right).

Fig. 4.4. Exponential model with isotr opic heterogeneity. Comparison of water pressure between the �ne model (left) and
the coarse model (right).
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Fig. 4.5. Exponential model with anisotr opic heterogeneity. Comparison of water pressure between the �ne model (left)
and the coarse model (right).
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Fig. 4.6. Comparison of vertic al velocity on the coarse grid for Haverkamp model: isotr opic heterogeneity (left) and
anisotr opic heterogeneity (right).
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Fig. 4.7. Comparison of vertic al velocity on the coarse grid for Exponential model: isotr opic heterogeneity (left) and
anisotr opic heterogeneity (right). The average is taken over the second thir d of the domain.
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5.2. MsFEM for nonlinear parab olic equations. Consider u� 2 W0

D t u� � div(a� (x; t; u� ; D x u� )) + a0;� (x; t; u� ; D x u� ) = f ;

where W0 = f u 2 W; u(x; t = 0) = 0g, and

V0 = L p(0; T; W 1;p
0 (
)) ; V = L p(0; T; W 1;p (
)) ; W = f u 2 V0; D t u 2 L q(0; T; W � 1;q(
)) g;

W = f u 2 V ; D t u 2 L q(0; T; W � 1;q(
)) g:
(5.2)

Assume0 = t0 < t1 < � � � < tM = T, where max(t i +1 � t i ) = ht and denoteh = max(hx ; ht ). The multiscale
mapping for nonlinear parabolic equations, E M sF E M : Sh ! V h

� , is constructed in the following way. For
each vh 2 Sh , v�;h (x; t) is the solution of

D t v�;h � div(a� (x; t; � vh ; D x v�;h )) = 0 in K � [tn ; tn +1 ]; (5.3)

v�;h = vh on @K and v�;h (t = tn ) = vh . Note that E M sF E M is a one-to-onemap de�ned on 
 � [tn ; tn +1 ].
MsFEM formulation of the problem is the following. Find uh (t) 2 Sh (and u�;h 2 V h

� ) such that

Z t n +1

t n

Z



D t uh vh dxdt + hA �;h uh ; vh i =

Z t n +1

t n

Z



f vh dxdt; (5.4)

where

hA �;h uh ; vh i =
Z t n +1

t n

Z



((a� (x; t; � uh ; D x u�;h ); D x vh ) + a0;� (x; t; � uh ; D x u�;h )vh )dxdt:

One can write (5.4) in the following way

Z



(uh (tn +1 ) � uh (tn ))vh dx + hA �;h uh ; vh i =

Z t n +1

t n

Z



f vh dxdt:

Furthermore, taking the present value of uh , i.e., uh (x; tn +1 ), in hA �;h uh ; vh i we obtain the implicit MsFEM
schemeand taking the value of uh at t = tn we obtain the explicit MsFEM scheme. For the special periodic
case,one can usethe solution in the period to construct E M sF E M as we did in the elliptic case.Finally, we
would like to note that one can develop oversampling techniques for parabolic problems, by extending both
temporal and spatial domains of the local problems, and this is a subject of our future research.

Next, we considersomeconcreteexamples.
Example 1. Linear Case.
In the linear case,the multiscale map E M sF E M is linear, and consequently , V h

� is a linear space.A basis
of V h

� can be found by mapping a basisof Sh , i.e., V h
� = span(� i

� ), where � i
� satisfy

D t � i
� � div(a� (x; t)D x � i

� ) = 0 in K � [tn ; tn +1 ]; (5.5)

� i
� (t = tn ) = � i

0 on @K and � i
� = � i

0, whereSh = span(� i
0). The development of the oversamplingtechniques

for both spaceand time is currently under investigation.
Example 2. Spatial case
If we assumea� (x; t; � ; � ) is independent of time, then the following local problems can be solved for the

construction of E M sF E M (instead of (5.3))

� div(a� (x; � vh ; D x v�;h )) = 0 in K � [tn ; tn +1 ]; (5.6)

where v�;h = vh on @K and v�;h (t = tn ) = vh . This simpli�cation of the local problem can be understood
basedon the homogenizationof parabolic equations. In particular, the solution of (5.3) can be approximated
with the solution of (5.6) in the caseof spatial heterogeneities.
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5.3. Further generalizations of MsFEM and concluding remarks. Next, we present the frame-
work of MsFEM for generalequations. Consider

L � u� = f ; (5.7)

where � is a small scaleand L � : X ! Y is an operator. Moreover, we assumethat L � G-convergesto L �

(up to a sub-sequence),where u is a solution of

L � u = f ; (5.8)

(we refer to [28], page14 for the de�nition of G-convergencefor operators). The objective of MsFEM is to
approximate u in Sh . Denote Sh a family of �nite dimensionalspacesuch that it possessesan approximation
property (see[37, 29]) as before. Here h is a scaleof computation and h � � . For (5.7) multiscale mapping,
E M sF E M : Sh ! V h

� , will be de�ned as follows. For each element vh 2 Sh , v�;h = E M sF E M vh is de�ned as

L map
� v�;h = 0 in K ; (5.9)

where L map
� can be, in general, di�eren t from L � and allows us to capture the e�ects of the small scales.

Moreover, the domainsdi�eren t from the target coarseblock K can be usedin the computations of the local
solutions. To solve (5.9) oneneedsto imposeboundary and initial conditions. This issueneedsto be resolved
on a caseby casebasis, and the main idea is to interpolate vh onto the underlying �ne grid. Further, we
seeka solution of (5.7) in V h

� as follows. Find uh 2 Sh (consequently u�;h 2 V h
� ) such that

hL global
� u�;h ; vh i = hf ; vh i ; 8vh 2 Sh ; (5.10)

where hu; vi denotesthe dualit y between X and Y , and L global
� can be, in general, di�eren t from L � . For

example, for nonlinear elliptic equations we have L � u = � div(a� (x; u; D x u)) + a0;� (x; u; D x u), L map
� u =

div(a� (x; � u ; D x u)) in K , and L global
� = div(a� (x; � u ; D x u)) + a0;� (x; � u ; D x u) in K . The convergenceof

MsFEM is to show that uh ! u and u�;h ! u� , where u�;h = E M sF E M uh in appropriate space.The correct
choicesof L map

� and L global
� are the essential part of MsFEM and guaranteesthe convergenceof the method.

In conclusion,we have presented a natural extension of MsFEM to nonlinear problems. This is accom-
plished by consideringa multiscale map instead of the basefunctions that are consideredin linear MsFEM
[19]. Our approachessharesomecommon elements with recently intro duced HMM [10], where macroscopic
and microscopic solvers are also needed. In general, the �nding of \correct" macroscopicand microscopic
solvers is the main di�cult y of the multiscale methods. Our approachesfollow MsFEM and, consequently ,
�nite element methods constitute its main ingredient. The resonanceerrors, that arise in linear problems
also arise in nonlinear problems. Note that the resonanceerrors are the commonfeature of multiscale meth-
ods unlessperiodic problems are consideredand the solutions of the local problems in an exact period are
used. To reducethe resonanceerrors we useoversampling technique and show that the error can be greatly
reduced by sampling from the larger domains. The multiscale map for MsFEM usesthe solutions of the
local problems in the target coarseblock. This way one can sample the heterogeneitiesof the coarseblock.
If there is a scale separation and, in addition, some kind of periodicit y, one can use the solutions of the
smaller sizeproblems to approximate the multiscale map. Note that a potential disadvantage of periodicit y
assumption is that the periodicit y can act to disrupt large-scaleconnectivity features of the 
o w. For the
examplessimilar to the non-periodic onesconsideredin this paper, with the useof the smaller sizeproblems
for approximating the solutions of the local problems, we have found very large errors (of order 50 percent).

6. Ac kno wledgmen ts. The research of Y. E. is partially supported by NSF grants DMS-0327713and
EIA-0218229. The research of T.Y.H. is partially supported by the NSF ITR grant ACI-0204932.We would
like to acknowledgeanonymous reviewers for their helpful comments which helped to improve the quality of
the paper.

App endix A. The pro of of Lemma 3.3.
Let ~v�;h = v�;h � vh , where v�;h = E M sF E M vh . It follows that ~v�;h 2 W 1;p

0 (K ) satis�es the following
problem:

� div(a� (x; � vh ; D x ~v�;h + D x vh )) = 0 in K : (A.1)
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Using (A.1), applying Green's Theorem we have the following estimate:

hA �;h vh ; vh i =
X

K 2 K h

Z

K
(a� (x; � vh ; D x vh + D x ~v�;h ); D x vh + D x ~v�;h ) dx +

X

K 2 K h

Z

K
a0;� (x; � vh ; D x v�;h )vh dx

=
X

K 2 K h

Z

K
[(a� (x; � vh ; D x vh + D x ~v�;h ); D x vh + D x ~v�;h ) + a0;� (x; � vh ; D x v�;h )� vh ] dx+

X

K 2 K h

Z

K
a0;� (x; � vh ; D x v�;h )(vh � � vh ) dx:

(A.2)

Further, using the coercivity condition (3.3) and the fact that jvh � � vh j � ChjD x vh j in each K (note that
D x vh is constant in each K ) we have

hA �;h vh ; vh i � c
X

K 2 K h

Z

K
jD x vh + D x ~v�;h jp dx � c1h

X

K 2 K h

Z

K
a0;� (x; � vh ; D x v�;h )D x vh dx

� (c � c1h)
X

K 2 K h

Z

K
jD x v�;h jp dx:

(A.3)

Next, we discusssomespecial cases,where the coercivity can be easily shown. If p = 2,

X

K 2 K h

Z

K
jD x v�;h j2 dx =

X

K 2 K h

Z

K
jD x vh + D x ~v�;h j2 dx

=
X

K 2 K h

Z

K
jD x vh j2 dx +

X

K 2 K h

Z

K
(D x vh ; D x v�;h ) dx +

X

K 2 K h

Z

K
jD x v�;h j2 dx

=
X

K 2 K h

Z

K
jD x vh j2 dx +

X

K 2 K h

Z

K
jD x v�;h j2 dx

�
X

K 2 K h

Z

K
jD x vh j2 dx:

(A.4)

Here we have usedthe fact that ~v�;h = 0 on @K , and D x vh is constant in each K . One can also easily show
the coercivity, using rescalingarguments, if a� (x; � ; � ) = a� (x; � ) and a� (x; �� ) = j� jp� 1b� (x; � ).

Next we analyze the general case. Denote by K r a referencetriangle (with the size of order one) and
intro duce the change of variables z = x=h. Using Trace Theorem (see e.g., [27], page 30) kukL p (@Q) �
ckukW 1;p (Q) and the fact kD x ukL p (Q) � cku � f (u)kW 1;p (Q) (seee.g., [15], page 490) where Q is a domain
with a Lipschitz boundary and f (u) can be taken to be the averageof u on @Q we get the following.

X

K 2 K h

Z

K
jD x v�;h jp dx =

X

K 2 K h

hd� p
Z

K r

jD zv�;h jp dz �
X

K 2 K h

hd� pkv�;h � ~� vh kW 1;p (K r )

� c
X

K 2 K h

hd� p
Z

@K r

jvh � ~� vh jpdzl = c
X

K 2 K h

hd� p
Z

@K r

j(D z vh ; z � z0)jpdzl

= c
X

K 2 K h

hd jD x vh jp
Z

@K r

j(eD z vh ; z � z0)jpdzl :

(A.5)

Here ~� vh is the averageof vh along the boundaries, ~� vh = 1
j@K r j

R
@K r

vh dzl and vh = ~� vh + (D z vh ; z � z0),

where z0 = 1
j@K r j

R
@K r

zdzl . Denote

C(eD z vh ) =
Z

@K r

j(eD z vh ; z � z0)jp dzl :

25



To �nish the proof, we needonly to claim that C(e� ) is bounded from below independent of � . By contra-
diction supposethe claim is not true. Then there exists a sequencef e� n g that has a sub-sequence(denoted
by the samenotation) such that e� n ! e� and C(e� n ) ! 0 asn ! 1 . BecauseC(e� ) is continuous it follows
that C(e� ) = 0. This further implies that (e� ; z) = 0 on @K r , and hencee� = 0. This is a contradiction.
Finally, denoting the lower bound of C(eD x vh ) by c0, we have

hA �;h vh ; vh i � c
X

K 2 K h

hd jD x vh jpC(eD x vh ) � cc0

X

K

Z

K
jD x vh jpdx = ckD x vh kp

p;
 : (A.6)

App endix B. Pro of of Lemma 3.4.
First we show the following fact.
Pr oposition B.1. Let v� � v0 2 W 1;p

0 (K ) satis�es the following problem:

� div(a� (x; � ; D x v� )) = 0 in K (B.1)

where � is constant in K . Then

kD x v� kp;K � c(jK j
1
p + k� kp;K + kD x v0kp;K ): (B.2)

Proof. Let ~v� = v� � v0. It follows that ~v� satis�es the following problem:

� div(a� (x; � ; D x ( ~v� + v0))) = 0 in K and ~v� = 0 on @K : (B.3)

Multiplying (B.3) with v� , applying Green'sTheorem, and using the fact that ~v� = 0 on @K , we immediately
obtain the following equality:

Z

K
(a� (x; � ; D x v� ); D x v� ) dx =

Z

K
(a� (x; � ; D x v� ); D x v0) dx: (B.4)

Next we usecoercivity and polynomial growth properties of a� (x; � ; � ) to bound (B.4) from below and above,
respectively. Thus by applying Holder's and Young's inequalities we have

c2kD x v� k
p
p;K � c1

Z

K
(1 + j� jp� 1 + jD x v� jp� 1) jD x v0 j dx

� c1

� Z

K
(1 + j� jp + jD x v� jp) dx

� 1
q

kD x v0kp;K

�
c1 �
q

Z

K
(1 + j� jp + jD x v� jp) dx +

c1

p�
kD x v0kp

p;K :

(B.5)

The claim in this proposition is obtained from this inequality by choosing � > 0 appropriately.
Next we prove Lemma 3.4. Let ~v� = v� � v0 and ~w� = w� � w0. It follows that ~v� and ~w� satisfy the

following problems respectively:

� div(a� (x; � ; D x ( ~v� + v0))) = 0 in K and ~v� = 0 on @K ; (B.6)

� div(a� (x; � ; D x ( ~w� + w0))) = 0 in K and ~w� = 0 on @K : (B.7)

Using the monotonicity property of a� (x; � ; � ) and applying Green's Theorem along with the fact that
~v� = ~w� = 0 on @K , we immediately obtain the following inequality:

c1 kD x (v� � w� )k
p
p;K

= c1 kD x ( ~v� + v0) � D x ( ~w� � w0)kp
p;K

�
Z

K
(a� (x; � ; D x v� ) � a� (x; � ; D x w� ); D x (v0 � w0)) dx

� c4

Z

K
H (� ; D x v� ; � ; D x w� ; p � 1 � s) jD x (v� � w� )js jD x (v0 � w0)j dx;

(B.8)
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where on the last line we have used continuit y property of a� (x; � ; � ) and H is de�ned in (3.4). Applying
Holder's and Young's inequalities appropriately we have

kD x (v� � w� )k
p
p;K

� c
� Z

K
H (� ; D x v� ; � ; D x w� ; p) dx

� p � s � 1
p

kD x (v0 � w0)kp;K kD x (v� � w� )ks
p;K

� c
� s
p

kD x (v� � w� )k
p
p;K + c

p � s
� p

� Z

K
H (� ; D x v� ; � ; D x w� ; p) dx

� p � s � 1
p � s

kD x (v0 � w0)k
p

p � s

p;K :

(B.9)

Applying Proposition B.1 and choosing � > 0 appropriately, we obtain the desiredestimate.

App endix C. Pro of Prop osition 3.6.
By changeof variables, it is su�cien t to show that

kP� ;� kp
p;Y � c(1 + j� jp + j� jp); (C.1)

where Y is the unit square. Applying monotonicity and polynomial growth properties of a(y; � ; � ) we have

kP� ;� kp
p;Y =

Z

Y
jP� ;� � 0jp dy

� c
Z

Y
(a(y; � ; P� ;� ) � a(y; � ; 0); P� ;� ) dy

= c
Z

Y
(a(y; � ; P� ;� ); � ) dy � c

Z

Y
(a(y; � ; 0); P� ;� ) ; dy

� c
Z

Y
(1 + j� jp� 1 + jP� ;� jp� 1) j� j dy + c

Z

Y
(1 + j� jp� 1) jP� ;� j dy:

(C.2)

Next we useHolder's inequality with r 1 = p=(p � 1) and r 2 = p on both terms and afterward apply Young's
inequality, so that for some� > 0 we have

kP� ;� kp
p;Y � c1(� ) (1 + j� jp + j� jp) + c2(� ) kP� ;� kp

p;Y : (C.3)

Here c2(� ) ! 0 as � ! 0. Choosing � appropriately, we obtain the desiredestimate.

App endix D. Pro of Lemma 3.8.
The following lemma will be usedin the proof (see(D.12)).
Lemma D.1. If uk ! 0 in L r (
) (1 < r < 1 ) as k ! 1 then

Z



� (uk )jvk jpdx ! 0; as k ! 1

for all vk either (1) compact in L p(
) or (2) uniformly bounded in L p+ � (
) , � > 0. Here � (t) is continuity
modulus de�ned previously and 1 < p < 1 .

Proof. Becauseuk convergesin L r (
) it convergesin measure.Consequently , for any � > 0 there exists

 � and k0 such that meas(
 n 
 � ) < � and � (uk ) < � in 
 � for k > k0. Thus

Z



� (uk )jvk jpdx =

Z


 �

� (uk )jvk jpdx +
Z


 n
 �

� (uk )jvk jpdx � C� + C
Z


 n
 �

jvk jpdx: (D.1)

Next we usethe fact that if (1) or (2) is satis�ed then the set vk hasequi-absolutecontinuousnorm [23] (i.e.,
for any � > 0 there exists � > 0 such that meas(
 � ) < � implies kP
 � vk kp < � , where PD f = f f (x); if x 2
D ; 0 otherwise). Consequently , the secondterm on the right side of (D.1) convergesto zero as � ! 0.
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Given vh 2 Sh , we set the corrector P as in (3.18). By adding and subtracting terms, we have the
following equality:

hA �;h vh � A � vh ; wh i =
X

K 2 K h

(I K + I I K + I I I K ) +
X

K 2 K h

(i K + ii K + iii K ); (D.2)

where

I K =
Z

K
(a(x=�; � vh ; D x v�;h ) � a(x=�; � vh ; P); D x wh ) dx;

I I K =
Z

K
(a(x=�; � vh ; P) � a� (� vh ; D x vh ); D x wh ) dx;

I I I K =
Z

K
(a� (� vh ; D x vh ) � a� (vh ; D x vh ); D x wh ) dx;

(D.3)

and

i K =
Z

K
(a0(x=�; � vh ; D x v�;h ) � a0(x=�; � vh ; P))wh dx;

ii K =
Z

K
(a0(x=�; � vh ; P) � a�

0(� vh ; D x vh ))wh dx;

iii K =
Z

K
(a�

0(� vh ; D x vh ) � a�
0(vh ; D x vh ))wh dx:

(D.4)

We will show the convergencecorresponding to higher order terms, I K , I I K , I I I K . The convergenceesti-
mates for i K , ii K , iii K are the sameand can be obtained in a very analogousmanner.

Step 1: estimate of I K

Using continuit y property (3.5) and Holder's inequality, I K is estimated in the following way:

I K � c
Z

K
jD x v�;h � P js H (� vh ; D x v�;h ; � vh ; P ; p � 1 � s) jD x wh j dx

� ckD x v�;h � Pks
p;K

� Z

K
H (� vh ; D x v�;h ; � vh ; P ; p) dx

� p � 1 � s
p

kD x wh kp;K ;

(D.5)

where H is de�ned by (3.4). Note that on the secondterm in the last line of (D.5) we have
Z

K
H (� vh ; D x v�;h ; � vh ; P ; p) dx

= 1 + 2k� vh kp
p;K + kD x v�;h kp

p;K + kPkp
p;K

� c
�

1 + k� vh kp
p;K + kD x v�;h kp

p;K + kD x vh kp
p;K + k�D x N � v h ;D x vh kp

p;K

�
:

(D.6)

Using Proposition B.1 and a technique similar to the one in the proof of Lemma 3.5, (see(3.27)) we have
Z

K
H (� vh ; D x v�;h ; � vh ; P ; p) dx � c

�
jK j + kvhkp

p;K + kD x vh kp
p;K

�
: (D.7)

With this estimate along with (3.19) it follows from (D.5) that

X

K 2 K h

I K � ckD x v�;h � Pks
p;


�
j
 j + kvh kp

p;
 + kD x vh kp
p;


� p � 1 � s
p

kD x wh kp;


� c
� �

h

� s
p ( p � s )

�
j
 j + kvhkp

p;
 + kD x vh kp
p;


� s
p

�
j
 j + kvh kp

p;
 + kD x vh kp
p;


� p � 1 � s
p

kD x wh kp;


� c
� �

h

� s
p ( p � s )

�
j
 j + kvhkp

p;
 + kD x vh kp
p;


� 1
q

kD x wh kp;


(D.8)
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By Lemma 3.5 the last inequality vanishesas � approaching zero.
Step 2: estimate of I I K

Let I K
� = f i 2 Zd : Y i

� � K g and J K
� = f i 2 Zd : Y i

�
T

K 6= 0; K nY i
� 6= 0g. Let E K

� = [ i 2 I K
�

Y i
� and

F K
� = [ i 2 J K

�
Y i

� . Then we may break up the integration I I K into the sum of integral over E K
� and K nE K

� .
By (3.16) and the fact that D x wh is constant in K , we have the following estimate:

I I K =
X

i 2 I K
�

Z

Y i
�

(a(x=�; � vh ; P) � a� (� vh ; D x vh ); D x wh ) dx

+
Z

K nE K
�

(a(x=�; � vh ; P) � a� (� vh ; D x vh ); D x wh ) dx

�
Z

F K
�

j(a(x=�; � vh ; P) � a� (� vh ; D x vh ); D x wh )j dx:

(D.9)

It follows by applying Holder's inequality appropriately and using Proposition 3.6 that
X

K 2 K h

I I K �
X

K 2 K h

X

i 2 J K
�

Z

Y i
�

(j(a(x=�; � vh ; P); D x wh )j + j(a� (� vh ; D x vh ); D x wh )j) dx

� c
X

K 2 K h

X

i 2 J K
�

Z

Y i
�

H (� vh ; P ; � vh ; D x vh ; p � 1) jD x wh j dx

� c

0

@
X

K 2 K h

X

i 2 J K
�

Z

Y i
�

H (� vh ; P ; � vh ; D x vh ; p) dx

1

A

1
q

0

@
X

K 2 K h

X

i 2 J K
�

Z

Y i
�

jD x wh jp dx

1

A

1
p

� c

0

@
X

K 2 K h

X

i 2 J K
�

(1 + j� vh jp + jD x vh jp) jY i
� j

1

A

1
q

0

@
X

K 2 K h

X

i 2 J K
�

jD x wh jp jY i
� j

1

A

1
p

� c

0

@
X

K 2 K h

jK j (1 + j� vh jp + jD x vh jp)
jF K

� j
jK j

1

A

1
q

0

@
X

K 2 K h

jK j jD x wh jp
jF K

� j
jK j

1

A

1
p

� c max
K

�
jF K

� j
jK j

� 1
q �

j
 j + kvh kp
p;
 + kD x vh kp

p;


� 1
q

max
K

�
jF K

� j
jK j

� 1
q �

kD x wh kp
p;


� 1
p

� c
� �

h

� �
j
 j + kvh kp

p;
 + kD x vh kp
p;


� 1
q

: kD x wh kp;


(D.10)

This expressionvanishesas � approachesto zero.

Step 3: estimate of I I I K

Using (3.5) for the homogenized
uxes and Holder's inequality we estimate I I I K in the following way:

I I I K � c
Z

K
H (� vh ; D x vh ; vh ; D x vh ; p � 1) � (j� vh � vh j) jD x wh j dx

� c
� Z

K
H (� vh ; D x vh ; vh ; D x vh ; p) � (j� vh � vh j)q dx

� 1
q

kD x wh kp;K :

(D.11)

It follows that

X

K 2 K h

I I I K � c
� Z



H (� vh ; D x vh ; vh ; D x vh ; p) � (j� vh � vh j)q dx

� 1
q

kD x wh kp;


� c
� Z



(jvh jp + jD x vh jp) � (j� vh � vh j)q dx

� 1
q

kD x wh kp;
 :

(D.12)

29



BecauseD x vh 2 L p+ � (
), D x wh 2 L p(
) and � vh � vh convergesto zero in L p(
) it follows from Lemma
D.1 that

P
K 2 K h I I I K vanishesas � ! 0.
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