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Abstract.

In this paper we propose a generalization of multiscale nite element methods (MSsFEM) to nonlinear problems. We study
the convergence of the proposed method for nonlinear elliptic equations and propose an oversampling technique. Numerical
examples demonstrate that the oversampling technique greatly reducesthe error. The application of MSFEM to porous media
o ws is considered. Finally , we describe further generalizations of MSFEM to nonlinear time-dep endent equations and discuss
the convergence of the method for various kinds of heterogeneities.

1. Intro duction. Many processesnvolve a wide range of scales. Becauseof the scale disparity in
multiscale problems, it is often impossibleto resolve the e ects of small scalesdirectly. For this reasonsome
type of coarseningor upscalingis performed. The main idea of upscaling techniquesis to form coarse-scale
equations with a prescribed analytical form that may dier from the underlying ne-scale equations. In
multiscale methods, by cortrast, the ne-scale information may be carried throughout the simulation, and
the coarse-scalequationsare generally not expressedanalytically, but rather formed and solved numerically.

Recerly a number of multiscale numerical methods, such as residual free bubbles [5, 31], variational
multiscale method [21], multiscale nite elemern method (MSFEM) [19], two-scale nite elemen methods
[25], two-scaleconsenative subgrid approadies[1, 2], and heterogeneousmultiscale method (HMM) [10]
have beenproposed. We remark that special basefunctions in nite elemert methods have beenusedearlier
in [4] and in [3], where using special base function, the generalized nite elemen method is introduced.
In this paper we will generalizeMsFEM to nonlinear problems. Originally, MSFEM is proposedfor linear
equations and its main idea is to use oscillatory basefunctions to capture the local-scaleinformation. The
pre-computed multiscale basefunctions allow us to interpolate a coarse-scaldunction, de ned at the nodal
values of the coarsegrid, to the underlying ne grid. This idea can be naturally generalizedto nonlinear
problemsif one considers,instead of the basefunctions, a multiscale map from the coarsegrid spaceto the
underlying ne grid space. This multiscale map is constructed using the solutions of the local problemsand
provides us with the interpolation of the coarse-scaldunction, de ned at the nodal valuesof the coarsegrid,
to the underlying ne grid. For linear problems, our multiscale map is linear and, thus, the image of the
coarsedimensional spaceis a linear spacewith the samedimension. A basisfor the multiscale spacecan
be obtained by mapping a basis of the coarsedimensional space. The latter givesus the multiscale nite
elemen basisfunctions introducedin [19]. Oncethe multiscale mapping is de ned, we formulate the global
nite elemer formulation of the problem. Our multiscale nite elemen methods use a Petrov-Galerkin
formulation in which we use multiscale nite elemen basesas basis functions and standard linear nite
elemerts as test functions. We note that the Petrov-Galerkin formulation of MSFEM is found to have an
advantage [18] for linear problems. We would like to stressthat the formulation of MSFEM doesnot require
any assumptionson the nature of heterogeneities,such as periodicity, almost periodicity, or etc.

We considerthe analysis of MSFEM for generalnonlinear elliptic equations,u 2 Wol;p()

div(a (x;u ;Dxu)) + ag: (Xx;u ;Dxu ) =f; (1.2)

wherea (x; ; ) and ap, (x; ; ), 2 R, 2 RY satisfy some assumptions given by (3.1)-(3.5), which
guarartee the well-posednes®f the nonlinear elliptic problem (1.1). Here RY is a Lipschitz domain and

denotesthe small scaleof the problem. The homogenizationof nonlinear partial di erential equationshas
beenstudied previously (see,e.g.,[28]). It canbe shown that a solution u cornverges(up to a sub-sequence)
to u in an appropriate norm, whereu 2 Wol;p() is a solution of a homogenizedequation

div(a (x; u;Du)) + ay(x;u; Du) = f: (1.2)
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The homogenizedcoe cien ts can be computed if we make an additional assumption on the heterogeneities,
such as periodicity, almost periodicity, or whenthe uxes are strictly stationary elds with respectto spatial
variables. In thesecasesan auxiliary problem is formulated and usedin the calculations of the homogenized
uxes, a anda,. Our motivation in consideringthis type of equation stemsfrom porous media applications,
where nonlinear uxes arise. In particular, we are interested in porous media o ws in unsaturated media
and the transport of two-phase o ws in heterogeneougorous media. In these examples,nonlinearities arise
due to the interaction betweenthe phasesand componerts.

In this paper we study the corvergenceof the generalized MsFEM for periodic heterogeneities. To
analyze the method, we rst approximate the solutions of the local problems by introducing appropriate
correctors, which are periodic with respect to the fast variables. Theseapproximations of the local solutions
allow us to extract the homogenizedbehavior of MSFEM solutions and compareit with the homogenized
solutions of the continuous equations. Sharp estimatesfor the corrector approximations are obtained in the
paper. The analysisallows us to understand the resonanceerror and proposean oversampling technique as
in [19). Numerical examplesare preseried in the paper to show the accuracy of the oversampling method.
We use both periodic and random elds with long-range correlation structures (with and without discon-
tinuities) in our numerical experiments. We present numerical examplesfor both multiscale nite elemen
and multiscale nite volume elemert methods. Multiscale nite volume element methods are very closely
related to multiscale nite elemert method, wherethe formulation of the method follows the standard nite
volume elemert methods. All the examplesclearly demonstrate the advantagesof the oversampling method.
In particular, the oversampling approacd provides small errors for relatively large coarsening. Further gen-
eralization of the analysisto the casesof more generalheterogeneitiesis discussedin the paper. Finally, we
would like to note that the resonanceerrors are a common feature of multiscale methods unless periodic
problems are consideredand the solutions of the local problemsin an exact period are used. In this case,
one can solve the local problemsin one period to approximate the multiscale map.

The paper is organizedin the following way. In the next section, we introduce MSFEM for nonlinear
problems. Section 3 is dewoted to the analysisof MSFEM. In Section4, numerical examplesare presened. In
particular, we shaw that with the oversamplingtechnique, the error is reduceddramatically. The applications
of MSFEM to porous media o ws are also consideredin Section 4. Finally, in Section 5 some conclusions
are drawn. We presen further generalizationsof MSFEM to nonlinear parabolic equations and discussthe
convergenceof the method for various typesof heterogeneities.

2. Multiscale nite element metho ds (MSsFEM). The goal of MSFEM is to nd a numerical
approximation of a homogenizedsolution without solving auxiliary problems (e.g., periodic cell problems)
that arisein homogenization. The homogenizedsolutions are souglt on a coarsegrid spaceS", where h
Let K" be a partition of . We denote by S" standard family of nite dimensional space,which possesses
approximation properties, e.g., piecewiselinear functions over triangular elemers,

SM = fv, 2 C%) :the restriction vy is linear for each elemert K and v, = O on @ g: (2.1)

In further preseration, K is a triangular elemen that belongsto K". To formulate MSFEM for general
nonlinear problems, we will need(1) a multiscale mappingthat givesusthe desiredapproximation containing
the small scaleinformation and (2) a multiscale numerical formulation of the equation.

Multiscale mapping. Intro ducethe mapping EMSFEM - gh 1 v in the following way. For ead element
Vh 2 S, vy, = EMSFEMy, s de ned asthe solution of

div(a (x; Y";DyxVvh)) = 0in K; (2.2)

Vi, = vpon@ and Vr = JK% RK vhdx for each K. We would like to point out that di erent boundary
conditions can be chosento obtain more accurate solutions and this will be discussedlater. Note that
for linear problems, EMSFEM s a linear operator, where for ead v, 2 S", v, is the solution of the linear
problem. Consequetly, V" is a linear spacethat can be obtained by mapping a basisof S". This is precisely

the construction presered in [19] for linear elliptic equations.
2



AN

Fig. 2.1. Left: Portion of triangulation sharing a common vertex z and its control volume. Right: Partition of a triangle
K into three quadrilater als

Multiscale numerical formulation. Multiscale nite elemen formulation of the problem is the following.
Find up 2 S" (consequetly, u, (= EMSFEM yp) 2 VM) sudh that
z
PA . Un;Vhi = fvpdx 8vy 2 S (2.3)

where
X Z
PA b Un;Vhi = ((a (x; “";Dxu;p );DxVvh) + ag; (X; “";DxUn )vh)dx: (2.4)
K2kh K

Note that the above formulation of MSFEM is a generalizationof the Petrov-Galerkin MsFEM intro duced
in [18] for linear problems. MsSFEM, introduced above, can be generalizedto di erent kinds of nonlinear
problems and this will be discussedater.

2.1. Multiscale nite volume element metho d (MsFVEM). The formulation of multiscale nite
element (MsFEM) can be extended to a nite volume method. By its construction, the nite volume
method has local consenative properties [16] and it is derived from a local relation, namely the balance
equation/conservation expressionon a number of subdomains which are called control volumes. Finite
volume element method can be considered as a Petrov-Galerkin nite element method, where the test
functions are constarts de ned in a dual grid. Consider a triangle K, and let zx be its barycerter. The
triangle K is divided into three quadrilaterals of equal area by connecting zx to the midpoints of its three
edgesS We denote these quadrilaterals by K., wherez 2 Z,(K) are the vertices of K. Also we denote
Zn = « Zn(K), and Zr? are all vertices that do not lie on p, where p is Dirichlet boundaries. The
cortrol volume V; is de ned asthe union of the quadrilaterals K ; sharing the vertex z (seeFigure 2.1). The
multiscale nite volume elemen method (MSFVEM) isto nd un 2 S" (consequetly, u, = EMSFVEM
such that

z z z
a(x; “";Dyu.p) ndS+ ap: (X; “";Dyu.)dx= fdx 8z22z%; (2.5)
@, A Vv,
where n is the unit normal vector pointing outward on @/,. Note that the number of control volumesthat
satis es (2.5) is the sameasthe dimensionof S". We will presert numerical results for both multiscale nite
elemen and multiscale nite volume element methods.

2.2. Examples of VM. Linear case. For linear operators, V" can be obtained by mapping a basis
of S". De ne a basisof S", S" = span( |), where { are standard linear basisfunctions. In eac elemen
K 2 K", we de ne a set of nodal basisf 'g, i = 1;:::;ng with ng(= 3) being the number of nodes of the
elemen, satisfying

div(a (x)Dy ')=0 in K 2 K" (2.6)
3



and ' = } on@. Thus, we have
Vh=sparf '; i=1::5;ng; K KNMg HE() :

Oversampling technique can be usedto improve the method [19].

Special nonlinear case. For the special case,a (x;u ;Dyu ) = a (X)b(u )Dyu , V" can be related to
the linear case. Indeed, for this case,the local problems assa@iated with the multiscale mapping EM sFEM
(see(2.2)) have the form

div(a (x)b( Y")Dyv )= 0in K:
Because Yh are constarts over K, the local problems satisfy the linear equations,
div(a (x)Dy )= 0 in K;

and V" can be obtained by mapping a basisof S" asit is donefor the rst example. Thus, for this caseone
can construct the basefunctions in the beginning of the computations.

VM using subdomain problems. One can use the solutions of smaller (than K 2 K ") subdomain
problemsto approximate the solutions of the local problems(2.2). This canbe donein various ways basedon
a homogenizationexpansion. For example, instead of solving (2.2) we can solve (2.2) in a subdomain S with
boundary conditions v, restricted onto the subdomain boundaries, @. Then the gradient of the solution in a
subdomain can be extendedperiodically to K to approximate DxVv ., in (2.4). v, canbe easilyreconstructed
basedon D,v., . When the multiscale coe cien t has a periodic structure, the multiscale mapping can be
constructed over one periodic cell with a speci ed average. In this case,v ., is approximated by P, which is
de ned by (3.18).

3. Analysis of MSFEM. For the analysisof MSFEM, we assumethe following conditions for a (x; ; )
andag. (x; ; ), 2Rand 2RY

ja(x 5 )i+iao (x ;)i C@+j P r+jirty; (3.1)
(@(x ;1) a(x ;2;1 20 Cji1 2 (3.2)
(@@ ;) )tag(x ;) Cjj” (3-3)
Denote
H( 1 15 20 2s1) = @+ j 1 +j 2" +jqa +j2) (3.4)

for arbitrary 1; 22 R, 1; 22 RY andr > 0. We further assumethat

jax 15 1) ax 25 2itija (X 1; 1) a0 (X5 25 2)j
CH(1 15 20220 1) (1 2)) (3-5)
+CH( 15152020 1 8)j1 2%

wheres > 0,p> 1,s 2 (O;min(p 1;1)) and is the modulus of continuity, a bounded, concave, and
cortinuous function in R, suchthat (0) =0, (t)=1fort 2l1and (t) > Ofort > 0. Throughout the
paper C and ¢ (sometimeswith indices) denote generic constarts, q is de ned by 1=p+ 1=q= 1,y = x=,
and k kp, denotesLP-norm (either vector or scalar). In further analysisK 2 K" will be referred simply
by K. Inequalities (3.1)-(3.5) are the general conditions that guarantee the existenceof a solution and are
usedin homogenizationof nonlinear operators [28]. Here p represerts the rate of the polynomial growth of
the uxes with respect to gradient and, consequetly, it controls the summability of the solution. We do not
assumeany di eren tiabilit y with respectto and in the coe cien ts. Our objective is to present MSFEM
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and study its corvergencefor generalnonlinear equations, where the uxes can be discortin uous functions
in space. Thesekinds of equations arise in many applications sud as nonlinear heat conduction, nonlinear
elasticity, ow in porous media, and etc. (see,e.g.,[27, 32, 33, 24]). Our interest is in the applications to
porous media o ws related to o w in unsaturated media.

In [11] we have showvn using G-corvergencetheory that

r!i!moli!mokuh Ukwol;p() =0 (3.6)

(up to a subsequence)where u is a solution of (1.2) and uy, is a MsFEM solution given by (2.3). This
result can be obtained without any assumptionon the nature of the heterogeneitiesand can not be improved
becausethere could be in nitely many scales, (), presert suchthat ()! Oas ! O.

For the periodic case(and general random homogeneouscase)our goal is to shav the convergenceof
MsFEM in the limit as =h ! 0. To show the convergencefor =h ! 0, we considerh = h( ), such that
h() andh()! Oas ! 0. Wewould like to note that this limit aswell asthe proof of the periodic
caseis dierent from (3.6), where the double-limit is taken. In cortrast to the proof of (3.6), the proof of
the periodic caserequiresthe correctors for the solutions of the local problems.

Next we will presert the convergenceresults for MSFEM solutions. For generalnonlinear elliptic equa-
tions under the assumptions(3.1)-(3.5) the strong convergenceof MSFEM solutions can be shown. In the
proof of this theorem we shaw the form of the truncation error (in a weak sense)in terms of the resonance
errors betweenthe meshsizeand small scale . The resonanceerrors are derived explicitly. To obtain the
cornvergencerate from the truncation error, one needssome lower bounds. Under the general conditions,
such as (3.1)-(3.5), one can prove strong convergenceof MSFEM solutions without an explicit corvergence
rate (cf. [33]). To convert the obtained convergencerates for the truncation errorsinto the convergencerate
of MSFEM solutions, additional assumptions,such as monotonicity, are needed. This is discussedat the end
of this section.

Theorem 3.1. Assumea (x; ; ) andap. (x; ; ) are periodic functions with respect to x and let u be a
solution of (1.2) and uy, is a MsFEM solution given by (2.3). Moreover, we assumethat Dy uy, is uniformly
bounded in LP* () for some > 0. Then

Ii!mokuh Ukwol:p() =0 (3.7)

where h = h() andh! Oas ! O (upto asubsguene).
Theorem 3.2. Let u and u, be the solutions of the homayenizel problem (1.2) and MSFEM (2.3),
respectively, with the coe cient a (x; ; )= a(x=; ) andag. = 0. Then

P

p R e T .
kun ukwg;p() c H +c H + ch? 1 (3.8)

We will rst prove Theorem 3.1. Then, using the estimates obtained in the proof of this theorem, we
will showv (3.8). The main idea of the proof of Theorem 3.1 is the following. First, the boundednessof
the discrete solutions independert of and h will be shown. This allows us to extract a weakly cornverging
sub-sequence.The next task is to prove that a limit is a solution of the homogenizedequation. For this
reasoncorrectorsfor v., (see(2.2)) are usedand their cornvergenceis demonstrated. We would like to note
that the known corvergenceresults for the correctorsassumea xed (given) homogenizedsolution, while the
correctorsfor v, are de ned for only uniformly boundedsequencevy, i.e., the homogenizationlimits of v
(with respectto ) depend on h, and are only uniformly bounded. Becauseof this, more precise corrector
results needto be obtained where the homogenizedlimit of the solution is tracked carefully in the analysis.
Note that to prove (3.6) (see[13]), one does not need correctors and can usethe fact of the convergenceof
uxes, and, thus, the proof of the periodic casepreseried in this paper di ers from the onein [13]. Some

1Please see Remark 3.1 at the end of the proof of Theorem 3.1 for more discussions and partial results regarding this
assumption.



results of our paper (Lemmas 3.3, 3.4, and their proofs) do not require periodicity assumptions. For these
results we will use the notations a (x; ; ) and ag. (x; ; ) to distinguish the two cases. The rest of the
proofs require periodicity, and we will usea(x=; ; ) and ap(x=; ; ) notations.

Lemma 3.3. There exists a constant C > 0 suchthat for any v, 2 SP

PA 1 Vh; Vhi Ckavhkg; :

for su ciently small h.
The proof of this lemma is provided in the Appendix A. The following lemma will be usedin the proof

of Lemma 3.5.
Lemma 3.4. Letv vp2 Wol;p(K) andw  wp 2 Wol;p(K) satisfy the following problems,resgectively:

div(a (x; ;Dxv))=0in K (3.9

div(a (x; ;Dxw)) =0in K (3.10)
where s constantin K. Then the following estimate holds:
P
kDx(v  w)kp,  CHokDx(vo Wo)kpy; (3.11)
where
S (P s D=(p 9)
Ho= jKj+k kS;K + kavokg;K + kawokg;K :
wheres?2 (O;min(1;p 1)), p> 1
Proof of this lemmais presertedgn Appendix B
Regarding V», where Vn = JK% x Vadx in eath K, we note that Jensen'sinequality implies
In addition, the following estimateshold for Vr:
At this stagewe de ne a numerical corrector assaiated with v., = EMSFEM v vy 2 SN, First, let
P. ()= +DyN. (y) (3.14)

for 2Rand 2 RY whereN . 2 WplgE(Y) is the periodic solution (with averagezero) of

div(a(y; ; + DyN ; (y))) = 0inY; (3.15)
whereY is a unit period. The homogenized uxes are de ned as follows:
z
a(;)= . a(y; ; + DyN ; (y)) dy; (3.16)
z
a( ;)= . ao(y; ; + DyN ; () dy; 3.17)

wherea and a, satisfy the conditions similar to (3.1) - (3.5). We refer to [28] for further details. Using
(3.14), we denote our numerical corrector by P which is de ned as

P=Pvip,v = DxVh+ DyN vip, v, (¥): (3.18)
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R
Here V» is a piece-wiseconstart function de ned in eahh K 2 K" by Vn = JK% « Vadx. Consequety, P

isde ned in by using (3.18) in eady K 2 K. For the linear problem P = Dyv, + N(y) DyVv,. Our goal
is to shaw the corvergenceof these correctors for uniformly bounded family of v, in W1P(). We would
like to note that the corrector results known in the literature are for a xed homogenizedsolution.

Lemma 3.5. Let v, satisfy (2.2), where a (x; ; ) is periodic function with resgct to x, and assume
that vy, is uniformly bounded in W, () . Then

=

1
kKDxvin Pk C T kvnkP 4 KD v kP P (3.19)

We note that heres 2 (O;min(p 1;1)), p > 1. For the proof of this lemma, we need the following
proposition.
Pr oposition 3.6. For every 2 R and 2 RY we have
kP kpy c@+jjP+jiP)iYij; (3.20)

wher Y is a period of size . An easyconsequencef this proposition is the following estimate for N .
(see(3.15)).
Cor ollar y 3.7. For every 2 Rand 2 RY wehave
kDyN ; kg;Y c@+jjP+jiP)jvYi: (3.21)

The proof of Proposition 3.6 is preserted in Appendix C.
Proof. (Lemma 3.5) Recallthat by de nition P = Dyvh+ DyN vy :p, v, (Y) = DxVh+ DxN vip, v, (X=),
where by using (3.15) N v,.p,v, (Y) is a zero-meanperiodic function satisfying the following:

div(a(x=; Y";Dxvhp+ DxN vip,v,)) = 0in K: (3.22)
We expandv., as
Vih = Vh(X)+ N vip,y, (X=)+ (X;x=): (3.23)

We note that here (x;x=) is similar to the correction terms that arise in linear problems becauseof the
mismatch betweenlinear boundary conditions and the oscillatory corrector, N v, .p, v, (X= ) = N(X=) DyV.
Next wedenoteby w.p = vph(X)*+ N vip,v, (X=). Clearly w., satis es (3.22). Taking all theseinto accourt,
the claim in the lemma is the sameasto proving

=

KDy ky = KDx(Vin Wik, C T 4 kvkB + kDvn kP 7 (3.24)

Here we may write w ., asa solution of the following boundary value problem:
div(a(x=; Y";Dxw))=0inK and wy =vyp+ N v,p,y, On@GK;

with N"vi.p,v, ="' N vi.p,v,, Where' isasu cien tly smooth function whosevalueis 1 on a strip of width
adjacert to @K and 0 elsewhere.We denote this strip by S . This idea has beenusedin [22]. By Lemma
3.4 we have the following estimate:

kD kS;K = kDx(V.h Wi )kB;K
p_
CHop kDX(Vh Vh N v, Dy Vi )kS;KS (3.25)
p_
CHoK DeN vy o, KIY

where

p s 1
Ho= jKj+k ""KD + KDxVnkPy + KDyx(Vn + N viip,v KBy "7 (3.26)
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We needto show that Hg is boundedandk DyxN vy p, kg; uniformly vanishesas ! 0. For this purpose,
we usethe following notations: let JK = fi2 z9:Y" K 6 0;KnY' 6 Ogand FX = [i,5« Y. In other

words, F¥ is the union of all periods Y' that cover the strip S . Using thesenotations and because is zero
everywherein K, exceptin the strip S, we may write the following:
z

k DxNVh;Dxthg;K =" iDx(" N Vh;DxVh)jde

ZK
=P iDx(" N vip,v,)jP dx
75
P iDx(" N vipv,)iP dx
Ex D (3.27)
X Z
=P CIDx(" N Vb vy )iP AX
i2gk _Y!
X . . . . . . . .
P ~(IDx N vi:p v, JPJ" P+ N v, v, iPIDx" jP) dx;
i2gk Y

where we have usedthe product rule on the partial derivative in the last line of (3.27). Our aim now is to
show that the sum of integrals in the last line of (3.27) is uniformly bounded. We note that (seeCorollary
3.7)

KDy N viip v, Kby C(L+ Y JP+ [DxvjP)jY; (3.28)

from which, using the Poincare-Fiedrich inequality we have

KN viip v Kby CL+ ] P+ iDxVhiP)jY'j: (3.29)

We note alsothat Y» and Dyvy, are constart in K. Because' is su cien tly smooth, and whosevalue is one
on the strip S and zero elsewhere,we know that jDy' j C= (cf. [22]). Applying all thesefacts to (3.27)
we have

X .
k DN vi b, v, kg;K C p(1+j thp+ijthp) 1+ p)lej

i2JK
=C(P+@+] P+ D?) Y] (3.30)
i2JK
C(L+]j P+ jDyvij?) jY'i:
i2JK

. P .
Moreover, becauseall Y', i 2 J¥, coverthe strip S, we know that ~ ,,« jY'j Ch? 1 . Hence,we have

d
K DuN o KB C oo (14 ] %P + iDyvaf?) h 2
' h (3.31)
C n jKj+ kv kg;K + kDthkg;K
Furthermore, using this estimate and noting that =h < 1, we obtain from (3.26) that
p s 1
Ho C jKj+k YKy + kvpkD, + KDyvnkP, " ° (3.32)

Summarizing the results from (3.25) combined with (3.32) and (3.31), we get

_P_
kDX kg;K CHOk DxN Vh Dy Vh kpp;KS
o (3.33)

C . TTOK K KB+ Kk + KD kP

8



P
Finally summingover all K 2 K" and applying (3.12)t0 = ,xn k V2 kP

pk » We obtain
p X p
kDy ki = kDx Kpx
K
pls x . .
C h JKj+ kvnkDy + KDxvhkp (3.34)
K
_1
=C n j i+ kvnkf + kDyxvnkp,

The last inequality uniformly vanishesas approading zero, thus we have completed the proof of Lemma
35.0

The next lemma is crucial for the proof of Theorem 3.1 and it guaranteesthe corvergenceof MSFEM
solutions to a solution of the homogenizedequation. This lemma also provides us with the estimate for the
truncation error (in a weak sense).

Lemma 3.8. Supmsevh; W, 2 S" wher Dy vy, and Dyw;, are uniformly bounded in LP* () andLP() ,
respectively, for some > 0. Let A be the operator assaiated with the homaenizel problem (1.2), such
that

z
X
PA Vi Whi = ((a (Vn; DxVn); DxWh) + @g(Vh; DyxVa)Wn) dx;  8vh;wy 2 S™: (3.35)
Ka2kh K

Then we have
IiImOhA;h Vh A Vi;Whi = O: (3.36)

The proof of this lemmalis presenied in Appendix D. Now we are ready to prove Theorem 3.1.

Proof. (Theorem 3.1) Since A ., is coercive, it follows that uy is bounded, which implies that it hasa
subsequencdwhich we also denote by uy) sud that up * win WXP() as ! 0. Becausethe operator A
is of type S, (see,e.qg.,[33], page3, for the de nition), then by its de nition, the strong corvergencewould
be true if we can show that limsup, ¢PA un;u,  wi ! 0. Moreover, by adding and subtracting the term,
we have the following equality:

PA up;un B =bPA u, Anupup i+ PA L UL UL

3.37
PA un Apununi PAup Apupdi + (Foup o) ( )

Lemma 3.8 implies that the rst and secondterm vanishas ! O provided Dyuy is uniformly bounded
in LP* for > 0, while the last term vanishesas ! 0 (up to a subsequence)y the weak convergence
of u,. One can assumeadditional mild regularity assumptions[26] for input data and obtain Meyerstype
estimates, kD ukp+ C, for the homogenizedsolutions. In this caseit is reasonableto assumethat the
discrete solutions are uniformly boundedin LP* (). We have obtained results on Meyers type estimates
for our approximate solutions in the casep = 2 [12]. We are currently studying the generalizationsof these
results to arbitrary p. Finally, sinceA is alsoof type M (see,e.qg.,[32], page38, for the de nition), all these
conditions imply that A &= f, which meansthat &= u.
a

Remark 3.1. We would like to point out that for the proof of Theorem 3.1 it is assumel that D,up,
is uniformly bounded in LP* () for some > 0 (see, discussion after (3.37)). This has been shown for
p= 2in [12]. To avoid this assumption, one can impose additional restrictions on a ( ; ) (see, [13], page
254{255). We would like to note that the assumption, Dy uy, is uniformly bounded in LP* () , is not usal
for the estimation of the resonane errors, but only used in (D.12).

Next we present someexplicit estimatesfor the convergencerates of MSFEM. First, we note that from

9



the proof of the Lemma 3.8 it follows that the truncation error of MSFEM (in a weak sense)is given by

_ s 1

PAyun A up;whi = H A upwhi C - P+ kuhkg: + kauhkg; " KDxWnkp, +
1

G 1 T+ kunkl + KDxUnkh * KDwhky + e(MKDxWky  (3:38)

_s 1
=c - "V L kunkB. + kDyxunkD.  “ kDxwikp, + e(h)kDywhky; ;

>0

where e(h) is a generic sequenceindependert of small scale , such that e(h) ! (,},ash ! 0.1p particular,
the st, second,and third terms on the right side of (3.38) are the estimatesof ,n Ik, goxn Ik,
and ,,xn Ik, respectively (see(D.3) and (D.4)). We note that the rst term on the right side of
(3.38) is the leading order resonanceerror causedby the linear boundary conditions imposedon @, the
secondterm is due to mismatch betweenthe meshsizeand the small scaleof the problem. Theseresonance
errors are also presert in the linear case[14]. If one usesthe periodic solution of the auxiliary problem for
constructing the solutions of the local problems, then the resonanceerror can be removed. To obtain explicit
cornvergencerates, we rst derive upper boundsfor PA uy, A Phu;un,  Ppui, where Pu denotesa nite
elemen projection of u onto S, i.e.,

A Phu;vhi = H:vpi; 8vy 2 S
and PA up; vhi is de ned by (3.35). Then using estimate (3.38), we have
PA u, A Phu;un Prui=bPA up Anup;up Phpui+ PAjuy A Prujup Phui

=hAu, Ajunuy Phui+ B A Phujun Prui = PA up Aqupiup Phui

S
p(p s)

1
c + M i+ kuhkg; + kauhkg; " kDx(un  Pnru)kp + e(h)kDy(un Ppu)kp: :

(3.39)

h

The estimate (3.39) doesnot allow us to obtain an explicit convergencerate without somelower bound
for the left side of the expression.In the proof of Theorem 3.1, we only usethe fact that A is the operator
of type S, , which guaranteesthat the convergenceof the left side of (3.39) to zeroimplies the convergenceof
the discrete solutions to a solution of the homogenizedequation. Explicit corvergencerates can be obtained
by assumingsomekind of an inversestability condition, KA u A vk cku vk. In particular, we may
assumethat A is a monotone operator, i.e.,

PAu Aviu vi ckDx(u V)kp : (3.40)

A simple way to achieve monotonicity is to assumea (x; ; ) = a (x; ) and ap. (x; ; ) = 0, though one
can imposeadditional conditions on a (x; ; ) and ao: (Xx; ; ), such that monotonicity condition (3.40) is
satis ed. For our further calculations, we only assume(3.40). Then from (3.39) and (3.40), and using Young
inequality, we have

)

KDy(un Pru)kl. ¢ = @y e = "'+ gh):
Next taking into accourt the cornvergenceof standard nite elemen solutions of the homogenizedequation

we write
kDxPnu Dyukp, e (h);

wheree;(h)! O(ash! 0)isindependert of . Consequetly, using triangle inequality we have

p

KDy (up wkb. ¢ = @y = "+ e(h) + e (h):

10



Proof. (Theorem 3.2).

For monotone operators,a (x; ; )= a(x; )anday (x; ; )=0, 2Rand 2 RY the estimatesfor
e(h) and e;(h) can be easily derived. In particular, becauseof the absenceof in a, e(h) = 0 (see(D.3)
and (D.4)), while e;(h) Chrt (seefor example[7]). Combining these estimateswe have

p

kDy(un WKy ¢ ® e L . "'y chiit: (3.41)

From here one obtains (3.8).
a

Remark 3.2.

One can impose various conditions on the operators to obtain di er ent kinds of convegene rates. For
example,under the additional assumptions(cf. [27])

j@1@(@;)1.“.@1(;).

& o gt (3.42)

where 2 RY is an arbitrary vector, and p = 2, following the analysis presentea in [27], pages51{52, the
converlgene rate in terms of LP-norm of u, Phu can be obtaindd,

P

kDX(Uh Phu)kg; Cc ﬁ (P D(p s) fc E p 1 + e(h)+ Ckuh PhUkS; :
wheres?2 (0;1), p= 2.
Remark 3.3. For the linear operators (p= 2, s = 1), we recover the convergene rate obtained in [20],
Ch+C; =h.
Remark 3.4.
We have shown that MSFEM for nonlinear problems has the same error structure as for the linear
problems. In particular, our studiesrevealed two kinds of resonane errors for nonlinear problemswith the

samenature as thosethat arise in linear problems[14].

3.1. Appro ximation of the oscillations. In this section we present a theorem demonstrating the
approximation of oscillatory solutionsu of (1.1).

Theorem 3.9. Letu be the solution of boundary value problem (1.1) and up 2 S" andu, 2 VM with
Up = EMSFEM . be MSFEM solution (homogenizel and uctuating components, resgectively) (2.3). Then
lim 10 kau;h Dyu kp; = 0.

Below, we outline the proof (the details can be found in [17]). For the proof of this theorem we rst
introduce correctors for u . De ne an operator approximating the identity map in LP() by

X 1 Z
M (x) = vilX) o= T (y)dy; (3.43)
i2] Yy
where Y' is a period of size fori 2 z9, 1 = fi2z%:Y! gand v is an indicator function for Y'.

Next we denoteP = Py ym p,u(X;X=) = M Dyu(x)+ DyNm um bp,u(Xx=), whereu is the solution of the
homogenizedproblem. The function P is a corrector assaiated with the original boundary value problem
(1.1). Now, by triangle inequality, we have

kDyu.n Dxuk

KDxUn Pk, +kP Pk, +kP Dyuky, ; (3.44)

P; P;

where P = Dyun + DyN n.p y, (¥) asde ned beforefor v, . Lemma 3.5 givesthe corvergenceof the rst
term. The cornvergenceof the third term can be obtained using the techniques dewveloped in [8] and the
details are in [17]. The convergenceof the secondterm is due to the fact that Dyup ! Dyu in LP() ¢, and
the details can be found in [17].
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Fig. 3.1. lllustration of oversampling domain. K is a target coarse block, S is an oversampled domain

3.2. An Oversampling Technique. The approximation property of the corrector P(x;x=) (cf.
Lemma 3.5) revealsthe existenceof a resonanceerror proportional to =h, which is resulted from the mis-
match due to the imposedlinear boundary conditions for the local problem in the multiscale map EM SFEM |
The correction that arisesin the expansion of the local solutions (3.23) and accourts for the mismatch is
given by (x;x=). As in the linear problems ([19]), (x;x=) is the causeof the resonanceerrors. In [19]
the authors suggestedan oversampling technique for reducing the e ects of (x;x=). The main idea of the
oversampling technique is to usethe solutions of the local problems (cf. (2.2)) in larger domains. Here we
extend this technique to nonlinear equations. In particular, the multiscale map EMSFEM s constructed
using the solutions of the local problems on the elemern larger than h. For periodic problems, the size of
the larger domain can be chosento be h+ , though for more generalproblems without scaleseparationthe
size of the larger domain can be chosento be h+ h, where is a constart. In our simulations for general
anisotropic heterogeneities,we choose = 1. Furthermore, only the information from the target elemen is
usedin the multiscale formulation of the problem (seeFigure 3.1).

In general,givenv, 2 S", where vy, is de ned in K, we want to nd V., that satis es

div(a (x; Y";Dxvh)) =0 in S (3.45)

such that v, (z1) = vh(z), where z; are the nodal points of the target coarseelemen K. Thus, in general,
we needto nd asolution of the local equation with given valuesat the nodal (interior) points. This problem
can be solved for linear problems using linear combinations of the local solutions in larger domains S. Here
we present an oversampling technique for special casesin which the gradient in the coe cien t is linear, i.e.,
a(x; ;)=a(x=; ) ,givenvy 2 S", wede ne

Vih = ¢ ' (3.46)

where | satis es

div(a(x=; “")Dyx ')=0 in S
(a( ) Dx ) i .47
= , on @:
The constants ¢, i = 1;2; 3 are determined by imposing the conditions
Vha(z)=w(z) =123 (3.48)

We note that the piecewiseconstarts in  V» are taken asthe averageover the element K. We would like to
note that the convergenceanalysis of MSFEM with an oversampling technique requires somemodi cations
of the proof preserted in this paper for MSFEM without oversampling. In particular, the improved corrector
results (see Lemma 3.5) are necessaryto showv the advantages of MSFEM with oversampling. This is a
subject of our future researd.
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4. Numerical results and applications.

4.1. Oversampling vs. non-oversampling. In this sectionwe presert seweral ingredients pertaining
to the implementation of multiscale nite elemer method. We will presert numerical results for both
MsFEM and multiscale nite volume elemert method (MsFVEM). We usean Inexact-Newton algorithm as

an iterativ e technique to tackle the nonlinearity. For the numerical examplesbelow, we usea (x;u ;Dxu ) =

a(x;u)Dyu. Letf })gi'\':ff be the standard piecewiselinear basisfunctions of S". Then MSFEM solution

may be written as

%of )
up = i 6 (4.1)
i=1
forsome = ( 1; 2; 7 Nogof )T, where ; dependson . Hence,we needto nd  sud that
F()=0; 4.2)
where F : RN« 1 RN js g nonlinear operator suc that
x Z _ z
Fi()= (@(x; "")Dxu:n);Dx p)dx f pdx: (4.3)
Kaokh K

We note that in (4.3) s implicitly buried in “» and u., . An inexact-Newton algorithm is a variation

of Newton's iteration for nonlinear system of equations, where the Jacobian systemis only approximately

solved. To be speci ¢, given an initial iterate ©, for k = 0;1;2; until convergencedo the following:
Solve FA k) k= F( %) by someiterativ e technique until kF( ¥) + FY %) Xk (kF( ¥)k.
Update k1 = k4 Kk

In this algorithm FY K) is the Jacobian matrix evaluated at iteration k. We note that when = 0 then

we have recoveredthe classicalNewton iteration. Here we have used

KE( 9k 2

kK = 0001 m y

(4.4)
with ¢ = 0:001. Choosing  this way, we avoid over-solving the Jacobian systemwhen ¥ is still consid-
erably far from the exact solution.

Next we presern the ertries of the Jacobian matrix. For this purpose,we use the following notations.

Let KN = fK 2 K" : z isavertexof Kg, I" = fj : z isavertexof K 2 K'g, and K! = fK 2 K :
K shareszizyg. We note that we may write F;( ) asfollows:
X z z
Fi( )= (@ (x; "")Dxu;n;Dx p)dx foodx ; (4.5)
K2K?h! K
with
X
div(a (x; “")Dyu:p,)=0inK and u. = m o on@; (4.6)
Zm 22k
whereZy isall the verticesof elemen K . It isapparent that F;( ) isnot fully dependert onall 1; 2; ; 4.
Consequetly, @:@;—(j) = 0forj 21'. Tothis end, we denote | = @’@;'; . By applying chain rule of di eren-
tiation to (4.6) we have the following local problem for J:
. - Up . .
div(a (x; “")Dy ') = %div(% Dyus)in K and I'= Jon@: 4.7

The fraction 1=3 comesfrom taking the derivative in the chain rule of di erentiation. In the formulation
of the local problem, we have replaced the nonlinearity in the coe cient by Vr, where for eadt triangle
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K Vn = 1=3 P ?:1 ,K , Which gives@V"=@; = 1=3. Moreover, for a rectangular elemen the fraction 1=3
should be replaced by 1=4.

Thus, provided that v, has been computed, then we may compute | using (4.7). Using the above
descriptions we have the expressionsfor the ertries of the Jacobian matrix:

Z Z

@ _ X 1 @ (x; ") : i . up . i )

@—i_ o § « (TDXu;h,DX O)dx+ K (a (Xy )DX I!DX O)dX1 (4‘8)
Z Z

. X - Unp . . .
@i _ 1 @ M uiDy Y+ (@a(c ")Dy 1:Dy bydx: (4.9)
@, K2KD 3« @ K
forj 6i,j 21"

The implementation of the oversampling technique is similar to the procedure preseried above, except
the local problemsin larger domains are used. From (3.46), (3.47), and (3.48) we obtain v, that satis es

the homogeneoudocal problem. As in the non-oversampling case,we denote 1 = @’@?? , such that after
applying chain rule of di erentiation to the local problem we have:
. - Up . .
div(a (x; “")Dx ') = %div(% DxVv.p)inS  and I'= L on@; (4.10)

where U is computed over the corresponding elemert K and 4 is understood asthe nodal basisfunctions
on oversampleddomain S. Then all the rest of the inexact-Newton algorithms are the sameasin the non-
oversampling case. Speci cally, we also use (4.8) and (4.9) to construct the Jacobian matrix of the system.
We note that we will only use | from (4.10) pertaining to the elemen K .

From the derivation (both for oversamplingand non-oversampling)it is obvious that the Jacobian matrix
is not symmetric but sparse. Computation of this Jacobianmatrix is similar to computing the sti ness matrix
resulting from standard nite elemen, where eat entry is formed by accunulation of elemen by elemen
cortribution. Once we have the matrix stored in memory, then its action to a vector is straightforward.
Becauseit is a sparsematrix, dewoting some amount of memory for entries storage is inexpensive. The
resulting linear systemis solved using preconditioned bi-conjugate gradient stabilized method.

We want to solve the following problem:

div(a(x=;u)Dxu)= 1 in R2;

4.11
u=0 on@; ( )
where = [0:1] [0;1], a(x=;u )= k(x=)=(1+ u)'® ), with
. _ 2+ 18sin(2 x1=) 2+ sin(2 xp=)
k6=)= 33 1:8c092 X=) i 1:8coq2 x1=) (4.12)
and I(x=) is generatedfrom k(x=) such that the averageof |(x=) over is 2. Here we use = 0:01.

Becausethe exact solution for this problem is not available, we use a well resolved numerical solution using
standard nite elemeri method as a referencesolution. The resulting nonlinear system is solved using
inexact-Newton algorithm. The referencesolution is solved on 512 512 mesh. Tables4.1 and 4.3 presen
the relative errors of the solution with and without oversampling, respectively. In tables 4.2 and 4.4, the
relative errors for multiscale nite volume elemen method are preserted. The relative errors are computed
asthe corresponding error divided by the norm of the solution. In ead table, the second,third, and fourth
columns list the relative error in L2, HY, and L' norm, respectively. As we can seefrom thesetwo tables,
the oversampling signi cantly improvesthe accuracy of the multiscale method.
For our next example,we considerthe problem with non-periodic coe cien ts, wherea (x; ) = k (X)=(1+
) ).k (x) = exp( (x)) is chosensuch that  (x) is a realization of a random eld with the spherical
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Table 4.1
Relative MSFEM Err ors without Oversampling

N L2-norm HI-norm LT -norm
Error | Rate || Error | Rate Error | Rate
32 || 0:029 0:115 0:03

64 || 0:053 | -0.85 | 0:156 | -0.44 || 0:0534 | -0.94
128 || 0:10 | -0.94 || 0:234 | -0.59 || 0:10 | -0.94

variogram [9] and with the correlation lengths I, = 0:2, I, = 0:02 and with the variance = 1. (x) is
chosensuch that  (x) = k (x) + const with the spatial averageof 2. As for the boundary conditions we use
\left-to-righ t ow" in = [0;5] [0;1]domain,u = lattheinlet (x; = 0),u = 0at the outlet (x; = 5), and
no o w boundary conditions on the lateral sidesx, = 0and x, = 1. In Table 4.5we presen the relative error
for multiscale method with oversampling. Similarly, in Table 4.6 we present the relative error for multiscale
nite volume method with oversampling. Clearly, the oversampling method capturesthe e ects induced by
the large correlation features. Both H' and horizontal ux errors are under v e percert. Similar results
have beenobsened for various kinds of non-periodic heterogeneities.In the next set of numerical examples,
we test MSFEM for problems with uxes a (x; ) that are discortinuousin space. The discortinuity in the
uxes is introduced by multiplying the underlying permeability function, k (x), by a constart in certain
regions,while leaving it unchangedin the rest of the domain. As an underlying permeability eld, k (x), we
choosethe random eld usedfor the resultsin Table 4.5. In the rst set of examples,the discortin uities are
intro duced along the boundariesof the coarseelemerts. In particular, k (x) on the left half of the domain is
multiplied by a constart J, whereJ = exp(1), or exp(2), or exp(4). The results in Tables4.7-4.9show that
MsFEM corvergesand the error falls below v e percert for relatively large coarsening. For the secondset of
examples(Tables4.10-4.12),the discortin uities are not alignﬁd_with the boundaries of the coarseelemers.
In particular, the discortinuity boundary is givenby y = x 2+ 0:5, i.e., the discortinuity line intersects
the coarsegrid blocks. Similar to the aligned case,various jump magnitudes are considered. These results
demonstrate the robustnessof our approach for anisotropic elds where h and are nearly the same,and
the uxes that are discortin uous spatial functions.

As for CPU comparisons,we have obsened morethan 92 percert CPU savings when using MsFEM with-
out oversampling. With the oversamplingapproacd, the CPU savings depend on the sizeof the oversampled
domain. For example,if the oversampleddomain sizeis two times larger than the target coarseblock (half
coarseblock extensionon ead side) we have obsened 70 percert CPU savings for 64 64 and 80 percert
CPU savings for 128 128 coarsegrid. In general,the computational cost will decreasef the oversampled
domain sizeis closeto the target coarseblock size, and this cost will be closeto the cost of MSFEM with-
out oversampling. Conversely the error decreasesf the size of the oversampleddomains increases. In the
numerical examplesstudied in our paper, we have obsened the sameerrors for the oversampling methods
using either one coarseblock extensionor half coarseblock extensions. The latter indicates that the leading
resonanceerror is eliminated by using a smaller oversampleddomain. Oversampleddomainswith one coarse
block extensionare previously usedin simulations of ow through heterogeneougporous media[36]. As it is
indicated in [19], one can use large oversampleddomains for simultaneous computations of the seweral local
solutions. Moreover, parallel computations will improve the speed of the method becauseMsFEM is well
suited for parallel computation [19]. For the problemswherea (x; ; )= a (x)b( ) (seesection2.2and the
next section for applications) our multiscale computations are very fast becausethe basefunctions are built
in the beginning of the computations. In this case,we have obsened more than 95 percert CPU savings.

4.2. Applications of MSFEM to Richards' equation. In this sectionwe considerthe applications of
MsFEM to Richards' equation, which describesthe in ltration of water ow into a porous media whosepore
spaceis lled with air and somewater. The equation describing Richards' equation under someassumptions
is given by

D: (u) div(K(x;u)Dx(u+ x3)) =0 in ; (4.13)
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Table 4.2

Relative MsFVEM Err ors without Oversampling

N L2-norm HI-norm LT -norm
Error | Rate || Error | Rate || Error | Rate
32 0:03 0:13 0:04
64 0:05 | -0.65| 0:19 | -0.60| 0:05 | -0.24
128 || 0:058 | -0.19 || 0:25 | -0.35|| 0:057 | -0.19
Table 4.3
Relative MsFEM Err ors with Oversampling
N L2-norm HI-norm LT -norm
Error | Rate Error | Rate Error | Rate
32 || 0:0016 0:036 0:0029
64 | 0:0012| 0.38 0:019 | 0.93 || 0:0016| 0.92
128 || 0:0024 | -0.96 || 0:0087 | 1.14 || 0:0026 | -0.71
Table 4.4
Relative MsFVEM Err ors with Oversampling
N L2-norm HI-norm LT -norm
Error | Rate || Error | Rate || Error | Rate
32 || 0:002 0:038 0:005
64 || 0:003 | -0.43 | 0:021| 0.87 || 0:003 | 0.72
128 || 0:001 | 1.10 (| 0:009 | 1.09 || 0:001 | 1.08
Table 4.5
Relative MsFEM Err ors for random heterogeneities, spherical variogram, Ix = 0:20, I; = 0:02, = 1.0
N L2-norm HI-norm LT -norm hor. ux
Error | Rate Error | Rate Error | Rate || Error | Rate
32 || 0:0006 0:0505 0:0025 0:025
64 | 0:0002| 1:58 0:029 0:8 0:001 | 1:32 || 0:017 | 0:57
128 || 0:0001 1 0:016 | 0:85 || 0:0005 1 0:011 | 0.62
Table 4.6
Relative MsFVEM Err ors for random heterogeneities, spherical variogram, Ix = 0:20, I; = 0:02, = 1.0
N L2-norm HI-norm LT -norm hor. ux
Error | Rate Error | Rate Error | Rate || Error | Rate
32 || 0:0006 0:0515 0:0025 0:027
64 || 0:0002 | 1:58 0:029 | 0:81 || 0:0013| 0:94 || 0:018 | 0:58
128 || 0:0001 1 0:016 | 0:85 || 0:0005| 1:38 || 0:012 | 0.58
Table 4.7

Relative MSFEM Errors for random heterogeneities, spherical variogram, Ix = 0:20, I; = 0:02,

nuity, jump = exp(1)

N L?-norm HI-norm LY -norm hor. ux
Error | Rate || Error | Rate || Error | Rate || Error | Rate

32 || 0.0006 0.0641 0.0020 0.039

64 || 0.0002| 1.58 || 0.0382| 0.75 || 0.0010| 1.00 || 0.027 | 0.53

128 (| 0.0001| 1.00 || 0.0210| 0.86 || 0.0005| 1.00 || 0.018 | 0.59
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Table 4.8
Relative MSFEM Errors for random heterogeneities, spherical variogram, Ix = 0:20, I; = 0:02, = 1:0, aligned disconti-
nuity, jump = exp(2)

N L2-norm HI-norm LT -norm hor. ux
Error | Rate Error Rate Error | Rate || Error | Rate
32 || 0.0008 0.0817 0.0040 0.061

64 || 0.0004| 1.00 || 0.0493| 0.73 || 0.0023| 0.80 || 0.041 | 0.57
128 || 0.0002| 1.00 || 0.0256| 0.95 || 0.0011| 1.06 || 0.025| 0.71

Table 4.9
Relative MSFEM Errors for random heterogeneities, spherical variogram, Ix = 0:20, I; = 0:02, = 1:0, aligned disconti-
nuity, jump = exp(4)
N L?-norm HI-norm LY -norm hor. ux
Error | Rate | Error | Rate || Error | Rate || Error | Rate
32 || 0.0011 0.1010 0.0068 0.195

64 || 0.0006| 0.87 || 0.0638| 0.66 || 0.0045| 0.59 || 0.109 | 0.84
128 || 0.0003| 1.00 || 0.0349| 0.87 || 0.0024| 0.91 || 0.063 | 0.79

where (u) is volumetric water content and u is the pressure. The followings are assumed([30]) for (4.13):
(1) the porous medium and water are incompressible;(2) the temporal variation of the water saturation is
signi cantly larger than the temporal variation of the water pressure;(3) air phaseis in nitely mobile so
that the air pressureremains constart, in this caseit is atmospheric pressurewhich equalszero; (4) neglect
the source/sink terms.

Constitutiv e relations between and u and betweenK and u are developed appropriately, which con-
sequettly gives nonlinearity behavior in (4.13). The relation betweenthe water content and pressureis
referred to as moisture retention function. The equation written in (4.13) is called the coupled-form of
Richards' Equation. In other literature this equation is also called the mixed form of Richards' Equation,
due to the fact that there are two variablesinvolvedin it, namely, the water content and the pressurehead
u. Taking advantage of the di eren tiabilit y of the soil retention function, one may rewrite (4.13) as follows:

C(u)Diu  div(K(x;u)Dx(u+ x3)) =0 in ; (4.14)

where C(u) = d =du is the speci ¢ moisture capacity. This versionis referred to asthe head-form (h-form)
of Richards' Equation. Another formulation of the Richards' Equation is basedon the water content

& _
@3

whereD( ) = K ( )=(d =du) de nes the di usivit y. This form is called the -form of Richards' Equation.

The sourcesof nonlinearity of Richards' Equation comesfrom the moisture retention and relative hy-
draulic conductivity functions, (u) and K (x; u), respectively. Reliable approximation of theserelations are
in generaltedious to develop and thus also challenging. Field measuremets or laboratory experimernts to
gather the parametersare relativ ely expensive, and furthermore, evenif one can comeup with sud relations
from theseworks, they will be somehav limited to the particular casesunder consideration.

Perhaps the most widely used empirical constitutiv e relations for the moisture content and hydraulic
conductivity is due to the work of van Genuchten [34]. He proposeda method of determining the functional
relation of relative hydraulic conductivity to the pressurehead by using the eld obsenation knowledge
of the moisture retention. In turn, the procedure would require curve- tting to the proposed moisture
retention function with the experimental/observational data to establish certain parametersinherert to the
resulting hydraulic conductivity model. There are sewral widely known formulations of the constitutiv e
relations: Haverkamp model - (u) = L=+  K(x:u) = Ks(x)ﬁ; van Genuchten mo del

+juj
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Table 4.10
Relative MSFEM Errors for random heterogeneities, spherical variogram, Ix = 0:20, I, = 0:02, = 1:0, nonaligned
discontinuity, jump = exp(1)

N L2-norm HI-norm LT -norm hor. ux
Error | Rate Error Rate Error | Rate || Error | Rate
32 || 0.0006 0.0623 0.0023 0.035

64 || 0.0002| 1.58 || 0.0366| 0.77 || 0.0014| 0.72 || 0.024 | 0.54
128 || 0.0001| 1.00 || 0.0203| 0.85 || 0.0006| 1.22 || 0.016 | 0.59

Table 4.11
Relative MSFEM Errors for random heterogeneities, spherical variogram, Ix = 0:20, I, = 0:02, = 1:0, nonaligned
discontinuity, jump = exp(2)
N L?-norm HI-norm LT -norm hor. ux
Error | Rate | Error | Rate || Error | Rate || Error | Rate
32 | 0.0010 0.0785 0.0088 0.052

64 || 0.0003| 1.74 || 0.0440| 0.84 || 0.0052| 0.76 || 0.031| 0.75
128 || 0.0001| 1.59 || 0.0239| 0.88 || 0.0022 | 1.24 || 0.017 | 0.87

B4 - (u) = —‘=H_+ . K(u) = Ks(x)]cl Cjup® e jui)’) " g Exp onential model [35] -
[+ ju™] ' ’ [+ jup" ™2 ’
(U= sel, K(xu)=Ks(x)e".

The variable K 5 in the above modelsis also known asthe saturated hydraulic conductivity. It hasbeen
obsened that the hydraulic conductivity has a broad range of values, which together with the functional
forms preserted above, con rm the nonlinear behavior of the process. Furthermore, the water content and
hydraulic conductivity approac zeroasthe pressureheadgoesto very large negative values. In other words,
the Richards' Equation has a tendency to degeneratein a very dry condition, i.e., conditions with the large
negative pressure. Becausewe are interested in massconsenative schemes, nite volume formulation (2.5)
of the global problem instead of nite elemen formulation will be used. For (4.13), it isto nd uh 2 SP
such that

Z
((') ™ YHdx t K(x; Y)Dxuy ndl=0 8z22z% (4.16)

V; @/
where " !isthe value of ( UYr) evaluated at time stepn 1,andu 2 VM isa function that satis es the
boundary value problem:
div(K (x; “")Dyupn)=0 in K 2S";

(4.17)
U =up  on @:

Here V; is the control volume surrounding the vertex z 2 Z0 and Z? is the collection of all verticesthat do
not belongto the Dirichlet boundary.

MsFEM (or MSFVEM) o ers great advantage when the nonlinearity and heterogeneiy of K (x; p) is
separable,i.e.,

K (x; u) = ks(x) ky (u): (4.18)

In this case,as we discussedearlier, the local problems becomelinear and the corresponding V" is a linear
space,i.e., we may construct a set of basisfunctions f 207270 such that they satisfy

div(ks(x)Dy ,)=0 in K 2 S";
z= z on @;

where ; is a piecewiselinear function. We note that if u, hasa discortinuity or a sharp front region, then
the multiscale basis functions needto be updated only in that region. The latter is similar to the use of

18
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Table 4.12
Relative MSFEM Errors for random heterogeneities, spherical variogram, Ix = 0:20, I, = 0:02, = 1:0, nonaligned
discontinuity, jump = exp(4)

N L2-norm HI-norm LT -norm hor. ux
Error | Rate Error Rate Error | Rate || Error | Rate
32 || 0.0067 0.1775 0.1000 0.164

64 || 0.0016| 2.07 || 0.0758| 1.23 || 0.0288| 1.80 || 0.077 | 1.09
128 || 0.0009| 0.83 || 0.0687 | 0.14 || 0.0423| -0.55 || 0.039 | 0.98

MsFEM in two-phase o w applications. For this casethe basefunctions are only updated alorfg the front.

Now, we may formulate the nite dimensionalproblem. We want to seeku ., 2 Vh with u h = z270Pz 2
such that
z z
((U) " Lydx t ks(X) ke ( “")Dxu. ndl=0; (4.20)
V, @,
for every control volumeV, . Tothis equationwe candirectly apply the linearization proceduredescribed

in [17]. Let us here denote
rm=uh o uh o m=123; (4.21)

whereu" is the iterate of u;, at the iteration level m. Thus,wewant to nd r™ = P 22207 2z sudh that
form=1;2;3; kr™mk with  being somepredetermined error tolerance
z z
C( Unm Tyrm gx t ks() ke ( U™ ByD,r™ ndl= RMM L (4.22)
VZ @/Z
with
z z

Rh;m 1 . ( ( Uhm l) n l) dx+ t . ks(x) kr( Unh;m l) Dxul’?h 1 ndl: (423)
The superscript m at ead of the functions meansthat the corresponding functions are evaluated at an
iteration level m.

We present seeral numerical experimerts that demonstrate the ability of the coarsemodels preseried
in the previous subsections. The coarsemodels are comparedwith the ne model solved on a ne mesh. We
have employed a nite volume di erence to solvethe ne-scale equations. This solution servesasa reference
for the proposedcoarsemodels. The problemsthat we considerare typical water in ltration into an initially
dry soil. The porous medium that we consideris a rectangle of sizeLx L, (seeFigure 4.1). The ne model
uses256 256 rectangular elemerts, while the coarsemodel uses32 32 rectangular elemerts.

A realization of the permeability eld is generatedusing geostatistical package GSLIB ([9]). We have
useda spherical variogram with prescribed correlation lengths (I«, I;) and the variance ( ) for this purpose.
All examplesuse = 1.5.

The rst problem is a soil in ltration, which was rst analyzed by Haverkamp (cf. [6]). The porous
medium dimensionis Ly = 40 and L, = 40. The boundary conditions are as follows: | and g are

impermeable, while Dirichlet conditions are imposedon g and 1, namelyur = 21:7in 1, and ug =
615in pg. The initial pressureis up = 615. The constitutiv e relations useHaverkamp model. The
related parameters are as follows: = 1:611 10°, ¢ = 0:287, , = 0:075, = 3196, A = 1175 105,

and = 4:74. For this problem we assumethat the nonlinearity and heterogeneiy are separable,where the
latter comesfrom K s(x) with K = 0:00944. We assumethat appropriate units for these parameters hold.
There are two casesconsideredfor this problem, namely, the isotropic heterogeneiy with I, = I, = 0:1, and
the anisotropic heterogeneity with |y, = 0:01and |, = 0:20. For the backward Euler scheme,we use t = 10.
Note that the large value of t is due to the smallnessof K¢ (average magnitude of the diusion). The
comparisonis shawvn in Figures 4.2 and 4.3, where the solutions are plotted at t = 360.

19



G
B

Lx

Fig. 4.1. Rectangular porous medium

The secondproblem is a soil in Itration through a porous medium whosedimensionis Ly = 1 and
L, = 1. The boundary conditions are as follows: | and g are impermeable. Dirichlet conditions are
imposedon g with ug = 10. The boundary 1 is divided into three parts. On the middle part, a zero
Dirichlet condition is imposed,and the rest are impermeable. The constitutiv e relations use Exp onential
mo del with the following related parameters: = 0:.01, s = 1, Ks= 1, and — = 0:01. The heterogeneiy
comesfrom K¢(x) and (x). Clearly, for this problem the nonlinearity and heterogeneit are not separable.
Again, isotropic and anisotropic heterogeneitiesare consideredwith Iy = |, = 0:1 and Iy = 0:20, I, = 0:01,
respectively. For the backward Euler scheme,we use t = 2. The comparisonis shown in Figures 4.4 and
4.5, where the solutions are plotted at t = 10.

We note that the problems that we have consideredare vertical in ltration on the porous medium.
Hence,it is alsousefulto comparethe cross-sectionalvertical velocity that will be plotted againstthe depth
z. Here, the cross-sectionalvertical velocity is obtained by taking an averageover the horizontal direction
(x-axis).

Figure 4.6 shows comparison of the cross-sectionalvertical velocity for the Haverkamp model. The
averageis taken over all the horizontal span becausethe boundary condition on 1 (and alsoon ) is all
Dirichlet condition. Both plots in this gure show a closeagreemen betweenthe ne and coarsemodels.
For the Exponertial model, as we have described above, there are three di erent segmets for the boundary
condition on t, i.e.,, a Neumann condition on the rst and third part, and a Dirichlet condition on the
second/middle part of . Thus, we will compare the cross-sectionalvertical velocity in ead of these
segmens separately Figure 4.7 shows the comparison for one of these segmens. The agreemen between
the coarsegrid and ne grid calculations is excellert.

5. Extension of MSFEM and concluding remarks.

5.1. On the convergence of MSFEM. In this paper we have discussedhe cornvergenceof MSFEM in
the limit =h! O for the periodic problems. This result, we believe, alsoholds for nonlinear elliptic problems
with random homogeneouscoe cien ts, where we assumea (x; ; ) = a(T(x=)!; ; ), wherea(!; ; ) is
a random homogeneouseld. The analysis of the casewith random heterogeneitiesis di erent from the
periodic caseand it is currently under investigation. For more generalcaseswithout any assumptionson the
nature of heterogeneities,one can show (see[13])

lim fim kun  ukyzs = O, (5.1)

(up to a subsequencehereu be a solution of (1.2) and uy, is a MSFEM solution given by (2.3). The proof

of this fact usesonly G-cornvergenceresults and holds up to a subsequenceof . As we mertioned before,

this result can not be improved becausethere could be in nitely many scales( ()) suchthat ()! Oas
I 0.
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Fig. 4.2. Haverkamp model with isotropic heterogeneity. Comparison of water pressure between the ne model (left) and
the coarse model (right).

Fig. 4.3. Haverkamp model with anisotr opic heterogeneity. Comparison of water pressure between the ne model (left)
and the coarse model (right).

Fig. 4.4. Exponential model with isotropic heterogeneity. Comparison of water pressure between the ne model (left) and
the coarse model (right).

21



Fig. 4.5. Exponential model with anisotr opic heterogeneity. Comparison of water pressure between the ne model (left)
and the coarse model (right).
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Fig. 4.6. Comparison of vertical velocity on the coarse grid for Haverkamp model: isotropic heterogeneity (left) and
anisotr opic heterogeneity (right).

4 — ‘ ‘ ‘ 3
6f a4l

287 25+

£ £

o o

010t 06

> >

812} 87t

] ]

>l > 8r
16 " _—"Fine Model 9 I Fine Model

Coarse Model Coarse Model

18 : : 10 : :

0 02 04 06 08 1 Y0 02 04 o068 08 1

Fig. 4.7. Comparison of vertical velocity on the coarse grid for Exponential model: isotropic heterogeneity (left) and
anisotr opic heterogeneity (right). The average is taken over the second thir d of the domain.
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5.2. MsFEM for nonlinear parab olic equations. Consideru 2 Wy
Diu div(a (x;t;u ;Dxu)) + ao, (X;t;u ;Dyxu ) = f;
where Wy = fu 2 W;u(x;t = 0) = 0g, and

Vo= LPO; T;W3P()) ; V=LPO;T;WYP()) ; W =fu2Vo;Du2 LYO;T;W Y9()) g;

Yo - ] (5.2)

W =fu2V;Dwu2LY0;T;W ~9()) o
Assume0 =ty < t; < <ty = T,wheremax(tis; tj) = hy and denoteh = max(hy; h;). The multiscale
mapping for nonlinear parabolic equations, EMSFEM - gh 1 " is constructed in the following way. For
each v, 2 SN, V. (X; t) is the solution of

Divy div(a (Xt Y";DxVvh)) = 0in K [th;the ]; (5.3)
Vi = Vp on @ and vy, (t = ty) = vi. Note that EMSFEM s a one-to-onemap de ned on [tn;tnsa 1.
MsFEM formulation of the problem is the following. Find up(t) 2 S" (and u 2 V") sud that
Z th+ Z Z th+ Z
DiunVhdxdt + hA ., Up;Vhi = f vy dxdt; (5.4)
th th
where
tn+1 Z
PA ., up;vpi = ((a (x;t; “";Dyu.);Dyxvn) + ag (X;t; “";Dyu.p )vp)dxdt:

th

One can write (5.4) in the following way

Z tn+1 Z

(Un(th+1)  Un(tp))VhdX + DA ., Up;VRi = f v dxdt:
tn

Furthermore, taking the presen value of uy,, i.e., up(X; th+1 ), in bA ., up; vii we obtain the implicit MSFEM
schemeand taking the value of u, at t = t, we obtain the explicit MSFEM scheme. For the special periodic
case,one can usethe solution in the period to construct EMSFEM aswe did in the elliptic case.Finally, we
would like to note that one can develop oversampling techniquesfor parabolic problems, by extending both
temporal and spatial domains of the local problems, and this is a subject of our future researd.

Next, we consider someconcrete examples.

Example 1. Linear Case.

In the linear case,the multiscale map EM SFEM s linear, and consequetly, V" is a linear space.A basis
of VP can be found by mapping a basisof S", i.e., V" = span( '), where ' satisfy

D: ' div(a (x;t)Dyx )= 0in K [tn;tns1]; (5.5)

"t=ty,)= Lon@ and "= |, whereS" = span( }). The developmert of the oversamplingtechniques
for both spaceand time is currently under investigation.
Example 2. Spatial case
If weassumea (x;t; ; ) isindependert of time, then the following local problems can be solved for the
construction of EMSFEM (instead of (5.3))

div(a (x; Y";Dxvp)) = 0in K [th;tn+ ]; (5.6)

wherev.,, = v, on @ and v, (t = ty) = v,. This simpli cation of the local problem can be understood
basedon the homogenizationof parabolic equations. In particular, the solution of (5.3) can be approximated
with the solution of (5.6) in the caseof spatial heterogeneities.
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5.3. Further generalizations of MSFEM and concluding remarks. Next, we presert the frame-
work of MSFEM for general equations. Consider

Lu =f; (5.7)

where is asmall scaleandL : X ! Y is an operator. Moreover, we assumethat L G-cornvergesto L
(up to a sub-sequence)where u is a solution of

Lu=f; (5.8)

(we refer to [28], page 14 for the de nition of G-convergencefor operators). The objective of MSFEM is to
approximate u in S". Denote S" a family of nite dimensionalspacesuch that it possessean approximation

property (see[37, 29]) as before. Here h is a scaleof computation and h . For (5.7) multiscale mapping,
EMSFEM - gh1 vh  will bedened asfollows. For each element v, 2 S", vy, = EMSFEMy, isde ned as
L™y, = 0in K; (5.9)

where L™ can be, in general, di erent from L and allows us to capture the e ects of the small scales.
Moreover, the domainsdi erent from the target coarseblock K canbe usedin the computations of the local
solutions. To solve (5.9) one needsto imposeboundary and initial conditions. This issueneedsto be resolved
on a caseby casebasis, and the main idea is to interpolate v, onto the underlying ne grid. Further, we
seeka solution of (5.7) in V" asfollows. Find u, 2 S" (consequetly u., 2 V") sud that

hLgtobal y o svyi = HF;vni; 8wy 2 SN (5.10)

where hu; vi denotesthe duality betweenX and Y, and L9°°? can be, in general,dierent from L . For
example, for nonlinear elliptic equations we have L u = div(a (x; u; Dxu)) + ao. (X; u;Dxu), L™MPy =
div(a (x; Y;Dyu)) in K, and L9°% = div(a (x; Y;Dxu)) + ao; (x; Y;Dyu) in K. The corvergenceof
MSFEM is to show that u, ! uandu., ! u,whereuy = EMSFEM y, in appropriate space. The correct
choicesof L™ and L9 gre the essetial part of MSFEM and guaranteesthe corvergenceof the method.
In conclusion, we have presened a natural extensionof MSFEM to nonlinear problems. This is accom-
plished by consideringa multiscale map instead of the basefunctions that are consideredin linear MSFEM
[19]. Our approachesshare somecommon elemeris with recerly introduced HMM [10], where macroscopic
and microscopic solvers are also needed. In general,the nding of \correct” macroscopicand microscopic
solversis the main dicult y of the multiscale methods. Our approachesfollow MSFEM and, consequetly,
nite elemen methods constitute its main ingredient. The resonanceerrors, that arise in linear problems
alsoarisein nonlinear problems. Note that the resonanceerrors are the common feature of multiscale meth-
ods unlessperiodic problems are consideredand the solutions of the local problemsin an exact period are
used. To reducethe resonanceerrors we use oversampling technique and show that the error can be greatly
reduced by sampling from the larger domains. The multiscale map for MSFEM usesthe solutions of the
local problemsin the target coarseblock. This way one can samplethe heterogeneitiesof the coarseblock.
If there is a scale separation and, in addition, somekind of periodicity, one can use the solutions of the
smaller size problemsto approximate the multiscale map. Note that a potential disadvantage of periodicity
assumption is that the periodicity can act to disrupt large-scaleconnectivity features of the ow. For the
examplessimilar to the non-periodic onesconsideredin this paper, with the useof the smaller size problems
for approximating the solutions of the local problems, we have found very large errors (of order 50 percert).

6. Acknowledgmen ts. The researt of Y. E. is partially supported by NSF grants DMS-0327713and
EIA-0218229. The researt of T.Y.H. is partially supported by the NSF ITR grant ACI-0204932. We would
like to adknowledgeanonymous reviewersfor their helpful commerts which helped to improve the quality of
the paper.

App endix A. The pro of of Lemma 3.3.
Let vy = Vi Vh, wherevy, = EMSFEMy, it follows that v, 2 W P(K) satis es the following
problem:
div(a (x; Y";Dyx¥:p + DyxVh)) = 0in K: (A1)
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Using (A.1), applying Green's Theorem we have the following estimate:

Z Z
X X
PA .h Vhvni = (@ (x; Y";DxVh + Dx¥:n );DxVh + Dy¥ ) dx + ap: (X; V";DyVh )Vh dX
7 K2Kb K Kaokh K
= [(@ (X; Y";DxVh + Dx¥:h );DyxVh + Dx¥in ) + ag: (X; Y";DyVa ) VP ]dx+
Ka2ky K
N
ao; (Xx; "™;Dxvin)(va  M)dx:
K

K2Kh
(A.2)

Further, using the coercivity condition (3.3) and the fact that jv, Vij  ChjDyVhj in eadh K (note that
DyVh is constart in eadh K) we have

x Z x Z
PA . vhsvhi C jDxVh + Dy jPdx ¢h ao: (X; Y";DxV.h )Dyvhdx
K K
XKZEh K2Kh (A3)
(c ch) jDxVn jPdx:
Kakh K
Next, we discusssomespecial caseswhere the coercivity can be easily shown. If p= 2,
Z Z
X X
jDxV i j2dx = jDxVh + Dy |2 dx
k2kn K kakh K
X Z . . Z X Z . .
= jDyVhj2 dx + (DyVh;DyVip ) dx + iDyVh j2dx
K K K
K2Kh K2Kh X Z K2Kh 7 (A4)
= jDxVhj%dx + iDxV i j2dx
k2kn K Kakh X
X Z
jDyVhj2 dx:
kKakh K

Here we have usedthe fact that v., = 0 on @, and Dyv;, is constart in ead K. One can also easily show
the coercivity, using rescalingargumerts, if a (x; ; )=a(x; Yanda(x; )=]j j° b (x; ).

Next we analyze the general case. Denote by K, a referencetriangle (with the size of order one) and
introduce the change of variables z = x=h. Using Trace Theorem (see e.qg., [27], page 30) kuKk_»ap)
ckukw 1» (@) and the fact kDxuk sy cku f(u)kwir (q) (seee.g., [15], page 490) where Q is a domain
with a Lipschitz boundary and f (u) can be takento be the averageof u on @ we get the following.

x Z X 4 X
jDxV jPdx = h P jD,vyjPdz h? Pkviy  "Kwio (k)
Kokn K « K2g K « K2k
c hd P jvo  ~"jPdz = ¢ hd P j(D2vh;z  20)jPdz (A.5)
K2Kh @<r KZKh @<r
z
=c h9jDy vhjP i(ep,v,;z  z0)jPdz:
KZKh @<I’

R
Here ~V» is the a&erageof Vi, along the boundaries, ~'n = j@%rj &, Vhdz and vy, = v + (DyVhiZ  Zo),

j@%rj o, 20z Denote

where zg =
Z
C(ep,v,) = i(ép,v,:2 20)jP dz:
@

r
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To nish the proof, we needonly to claim that C(e ) is bounded from below independert of . By cortra-
diction supposethe claim is not true. Then there exists a sequence e , g that has a sub-sequencddenoted
by the samenotation) suchthat e, ! e andC(e,)! Oasn! 1 . BecauseC(e) iscortinuousit follows
that C(e ) = 0. This further implies that (e ;z) = 0 on @, and hencee = 0. This is a contradiction.

Finally, denoting the lower bound of C(ep, v, ) by o, we have
VA

X
PA hVh;vhi  C h?jDxVvhjPC(ep,v,) C jDxVnjPdx = ckDxVhkp, : (A.6)
K2KHh K K

App endix B. Pro of of Lemma 3.4.
First we show the following fact.
Pr oposition B.1. Letv vy 2 Wol;p(K) satis es the following problem:

div(a (x; ;Dxv))=0in K (B.1)
where is constantin K. Then

KDy V ko C(Kj7 + k kyy + KDxVokpy ): (B.2)

Proof. Let v = v vp. It followsthat v satis es the following problem:
div(a (x; ;Dyx(w+ v)) =0inK and v =0on@: (B.3)

Multiplying (B.3) with v , applying Green'sTheorem, and using the fact that v = 0 on @ , we immediately

obtain the following equality:
z z

(@ (x; ;Dxv);Dxv)dx=  (a(x; ;DxV);Dxvo)dx: (B.4)
K K

Next we usecoercivity and polynomial growth propertiesofa (x; ; ) to bound (B.4) from below and above,
respectively. Thus by applying Holder's gnd Young's inequalities we have

cokDyVv kg;K (o @a+ijij° 14 iDyVv jP 1)ijV0j dx
K
z q
¢t (1+] P+ jDxviP)dx  kDxVokp (B.5)

-

% (1+] P+ Dyv P)dx + %kavokS;K:
K

The claim in this proposition is obtained from this inequality by choosing > 0 appropriately. O
Next we prove Lemma 3.4. Let v = v vogandw = w  wp. It followsthat v and w satisfy the
following problems respectively:

div(a (x; ;Dyx(wv+ v)) =0inK and v =0on@; (B.6)

div(a (x; ;Dx(w +wp)) =0inK and w = 0on@: (B.7)

Using the monotonicity property of a (x; ; ) and applying Green's Theorem along with the fact that
v = w = 0 on @, weimmediately obtain the following inequality:
c kDy(v w )kg;K

= G KDx (¥ + Vo) Dx(w Wo)Kp

(@ (X ;DxV) a(x; ;DxW);Dx(Vo Wp))dx (B.8)
K
z
€2 H(;Dxv; ;Dxw;p 1 s)jDx(v w)j*jDx(Vo Wo)jdx;
K
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where on the last line we have used cortinuity property of a (x; ; ) and H is de ned in (3.4). Applying
Holder's and Young's inequalities appropriately we have

kDx (v~ w)kpy
Z p s 1

p

c H( ;Dyxv; ;Dxw ;p)dx kDx(Vo Wo)kpk KDx(v W)k;;K

K
z b s (B.9)

c?ska(v w kD +c|0—pS H( ;DyxVv; ;Dyw ;p)dx "

K

P
kD (Vo Wo)kg;KS :
Applying Proposition B.1 and choosing > 0 appropriately, we obtain the desired estimate.

App endix C. Pro of Prop osition 3.6.
By change of variables, it is su cien t to show that

kP kb c+j P+ P (C.1
where Y is the unit square. Applying monotonicity and polynomial growth properties of a(y; ; ) we have
z
kP, kS;Y = P, QPdy
b4
c (aly; ;P;) aly; ;05P;)dy
zY z (C.2)
=c (aly; ;P;))dy ¢ (aly; ;0P ;) dy
zY v z

c @+jPt+iPP Hijdy+c @+j P NP, jdy:
Y Y

Next we useHolder's inequality with r; = pp 1) andr, = p on both terms and afterward apply Young's
inequality, sothat for some > 0 we have

kP kpy C( ) @+jiP+]iP)+ca( kP, kpy: (C.3)

Herecy,( )! Oas ! 0. Choosing appropriately, we obtain the desired estimate.

App endix D. Pro of Lemma 3.8.

The following lemma will be usedin the proof (see(D.12)).

Lemma D.1. Ifug! OinL"() (A<r<1)ask! 1 then
z

(u)jvkjPdx! 0; ask! 1

for all v either (1) compactin LP() or (2) uniformly bounded in LP* () , > 0. Here (t) is continuity
modulus de ned previouslyand 1< p< 1 .
Proof. Becauseuy cornvergesin L"() it convergesin measure.Consequetly, for any > 0 there exists
and ko suchthat meas( n )< and (uk) < in for k > kg. Thus
z z Z Z
(uk)jvkjPdx = (u)jvijPdx + (ujwjPdx C +C jwjPadx: (D.1)

n n

Next we usethe fact that if (1) or (2) is satis ed then the set vy hasequi-absolutecontin uousnorm [23] (i.e.,
for any > Othere exists > 0 such that meas( )< implieskP vk, < , wherePpf = ff (x); if x 2
D; 0 otherwise). Consequetly, the secondterm on the right side of (D.1) convergesto zeroas ! 0.0
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Given v,, 2 S", we set the corrector P asin (3.18). By adding and subtracting terms, we have the
following equality:

X X
M;h Vh A Vi Whi = (|K+||K+||IK)+ (iK+iiK+iiiK); (D2)
K2Kh K2Kh
where
z
Ik = (a(x=; "™;Dxvin) a(x=; " ;P);Dxwn)dx;
ZK
[l = (a(x=; Y";P) a ( “";DxVh); Dxwp)dx; (D.3)
ZK
Ik = (@ ( Y";DxVh) a (Vh;DxVh);Dyxwy)dx;
K
and
Z
ik =  (a(x=; "™;Dxvih) a(x=; "";P))whdx;
ZK
i = (ao(x=; Y";P) ag( V";Dxvn))wh dx; (D.4)
ZK
i k = (ag( Y";DxVn) ag(Vn;DxVvn))wp dx:
K
We will shawv the convergencecorresponding to higher order terms, I, 1k, |11 . The corvergenceesti-

matesfor ik , ii g, iii k are the sameand can be obtained in a very analogousmanner.
Step 1: estimate of Ig

Using continuity property (3.5) and Holder's inequality, | ¢ is estimated in the following way:
Z

lk ¢ jDxvin  PIEH(Y";Dxvin; Y";P;p 1 s)jDyxwnjdx
K
z b1 s (D.5)

p

ckDxvin  Pkpk H( Y";Dxvah; Y';P;p)dx KD xWh Ko ;
K

where H is de ned by (3.4). Note that on the secondterm in the last line of (D.5) we have
z

H( Y";Dxv.h; Y';P;p)dx
K
= 1+ 2k ki + KDxVin KDy + KPRy (D.6)
c 1+ k' kS;K + kDyV kg;K + kathS;K + KD xN vip, v, kg;K

Using Proposition B.1 and a technique similar to the onein the proof of Lemma 3.5, (see(3.27)) we have

z
) H( ";Dxvin; ";P;p)dx ¢ jKj+ kvakd, + kDxvpkpy - (D.7)
With this estimate along with (3.19) it follows from (D.5) that
X p 1 s
Ik ckDxvin Pk, j j+ kvpkh + kDywnkP " kDywhkp,
K2Kh
p(pS—S) .. p p % P p p : ; : (D8)
c n it kvhkp; + kavhkp; j it kvhkp; + kavhkp; kDXthp;
_s 1
o " i kvnkh + KDyvnkp ! kDwik,
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By Lemma 3.5 the last inequality vanishesas approading zero.

Step 2: estimate of |1k T

Let IK = fi22z9:Y KgandJK =fi22z9:Y K 6 O;KnY' 6 0g. Let EK =[5« Y' and
FK = [i25x Y. Then we may break up the integration |1 into the sum of integral over EX and K nEX .
By (3.16) and the fact that Dywy, is constart in K, we have the following estimate:

X Z
Ik = (a(x=; "™;P) a ( "";DxVh); Dxwp) dx
21k Y
+ (a(x=; Y";P) a ( Y";DyVh);Dxwp)dx (D.9)
7 K nEK

@k=: Yn;P) a ( V";DxVh); DxWp)jdx:
F

It follows by applying Holder's inequality appropriately and using Proposition 3.6 that
X X X

Ik ~(j(a(x=; "";P);Dxwh)j+ j(@ ( "";DxVn); DxWh)j) dx
K2Kh K2knh j2ak Y
X X
c CH( Y P; " DyVh;p 1)jDyxwhjdx
K2kh i23x Y
0 « « 7 1 L 0 « « 7 1 L
c@ CH( Y P; Y";Dyvh;p)dxA @ Dy whjP dxA
K2kh j23x  Y' K2kh j23x Y
0 1 L 0 1:
X X ) X X )
c@ (L+] P+ Do?) YA @ IDawniP Y A (b-10)
K2Kh i2JK K2Kh i2JK
0 1 L 0 1 1
X iFKi X K
c@ jKj@+] P+ iDawn®) A @7 jKjiDewnjP EJA
K2Kh IK] K2Kh K]
1 1
jJFRj e . p @ jFXj @ o b
c mKax K] j j+ Kvp kp; + kDyVh kp; mKax K] kD x W kp;

1
c - j i+ kvnkD + kDyxvakb " KDxwhky,
This expressionvanishesas approacesto zero.

Step 3: estimate of |11k
Using (3.5) for the homogenized uxes and Holder's inequality we estimate | 1 [ ¢ in the following way:
z

Ik ¢ H(Y;DxVn;Vh;DxVa;p 1) (5 '™ Vhj)jDxWnjdx
K

Z : (D.11)
c H( " DxVhiVn;DxVasp) (5 vaj)¥dx  KDxWhKky
K
It follows that
X z ;
Ik c H( " ;DxVh;Vh;DxVh;p) (3 " Vaj)%dx  kDywhk,
K2Kn
. % (D.12)
c (ivaiP + [Dxvaj?) (b ™ wvaj)*dx  kDxwnk,. -
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Becauselpy vy 2 LP* (), Dxwn 2 LP() and Y» vy convergesto zeroin LP() it follows from Lemma
D.1that ,,«n Illk vanishesas ! O.
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