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Abstract.

We study the preconditioning of Mark ov Chain Monte Carlo (MCMC) methods using coarse-scale
models with applications to subsurface characterization. The purp ose of preconditioning is to reduce
the ne-scale computational cost and increasethe acceptance rate in the MCMC sampling. This goal
is achieved by generating Mark ov chains based on two-stage computations. In the rst stage, a new
proposal is rst tested by the coarse-scalemodel based on multiscale nite-v olume method. The full
ne-scale computation will be conducted only if the proposal passesthe coarse-scalescreening. For
more e cien t simulations, an approximation of the full ne-scale computation using pre-computed
multiscale basis functions can also be used. Comparing with the regular MCMC method, the pre-
conditioned MCMC method generates a modied Mark ov chain by incorp orating the coarse-scale
information of the problem. The conditions under which the modied Mark ov chain will converge to
the correct posterior distribution are stated in the paper. The validit y of these assumptions for our
application, and the conditions which would guarantee a high acceptance rate are also discussed. We
would like to note that coarse-scalemodels used in the simulations need to be inexpensive, but not
necessarily very accurate, asour analysis and numerical simulations demonstrate. We present numer-
ical examples for sampling permeability elds using two-point geostatistics. The Karh unen-Loeve
expansion is used to represert the realizations of the permeability eld conditioned to the dynamic
data, such as production data, as well as some static data. Our numerical examples show that the
acceptance rate can be increased by more than ten times if MCMC simulations are preconditioned
using coarse-scalemodels.

1. Intro duction. Uncertainties onthe detailed description of resenoir litho-
facies, porosity, and permeability are major contributors to uncertainty in resenoir
performance forecasting. Reducing this uncertainty can be achieved by integrating
additional data in subsurfacemodeling. With the increasinginterest in accurate pre-
diction of subsurfaceproperties, subsurfacecharacterization basedon dynamic data,
such as production data, becomesmore important.

To predict future resenoir performance,the resenoir properties, such asporosity
and permeability, needto be conditioned to dynamic data, such as production data.
In generalit is di cult to calculate this probability distribution, becausethe process
of predicting ow and transport in petroleum resenoirs is nonlinear. Instead, this
probability distribution is estimated from the outcomesof o w predictions for a large
number of realizations of the resenwoir. It is essetial that the permeability (and
porosity) realizations adequately re ect the uncertainty in the resenoir properties,
i.e., the probability distribution is sampled correctly. This problem is challenging
becausethe permeability eld is a function de ned on a large number of grid blocks.
The Markov chain Monte Carlo (MCMC) method and its modi cations have been
used previously to samplethe posterior distribution. In this paper, we designa two-
stage MCMC method which employs coarse-scalenodels based on multiscale nite
volume methods.

The direct MCMC simulations are generally very CPU demanding becauseeadh
proposal requires solving a forward coupled non-linear partial di erential equations
over a large time interval. The forward ne-scale problem is usually formulated on a
large number of grid blocks, which makesit prohibitiv ely expensive to perform suf-
cient number of MCMC simulations. There have been a few attempts to propose
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MCMC methods with high acceptancerate, for example, the randomized maximum
likelihood method [20, 21]. This approach usesunconditional realizations of the pro-
duction and permeability data and solvesa deterministic gradient-basedinverseprob-
lem. The solution of this minimization problem is takenasa proposal,and is accepted
with probability one, becausethe rigorous acceptanceprobability is very dicult to
estimate. In addition to the need of solving a gradient-based inverse problem, this
method does not properly sample the posterior distribution. Thus, developing e -
cient rigorous MCMC calculations with high acceptancerate remains a challenging
problem.

In this paper, we show that using inexpensive coarse-scale&eomputations one can
increasethe acceptancerate of MCMC calculations. Here the acceptancerate refers
to the ratio betweenthe number of accepted permeability samplesand the number
of times of solving the ne-scale non-linear PDE system. The method consists of
two-stages. At the rst stage, using coarse-scaleuns we determine whether or not
to run the ne-scale simulations. If the proposalis acceptedat the rst-stage, then
a ne-scale simulation is performed at the secondstageto determine the acceptance
probability of the proposal. The rst stage of the MCMC method modi es the pro-
posal distribution. We show that the modi ed Markov chain satis es the detailed
balance condition for the correct distribution. Moreover, we point out that the chain
is ergadic and corvergesto the correct posterior distribution under some technical
assumptions. The validity of the assumptionsfor our application is discussedin the
paper. We would like to note that two-stage MCMC algorithms have been used
previously (e.g., [2, 16, 22, 10Q]) in di erent situations.

In this paper, we use a coarse-scalemodel based on multiscale nite volume
methods. Note that it is essetial that thesecoarse-scalanodels are inexpensiwe, but
not necessarilyvery accurate. The main idea of multiscale nite volume methods
is to construct multiscale basis functions that contain the small scale information.
Constructing these basis functions based on the single-phase ow is equivalert to
single-phase o w upscaling, provided the transport equation is solved on a coarse-
grid. This method is inexpensiwe, sincethe basisfunctions are constructed only once,
and the transport equation is solved on the coarse-grid. The use of multiscale nite
volume methods has another advantage that it can be further used as an accurate
approximation for the production data if the transport equation is solved on the ne
grid. For this purpose, one needsto compute the ne-scale velocity elds from the
pre-computed multiscale basis functions and solve the saturation on the ne grid.
This provides an accurate approximation for the production data [13, 14, 1]. Since
one can re-usethe basis functions from the rst stage, the resulting method is very
e cien t. We would like to note that upscaledmodels are usedin MCMC simulations
in previous ndings. In an interesting work [9], the authors employ error models
betweencoarse-and ne-scale simulations to quantify the uncertainty.

Numerical results for permeability elds generatedusing two-point geostatistics
are preserted in the paper. Using the Karhunen-Loeve expansion,we canrepresen the
high dimensional permeability eld by a small number of parameters. Furthermore,
static data (the values of permeability eld at some sparselocations) can be easily
incorporated into the Karhunen-Loeve expansionto further reducethe dimension of
the parameter space. Numerical results are presered for both single-phaseand two-
phase ows for side-to-side and corner-to-corner ows. In all the simulations, we
obsene more than ten times increasein the acceptancerate. In other words, the
preconditioned MCMC method can acceptthe samenumber of sampleswith much
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less ne-scale runs.

The paper is organized in the following way. In the next section, we briey
describe the model equationsand their upscaling. Section 3 is dewoted to the analysis
of the preconditioned MCMC method and its relevanceto our particular application.
Numerical results are preseried in Section4.

2. Fine and coarse models. We considertwo-phase ows in a domain
under the assumption that the displacemen is dominated by viscouse ects. We ne-
glect the e ects of gravity, compressibility, and capillary pressure. The two phases
are referred to as water (aqueousphase) and oil (nonaqueousphase liquid), desig-
nated by subscripts w and o, respectively. We write Darcy's law, with all quantities
dimensionlessfor ead phaseas follows:

V) = k'j—fs)k rp; (2.1)

where vj, j = w;o0, is the phase velocity, k is the permeability tensor, k;j is the
relative permeability of the phasej, S is the water saturation (volume fraction) and
p is the pressure. In this work, a single set of relative permeability curve is used
and k is taken to be a diagonal tensor. Combining Darcy's law with a statemert
of consenation of massallows us to expressthe governing equationsin terms of the
so-calledpressureand saturation equations:

r ((Skrp=gq (2.2)

%w rf(S)= au; (2.3)

where (S) is the total mobility, g and q, are the sourceterms, v is the total velocity
and f (S) is the ux function, which are respectively given by:

_ kw(S) |, krolS).

(S) ” 5 (2.4)
V=Vy+Vy= (S)kr p; (2.5)
£(S) = Krw(S)= w (2.6)

K (S)= w + Kro(S)= o

The above description is referred to asthe ne model of the two-phase o w problem.
For the single-phaseo w, we have (S) = 1andf (S) = S. Throughout, the porosity
is assumedto be constan.

The proposedcoarse-scalanodel consistsof upscalingthe pressureequation (2.2)
to obtain the velocity eld on the coarse-grid,and then usingit in (2.3) to resolve the
saturation on the coarse-grid. The pressureequation is upscaledusing the multiscale
nite volume method. The details of the method are preseried in Appendix A. Using
the multiscale nite volume method, we obtain the coarse-scalevelocity eld, which is
usedin solving the saturation equation on the coarse-grid. Sinceno subgrid modeling
is performed for the saturation equation, this upscaling procedureintro duceserrors.
In Figure 2.1, we presert a comparisonof the typical fractional o wscomputedby ne-
and coarse-scalanodels. The fractional o ws are plotted against the dimensionless
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Fig. 2.1. Typical ne and coarse scale fractional ows

time \p ore vo&lme injected" (PVI). The pore volume injected (PVI) at time T is
de ned as % OTq( )d , where g is the combined ow rates of water and oil at
the production edge,and V, is the total pore volume of the system. PVI provides
the dimensionlesstime for the o w displacemen. The fractional ow F(t) (denoted
simply by F thereafter) is the fraction of oil in the produced uid and is de ned as

F = =0, whereq = ¢+ qu, With g, and g, denoting the o w rates of oil and water
at the production edgeof the model. More speci cally,

Fy=1 e [OWd

@ out Vn dl

where @ °" is the out o w boundary and v, = v n is the normal velocity on the
boundary. In future analysis,the notations q,, gy or g will not be used,and q will be
resened for the proposaldistributions. The proposedcoarse-scalanodel is somewhat
similar to the single-phase o w upscaling [4]. One can improve the accuracy of the
above coarsemodel by solving the transport equation on the ne-grid using the ne-

scalevelocity eld which can be computed employing pre-computed multiscale basis
functions. This makessolving the coarsemodel more expensive becausethe transport

update is performed on the ne-grid with smallertime steps. Howewer, it can provide

an e cien t numerical solver for the secondstage of preconditioned MCMC as we will
discusslater.

3. Preconditioning Mark ov chain Mon te Carlo (MCMC) simulation
using coarse-scale models.

3.1. Problem setting. The problem under consideration consists of sam-
pling the permeability eld given fractional ow measuremets. Typically, the per-
meability eld is known at somesparselocations. This information should be incor-
porated into the prior models (distributions) of the permeability. Sincethe fractional
oW is an integrated response,the map from the permeability eld to the fractional
ow is not one-to-one. Hencethis problem is ill-p osedin the sensethat there exist
many di erent permeability realizations for the given production data.

From the probabilistic point of view, this problem canberegardedassamplingthe
permeability eld conditioning on the fractional ow data with measuremen errors.
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Consequetly, our goal is to samplefrom the conditional distribution P (kjF), where
k is the ne-scale permeability eld and F is the fractional ow curve measuredfrom
the production data. Using the Bayestheorem we can write

P(kjF)/ P(Fjk)P(k): (3.1)

In the above formula, P (k) is the prior distribution of the permeability eld, which
is assumedto be log-normal. The prior distribution P (k) will also incorporate the
additional information of the permeability eld at the sparselocations. The likeli-
hood function P(Fjk) denotesthe conditional probability that the outcome of the
measuremen is F when the true permeability is k.

In practice, the measuredfractional ow F contains measuremen errors. Denote
the fractional ow for a given k as Fx. Fx can be computed by solving the model
equation (2.1)-(2.3) on the ne-grid. The computed F¢ will contain a modeling error
aswell asa numerical error. In this paper, we assumethat the combined errors from
the measuremet, modeling and numerics satisfy a Gaussiandistribution. That is,
the likelihood function P (F jk) takesthe form

2
P(Fjk) / exp u ; (3.2)
f
whereF is the obsened fractional ow, Fy is the fractional ow computed by solving
the model equations (2.1)-(2.3) on the ne-grid for a givenk, and ¢ is the precision
assaiated with the measuremen F and the numerical solution F¢. Sinceboth F and
F are functions of t, kF Fk? denotesthe L, norm
Z
kF Fk¥=  [F(t) Fe(t)?dt:
0

It is worth noting that the method discussedin this paper doesnot depend on the
specic form of the error functions. A more general error model can be used in
the simulations. We would like to emphasizethat di erent permeability elds may
produce the samefractional ow curve. Thus, the likelihood distribution P (Fjk) isa
multi-mo dal function of k with multiple local maxima.
Denote the posterior distribution as
2
(k) = P(kjF)/ exp u P(k): (3.3)
f

Sampling from the distribution (k) can be accomplishedby using the Markov chain
Monte Carlo (MCMC) method. The main idea of MCMC method is to generatea
Markov chain with (k) asits stationary distribution. A key step to this approach is
to construct the desiredtransition kernelfor the Markov chain. In this paper, we use
the Metrop olis-Hasting algorithm. Supposeq(yjx) is a generaltransitional probability
distribution, which is easyto sampleand hasan explicit form. The Metrop olis-Hasting
MCMC algorithm (see,e.g.,[23]) consistsof the following steps.

Algorithm  (Metrop olis-Hasting MCMC [23])
Step 1. At state k, generatek from q(kjkp).
Step 2. Accept k asa samplewith probability

acknjk) (k)

p(kn; k) = min 1 m ;

(3.4)
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i.e. take kn+1 = k with probability p(k,; k), and k,+1 = k, with probability
1 p(kn;K).

Starting with an arbitrary initial permeability sampleko, the MCMC algorithm
generatesa Markov chain fk,g. At ead iteration, the probability of moving from
state k, to a next state k is q(kjkn)p(kn; k), sothe transition kernel for the Markov
chain fkngis

z
K (kn;Kk) = p(kn;K)a(kjkn) + 1 p(kn; kK)a(kjkn)dk i, (k):

Using the explicit formula of the transition kernel, it is not dicult to prove that
the target distribution (k) is indeedthe stationary distribution of the Markov chain
fkng. As aresult, we can take k, as samplesof the distribution (k) after the chain
reaches steady state.

3.2. The Preconditoned MCMC metho d. In the above Metropolis-
Hasting MCMC algorithm, the major computational cost is to compute Fy in the
target distribution  (k), which involves solving the coupled non-linear PDE system
(2.1)-(2.3) on the ne-grid. Generally, the MCMC method requires thousands of
iterations beforeit corvergesto the steady state. To quartify the uncertainty of the
permeability eld accurately, one also needsto generatea large number of dierent
samples. However, the acceptancerate of the direct MCMC method is very low, due
to the large dimensionality of the permeability eld. The algorithm needsto test
many proposalsto acceptonly a few permeability samples. Most of the CPU time
is spent on simulating the rejected samples. That makes the direct (full) MCMC
simulations prohibitiv ely expensiwe in practice.

One way to improve the direct MCMC method is to increaseits acceptancerate
by modifying the proposal distribution q(kjkn). In this paper, we proposean algo-
rithm in which the proposal distribution q(kjk;,) is adapted to the target distribution
using the coarse-scalanodel. Instead of testing ead proposalby ne-scale computa-
tions directly, the algorithm rst tests the proposal by the coarse-scalenodel. This
is achieved by comparing the fractional ow curveson the coarsegrid rst. If the
proposal is acceptedby the coarse-scaldest, then a full ne-scale computation will
be conducted and the proposalwill be further tested asin the direct MCMC method.
Otherwise, the proposal will be rejected by the coarse-scaldest and a new proposal
will be generatedfrom q(kjk,). The coarse-scaletest lters the unacceptable pro-
posals and avoids the expensive ne-scale tests for those proposals. The lItering
processessetially modi es the proposal distribution q(kjk,) by incorporating the
coarse-scalénformation of the problem. That is why the modi ed method is called a
preconditioned MCMC metho d.

Recall that the ne-scale target distribution is given by (3.3). We approximate
the distribution (k) on the coarse-scaldy

KE  F k2
2

C

(k)| exp P (K): (3.5)

where F, is the fractional ow computed by solving the coarse-scalenodel of (2.1)-
(2.3) for the givenk, and . is the precision assaiated with the coarse-scalenodel.
The parameter . plays an important role in improving the acceptancerate of the

preconditioned MCMC method. The optimal value of . dependson the correlation
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betweenkF Fyk and kF  F, k, which can be estimated by numerical simulations.
(cf. Figure 3.1 and later discussion). Using the coarse-scaldistribution (k) asa
Iter, the preconditioned MCMC can be described as follows.

Algorithm  (preconditioned MCMC)
Step 1. At k,, generatea trial proposalk® from distribution q(k%kn).
Step 2. Take the real proposal as

( . N
kO  with probability g(kn;k9);

k =
ko  with probability 1 g(kn;k9;

where
a(knjk% (k9
a(k%kn)  (kn)

Therefore, the nal proposal k is generatedfrom the e ectiv e instrumental
distribution

g(kn; k9 = min 1; (3.6)

y4
Q(kjkn) = g(kn; K)a(kjkn) + 1 g(kn;K)a(kjkn)dk k, (K):  (3.7)

Step 3. Accept k asa samplewith probability

Q(knjk) (k)
Q(kjkn) (kn)

i.e. kn+1 = k with probability (kn;k), and kh+1 = kp with probability
1 (kn; k).

(kn;k) = min  1; (3.8)

In the above algorithm, if the trial proposalk®is rejected by the coarse-scaldgest
(Step 2), k, will be passedto the ne-scale test asthe proposal. Since (kn;kn) 1,
no further ( ne-scale) computation is needed. Thus, the expensive ne-scale com-
putations can be avoided for those proposalswhich are unlikely to be accepted. In
comparison, the regular MCMC method requires a ne-scale simulation for every
proposalk, even though most of the proposalswill be rejected at the end.

It is worth noting that there is no needto compute Q(kjk,) and Q(knjk) in (3.8)
by the integral formula (3.7). The acceptanceprobability (3.8) can be simplied as

(kn; k) = min 1;M : (3.9

(kn) (k)
In fact, (3.9) is obviously true for k = k, since (kn;kn) 1. Fork 6 k,,

Qnik) = ki kn)lbknik) = —is i alknl) () k) (ko)
_ alkikn) (kn) (k)
Q) (9

Substituting the above formula into (3.8), we immediately get (3.9).
Since the computation of the coarse-scalesolution is very cheap, the Step 2 of
the preconditioned MCMC method can be implemented very fast to decide whether

7
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or not to run the ne-scale simulation. The secondstep of the algorithm senesasa
Iter that avoids unnecessary ne-scale runs for the rejected samples. It is possible
that the coarse-scald¢est may reject an individual samplewhich will otherwise have a
(small) probability to be acceptedin the ne-scale test. Howewer, that doesn't play a
crucial role, sincewe are only interestedin the statistical property of the samples. As
we will show later that the preconditioned MCMC algorithm cornvergesunder some
mild assumptions.

We would like to note that the Gaussianerror model for the coarse-scalalistribu-
tion (k) is not very accurate. We only useit in the ltering stageto decidewhether
or not to run the ne-scale simulations. The choice of the coarse-scalerecision pa-
rameter . isimportant for increasingthe acceptancerate. If . istoo large, then too
many proposalscan passthe coarse-scaldgests and the Itering stagewill becomeless
eective. If . istoo small, then eligible proposalsmay be incorrectly Itered out,
which will result in biasedsampling. Our numerical results show that the acceptance
rate is optimal when . is of the sameorder as . The optimal value of . canbe
estimated basedon the correlation betweenkF  Fyk and kF F, k (cf. Figure 3.1).

Basedon the Gaussianprecision models (3.3) and (3.5), the acceptanceprobabil-
ity (3.9) hasthe form

0 1
Ex Ex
exp —t
(koK) = min 1;% = min BL; eXpE—k‘Ean; (3.10)

z
where
Ex = kF  Fyk?; E, = kF  F k2

If E, is strongly correlated with E, then the acceptanceprobability (3.10) could be
closeto 1 for certain choiceof .. Hencea high acceptancerate canbe achievedat Step
3 of the preconditioned MCMC method. To demonstrate that E, is indeed strongly
correlated with Ey, we compute Ei and E, for many di erent permeability samplesk
(seethe secondexample of section 4, Figure 4.7, for details of the permeability eld)

and plot Ex againstE, in Figure 3.1. We nd that the correlation coe cien t between
E, and Ey is approximately 0:9. If the correlation betweenEy and E, is strong, we
can write

Ex' E,+

Substituting this into (3.10) and choosing 2= ?= , we can obtain the acceptance
rate closeto 1 in Step 3. In practice, howewver, one does not know a priori the
correlation constart . The approximate value of can be estimated by a priori

numerical simulations where Ex and E, are computed for a number of permeability
samples.

The preconditioned MCMC method usesthe coarse-scaldistribution (3.5) with
the referencefractional o w beingthe obsened ne-scale fractional ow. One canalso
usea di erent referencefractional ow curvein Step 2 of the preconditioned MCMC
to improve the acceptancerate. In our numerical simulations (not preseried here),
we have usedthe coarse-scaldractional o w corresponding to the obsened fractional
ow as the referencefractional ow in the preconditioned MCMC simulations. We
have obsened similar numerical results. Sincethe coarse-scaldractional ow corre-
sponding to the obsened fractional ow is generally not known, we do not presen
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Fig. 3.1. Cross-plot between Ey = kF Fyk? and E, = kF F, k2,

these numerical results in here. However, we note that one can possibly improve the
preconditioning by a careful choice of the referencefractional ow.

The preconditioned MCMC method employs multiscale nite volume methodsin
the preconditioning step. If a proposalis acceptedby the coarse-scaldest (Step 2),
one can usethe pre-computed multiscale basis functions to re-construct the velocity
eld on the ne-scale. Then the transport equation can be solved on the ne-grid
coupledwith the coarse-gridpressureequation [6, 13, 14, 1]. This approach provides
an accurate approximation to the production data on the ne-grid and canbe usedto
replacethe ne-scale computation in the second-stagestep 3). In this procedure,the
basisfunctions are not updated in time, or updated only in a few coarseblocks. Thus
the ne-scale computation in the second-stageof the preconditioned MCMC method
(step 3) can also be implemented fast. Sincethe basisfunctions from the rst-stage
are re-usedfor the ne-scale computation, this combined multiscale approach can be
very e cien t for our sampling problem.

3.3. Analysis of the preconditoned MCMC metho d. Next we will
analyzethe preconditioned MCMC method in more details. Denote

E= k5 (k>0
E=k (k>0; (3.11)
D = k; g(kjkn) > O for somek, 2 E :

The setE is the support of the posterior (target) distribution (k). E cortains all the
permeability eld k which has a positive probability of being acceptedas a sample.
Similarly, E is the support of the coarse-scalaistribution  (k), which contains all
the k acceptableby the the coarse-scaldest. D is the set of all the proposalswhich
can be generated by the instrumental distribution q(kjk,). For the preconditioned
MCMC method to work properly, the conditonsE D andE E must hold (up to
a zeromeasureset) simultaneously. If one of theseconditions is not true, say, E6 E ,
then there will exist a subsetA (EnE ) sud that
z z

(A)=  (k)dk>0  and (A) = (K)dk = O;
A A

which meansno elemen of A can passthe coarse-scal¢est and A will never be visited
by the Markov chain fk,g. Thus, (k) cannot be sampledproperly.
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For most practical proposalsq(kjkn), sud asthe random walk samplersand in-
dependert samplers,the conditions E;E D can be naturally satis ed. By choosing
the parameter . in (k) properly, the condition E E can also be satis ed (see
the discussionbelow). As aresult, we haveE E D. In this case,E is identical
to the support of the e ectiv e proposal Q(kjkn):

E = k; Q(kjkn) > 0 for somek, 2 E :

Due to the high dimension of the permeability eld k, the support E of the
target distribution (k) is much smaller than the support D of the proposal q(kjkn)
distribution. For all the proposalsk 2 (D nE), they will never be acceptedas samples
in the MCMC method since (k) = 0. In the preconditioned MCMC algorithm, the
e ectiv e proposaldistribution Q(kjk,) samplesfrom a much smaller support E , hence
avoids solving the ne-scale problemsfor all k 2 (DnE ). Supposethat we samplethe
posterior distribution (k) by both the regular MCMC method and preconditioned
MCMC method. For eadh proposal k generatedfrom q(kjk,), the regular MCMC
method acceptsit as a samplewith probability p(k,; k) as de ned by (3.4). While
the preconditioned MCMC method acceptit with probability g(k,; k) (kn;k), where
d(kn; k) is the acceptanceprobability (3.6) of the coarse-scaldgest and (ky; k) is the
acceptanceprobability (3.8) of the ne-scaletest. When g(kn;k) < 1and (kn;k) < 1,
which is true for most proposalsk, it is easyto shaw that g(kn; k) (kn; k) = p(kn;k).
That is, the two methods accept k as an example with the same probability. In
numerical experiments, both methods indeed accept approximately the sameamournt
of proposalsfor xed number of iterations. However, the regular MCMC method
needsto solvea ne-scale problem for each MCMC iteration, while the preconditioned
MCMC method only solvesthe ne-scale problem whenthe proposalpasseghe coarse-
scaletest. For all the proposalsk 2 (D nE ), they will be rejected directly by the
coarse-scalecriteria and do not require ne-scale computations. For ead iteration,
the preconditioned MCMC only solve the ne-scale problem r time in average,where

z

r= o(kn; k)g(kjkn)dk < 1:
E

Note that RD d(kjkn)dk = 1 and g(kn;k) 1. If E is closeto E and hence much
smaller than D, thenr 1. Therefore, the preconditioned MCMC method requires
much less ne-scale simulation while still acceptapproximately the sameamount of
proposals. In other words, the preconditioned MCMC method can achieve much
higher acceptancerate for eac ne-scale computation.

Next we will discussthe stability property of the preconditioned MCMC method.
We shall show that the preconditioned MCMC method sharesthe samecorvergence
property asthe regular MCMC method. Denote by K the transition kernel of the
Markov chain f k, g generatedby the preconditioned MCMC method. Sinceits e ec-
tive proposalis Q(kjk,) asde ned by (3.7), we get

K(kn;K) = (kn;K)Q(kjkn)  for k6 kn; (3.12)
4
K (kn;fkng) = 1 (kn; K)Q(Kjkn)dk: (3.13)

k6 kn

That is, the transition kernel K (ky; ) is continuouswhen k 6 k, and has a positive
probability for the event fk = k,g.
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As in the regular MCMC method, it is easyto show that K (k,; k) satis es the
detailed balance condition

(kn)K (kn;k) = (K)K (K;kn) (3.14)

for any k;k, 2 E. In fact, the equality (3.14) is obviously true when k = k. If
k 6 k,, then from (3.12) we have

(kn)K (kn;k) = (kn) (kn;K)Q(kjkn) = min Q(kjkn) (kn); Q(knjk) (k)

Q(kjkn) (kn).
Q(knjk) (k) ’
So the detailed balance cggdition (3.14) is always satis ed. Using (3.14), we can
easily shov that (A) = K (k;A)dk for any A 2 B(E), where B(E) denotes all
the measurablesubsetsof E. Thus, (k) is indeed the stationary distribution of the

transition kernel K (ky; k).
In the regular MCMC method, the proposal g(kjk,) is usually chosento satisfy

d(kjkn) > O for any (k,;k) 2 E E; (3.15)

= min 1 Q(knjk) (k) = (kikn)Q(knjk) (k) = (K)K (kikn):

which guaranteesthat the resulting regular MCMC method is irreducible. The similar
statemert is true for the preconditioned MCMC method.

Lemma 3.1. If the proposal distribution q(kjk,) satises (3.15) and E E
holds, then the chain f k, g geneated by the preconditioned MCMC methal is strongly
-irr educible.
Proof. According to the de nition of strong irreducibilit y, we only needto show
that K (kn;A) > 0 for all k, 2 E and any measurableset A E with (A) > 0. Note

that
Z Z

K (kn;A) K (kn; k)dk = (kn; K)Q(kn; k)dk
ZAnk,.I Ankp
= (kn; K)9(kn; K)a(kijkn)dk:
Ankp

R
In the above inequality, the equalsign holds whenk, 62A. Since (A) = , (k)dk>
0, it followsthat m(A) = m(A nk,) > 0, wherem(A) is the Lebesguemeasure. Since
A EandE E, both (kn;k) and g(kn;k) are positive for k 2 A. Combining the

positivit y assumption (3.15), we can easily concludethat K (kn;A) > 0. O

Most practical proposaldistributions, such asrandom walk samplersor indepen-
dent samplers, satisfy the positivity condition (3.15). Thus condition (3.15) poses
only a mild restriction in practice. As we will seelater, the proposalsusedin our
numerical experiment naturally satisfy the condition (3.15).

Based on the stability property of Markov chains [23, 19|, the following corver-
genceresult is readily available.

Theorem 3.2. [23] Supmse (3.15) is true and E  E holds, then the precondi-
tioned Markov chain fkyg is ergddic: for any function h(k),
1 X z
lim — h(k,) = h(k) (k)dk: (3.16)
Nz N -
11



If the chain fk,g is also aperiodic, then the distribution of k, convergesto (k) in
the total variation norm

lim sup K"(kg;A) (A) =0 (3.17)
n'l A28 (E)

for any initial state kg.

To get the cornvergenceproperty (3.17), we needto show that the Markov chain
fkng generated by the preconditioned MCMC method is aperiodic. Recall that a
simple su cien t condition for aperiodicity is that K (kn;fk,g) > 0 for somek, 2 E.
In other words, the event fk,+1 = kng happens with a positive probability in the
preconditioned MCMC method. >Fom the de nition (3.13), we have

Z Z
K (kn;fkng) = 1 (kn; K)Q(Kjkn)dk = 1 (Kn; K)g(kn; K)d(kjkn)dk:

k6 kn k6 kn

Consequetly, K (kn;fkng) O requiresg(kn;k) = 1 and (kn;k) = 1 for almost all
k 2 D, which meanthat all the proposalsgeneratedby q(kjk,) are correct samples
of distributions (k) and (k). This is obviously not true in practice. Thus, the
practical preconditioned MCMC method is always aperiodic and cornvergesto the
target distribution (k) in the senseof (3.17).

Next we discussthe necessarycondition E  E , which is essetial to guarantee
the convergenceof the preconditioned MCMC method. Due to the Gaussianform of
the posterior distribution, (k) and (k) do not have a compact support and the
domain E (or E ) is the whole spacespannedby all k. However, if the precision
parameters ¢ and . arerelatively small, then (k) and (k) are very closeto zero
for most proposals. From the numerical point of view, the proposalk is very unlikely
to be acceptedif (k) or (k) is closeto zero. Consequetly, the support of the
distributions should be interpreted asE = fk; (k) > gandE = fk; (k) > g,
where is a small positive number.

If k 2 E, then (k) > andkFy Fk?= 2 is not very large. To makek 2 E ,
kF, Fk2= Zshouldnot bevery largeeither. If kF, Fk?is boundedby kFy Fk? up
to a multiplicativ e constart, then the condition E E can be satis ed by choosing
the parameter . properly. For most upscaled models, the coarse-scalequartity is
indeed bounded by the corresponding ne-scale quartity. For example, the upscaled
velocity v in the saturation equation is obtained by averagingthe ne-scale velocity
v over the coarse-gridblocks

X 1 Z
v (x) = i v(y)dy 1 ,(x);

where are the coarse-blaks. It is easyto show that
1 z 2
kv kfz() = T .v(y)dy
I 1
X Z Z (3.18)

T 1wty vy = vk
i i i

Thus, the coarse-scalevelocity is bounded by the corresponding ne-scale one. We
would like to remark that for somenonlinear averaging operators, one can also show
12



that the coarse-scal@uartities are boundedby the corresponding ne-scale quartities.
One of the examplesis the homogenizationoperator for linear elliptic equations.

In general, it is dicult to carry out such estimates for fractional ows. How-
ever, coarse-scaldractional o ws can be interpreted as sometype of averageof the
corresponding ne-scale fractional ows. Indeed, the ne-scale fractional ow curve
can be regarded as the travel times along the characteristics of the particles that
start at the inlet. The coarse-scaldractional ow, on the other hand, represens an
averageof thesetravel times over characteristics within the coarsedomain. In gen-
eral, the estimation similar to (3.18) doesnot hold for fractional ow curves,as our
next courter-example showvs. For simplicity, we presen the courter-example for the
single-phase o w in porous media with four layers. This example can be easily gen-
eralized. Denote by t;, i = 1;2;3;4 the breakthrough times for the layers. Consider
two ne-scale (with four layers) permeability elds with breakthrough timest; = Ty,
to= Ty, t3= Ty, t4 = Toand ty = Ty, to = Ty, tg = Ty, t4 = T, respectively. These
two ne-scale permeability elds will give the samefractional o ws, sincethe times
of the igh ts are the sameup to a permutation. Now we consider the upscaling of
thesetwo ne scale permeability elds to two-layered media. Upscaling is equiva-
lent to averaging the breakthrough times. Consequetly, the breakthrough times for
the corresponding upscaled models are t; = 0:5(T1 + T2), t, = 0:5(T1 + T2), and
t; = 0:5(Ty + T1) = Tq, t, = 0:5(T2 + T2) = T, respectively Thus, the coarse-scale
modelsgivedi erent fractional ows, eventhough the fractional o wsareidentical for
the ne-scale models. However, this type of counter examplescan be avoided in prac-
tice, becausethe near-well values of the permeability are known, and consequetly,
permutation of the layers can be avoided.

4. Numerical Results. In this section we discussthe implementation de-
tails of the preconditioned MCMC method and present somerepresertativ e numerical
results. Supposethe permeability eld k(x), wherex = (x; z), is de ned on the unit
square = [0;1]?. We assumethat the permeability eld k(x) is a log normal pro-
cessand its covariance function is known. The obsened data include the fractional
ow curve F and the values of the permeability at sparselocations. We discretize
the domain by a rectangular mesh and the permeability eld k is represened by
a matrix (thus k is a high dimensional vector). As for the boundary conditions, we
have tested various boundary conditions and obsened similar results for the precon-
ditioned MCMC. In the following numerical experiments we assumep= landS=1
onx=0andp=0onx = 1,and no ow conditions on the lateral boundariesz = 0
and z = 1. We call this type of boundary condition side-to-side. We have chosenthis
type of boundary conditions becausethey provide large deviations between coarse-
and ne-scale simulations for the permeability elds consideredin the paper. The
other type of boundary conditions is set by specifyingp= 1, S = 1l alongthe x = 0
edgefor0:5 =z landp= Oalongthex = ledgeforO 2z 0:5. On the restofthe
boundaries,no- ow boundary conditions are assumed.We call this type of boundary
condition corner-to-corner. We will consider both single-phaseand two-phase ow
displacemers.

Using the Karhunen-Loeve expansion[18, 24], the permeability eld can be ex-
pandedin terms of an optimal L? basis. By truncating the expansionwe canrepresern
the permeability matrix by a small number of random parameters. To imposethe hard
constraints (the valuesof the permeability at prescribed locations), we will nd a lin-
ear subspaceof the random parameter space(a hyperplane) which yields the desired
permeability elds satisfying the hard constrains.

13



We rst briey recall the basic idea of the Karhunen-Loeve expansion. Denote
Y(x;!) = loglk(x;! )], where the sample variable ! is included to remind us that
k is a random eld. SupposeY (x;!) is a secondorder stochastic process,that is,
Y(x;!) 2 L?() with probability one. Without loss of generality, we assumethat
E[Y(x;!)] = 0. Given an arbitrary orthonormal basisf ,gin L2(), we canexpand
Y (x;!) in Fourier series

p3
Y= Ye(h) k(x);
k=1

where
4

Ye(!)=  Y(X;!) k(X)dx; k=1,2:::

are random variableswith zero means. We are interestedin the special L ? basisf g

which makes Yy uncorrelated: E(Y;Y;) = O for all i & j. Denote the covariance
function of Y asR(x;y) = E[Y(x)Y(y)]. Then such basisfunctions f g satisfy
z z
E[ViYj]= i(x)dx  R(x;y) j(y)dy =0, i6j

Sincef g is completeand orthonormal in L?(), it followsthat (x) are eigenfunc-
tions of R(x;y):
z
R(Xy) w(W)dy = « k(X); k=120 (4.1)

where = E[Y,2] > 0. Furthermore, we have

X
R(x;y) = E[Y(X)Y(y)] = k k(X) k(y): (4.2)
k=1
Denote | = Yk:p "k, then | satisfy E( )= 0and E( ; i) = i . It follows that
X p_
Y(x;!) = k k(M) k(x); (4.3)
k=1

where  and  satisfy (4.1). We assumethat the eigervalues ¢ are ordered 1

2 1. The expansion (4.3) is called the Karhunen-Loeve expansion (KLE) of
the stochastic processY (x;! ). For nite discrete processesthe KLE reducesto the
principal componert decomposition.

In (4.3), the L? basisfunctions (x) are deterministic and resolve the spatial
dependenceof the permeability eld. The randomnessis represeried by the scalar
random variables . Generally, we only needto keepthe leading order terms (quan-
tied by the magnitude of ) and still capture most of ths enerlgzyof the stochastic
processY (x;!). For a N-term KLE approximation Yy = {:':1 "k k k, wedene
the energyratio of the approximation as




If «;k=1;2;:::; decay very fast, then the truncated KLE would be good approxi-
mations of the stochastic processin L? sense.

Suppose the permeability eld k(x;!) is a log normal homogeneousstochastic
process.Then Y (x;!) is a Gaussianprocessand | are independert standard Gaus-
sian random variables. We assumethat the covariance function of Y (x;!) hasthe
form

X1 ylj2 jX2 Yij

R(X;y): zexp 2L2 2L2
1 2

(4.4)

In the above formula, L1 and L, are the correlation lengths in ead dimension, and
2 = E(Y?) is a constart. In our rst example, we setL; = 0:2, L, = 0:2 and
2 = 2. We rst solve the eigenvalue problem (4.1) numerically and obtain the

eigenpairsf ; «kg. In Figure 4.1 the rst 50 eigervalues are plotted. As we can

see,the eigenvalues of the KLE decay very fast. It has beenshawn in [8] that the
eigervaluesdecay exponertially fast for the covariance function (4.4). Therefore, only

a small number of terms needto be retained in the truncated expansion (4.3). We

can sampleY (x;!) easily from the truncated KLE (4.3) by generating independert

Gaussianrandom variables .

It is worth noting that for a dierent covariance function such as R(x;y) =

2exp lleA % , the eigervaluesof the integral equation (4.1) may decay

1

slowly (only algebraically [8]). To achieve the sameaccuracy more terms should be
retained in the truncated expansion (4.3), which will increasethe dimension of the
parameter spaceto represer the permeability. As a result, sampling the permeability
from the distribution will be more expensiwe for both the direct MCMC method and
the preconditioned MCMC method. However, small parameter spacedoesnot favor
the preconditioned MCMC method and the preconditioning technique is applicable
independert of the problem dimension. For permeabilities with higher dimensional
parameters, the acceptancerates of the direct MCMC method will be even lower.
Consequettly, the preconditioned MCMC method will be more preferable since its
Itering precedurecan increasethe acceptancerates dramatically. Note that if the
permeability eld is not a log normal process,ithen  in the expansion(4.3) are not
necessarilyGaussianrandom variables. However, we can still samplethe permeability
eld from the truncated expansion(4.3) by sampling the random variables .

In the numerical experiments, we rst generate a reference permeability eld
using all eigervectors and compute the corresponding fractional ows. To propose
permeability elds from the prior (unconditioned) distribution, we keep 20 terms in
the KLE. Supposethe permeability eld is known at 8 distinct points. This condition
is imposedby setting

X0 p __
k ko k(Xj)= i3 (4.5)
k=1
where  (j = 1;:::,;8) are prescribed constarts. For simplicity, we set ; = 0 for all

j = 1;:::;8. In the simulations we proposetwelve ; and calculate the rest of ; by
solving the linear system (4.5). In all the simulations, we test 50000 proposalsand
iterate the Markov chain 50000times. Becausethe direct MCMC computations are
expensive, we do not selectthe large model problems, and only consider40 40 and
60 60 ne-scale models. However, the preconditioned MCMC method is applicable
independert of the size of the permeability eld.
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Fig. 4.1. Eigenvalues of the KLE for the Gaussian covariance with L1 = L, = 0:2. The
eigenvalues decay very fast.

We have consideredtwo types of instrumental proposal distributions q(kjkp):
the independert sampler; and the random walk sampler. In the caseof independert
sampler, the proposaldistribution q(kjk,) is chosento beindependert of k, and equal
to the prior (unconditioned) distribution. In the random walk sampler, the proposal
distribution dependson the previous value of the permeability eld and is given by

k=ky+ pn; (4.6)

where |, is a random perturbation with prescribed distribution. If the variance of

n is chosento be very large, then the random walk sampler becomessimilar to the
independert sampler. Although the random walk sampler allows us to accept more
realizations, it often getsstuck in the neighborhood of a local maximum of the target
distribution. For both proposal distributions, we have obsened consisterily more
than ten times of increasein the acceptancerate when the preconditioned MCMC is
used.

For the rst set of numerical tests, we use 40 40 ne-scale permeability eld
and 10 10 coarse-scalenodels. The permeability eld is assumedto be log-normal,
with L; = L, = 0:2and 2 = 2 for the covariance function (4.4). In Figure 4.2, the
acceptancerates are plotted againstdi erent coarse-scal@recisions, .. Herethe ac-
ceptancerate refersto the ratio betweenthe number of acceptedpermeability samples
and the number of ne-scale simulations that are performed. The acceptancerate for
the direct (full) MCMC is plotted using dashedline, and it is equal to 0:001. The
vertical doted line marks the coarse-scalgrecision = . If  isvery small, then
the total number of acceptedrealizations is also small, even though the acceptance
rate is higher. We have found that if . is of the sameorder as ; then the precon-
ditioned MCMC method acceptsalmost the samenumber of proposalsas the direct
MCMC, but requiresonly 10 percert of the ne-scale runs. Note that as . increases
the acceptancerate decreasesand reachesthe acceptancerate of full MCMC. Indeed,
if . isvery large,then all the proposalswill be acceptedby the coarse-scalgest, and
there is no gain in preconditioning. In general,one can estimate the optimal . based
on a limited number of simulations, prior to the full simulations as described above.
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Fig. 4.2. Acceptance rate vs. dier ent coarse-scale precisions for the preconditione d MCMC.
Single-phase ow and 2 = 0:00L

In Figure 4.3we plot the fractional o ws of the acceptedpermeability realizations.
On the left plot, the cross-plotbetweenthe referencefractional ow and the sampled
fractional o ws (of acceptedrealizations) is plotted. Sincethe referencefractional ow
is the samefor every acceptedsample,the curve has jumps in the vertical direction.
On the right plot, fractional o ws of acceptedsamplesare plotted using dotted lines.
The bold solid line is the referencefractional ow curve. As we can seefrom these
gures, the fractional ows of acceptedrealizations are very closeto the obsened
fractional ow, becausethe precision is taken to be ? = 0:001. In Figure 4.4, we
plot the fractional ow error Ex = kF F¢k? of the acceptedsamplesfor both the
direct and preconditioned MCMC methods. We obsene that the errors of both of the
Markov chains convergeto a steady state within 20 acceptediterations (corresponds
to 20,000proposals). Note that we can assesshe cornvergenceof the MCMC methods
basedon the fractional o w errors. This is a reasonableindicator for the convergence
andis frequertly usedin practice. Giventhe convergenceresult of the MCMC method,
longer chain can be easily generatedwhen it is needed. We presen a few accepted
permeability realizations generatedby the preconditioned MCMC method in Figure
4.5. The rst plot is the reference(true) permeability eld and the others are the last
v e acceptedpermeability realizations. Someof theserealizations closelyresenble the
true permeability eld. Note that the fractional o ws of these acceptedrealizations
are in good agreemetts with the reference(true) fractional ow. One can usethese
samplesfor the uncertainty estimation.

For the next set of humerical examples,we consideran anisotropic permeability
eld with Ly = 0:4,L, = 0:05and 2= 2dened ona60 60 ne grid. Asin the
previous example, we useeight conditioning points and truncate the KLE expansion
of the permeability eld with 20 terms to maintain a su cien t accuracy In Figure
4.6, we plot the acceptancerates for 6 6 and 10 10 coarse-scalanodels against
dierent choiceof 2. The acceptancerate for the direct (full) MCMC is 0:0008and
it is designatedby the dashedline. The acceptancerates is increasedby more than
10times in the preconditioned MCMC method when . is slightly largerthan ; (the
vertical doted line marks the choice . = ;). We also obsene higher acceptance
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Fig. 4.4. Fractional ow errors vs. accepted iter ations.

rate for 10 10 coarse-scalenodel than for 6 6 coarse-scalenodel. This is because
10 10coarse-scalenodel provides more accurate predictions of the ne-scale results
comparedto the 6 6 coarse-scalemodel. As in the previous cases,when the
is slightly larger than ¢, the preconditioned MCMC method can accept the same
number of samplesas the underlying full MCMC but performs only 10 percernt of
the ne-scale simulations. Moreover, we have obsened that both the direct (full)

MCMC and the preconditioned MCMC methods convergeto the steady state within

20 acceptediterations, which indicates that both chains have the similar corvergence
properties. In Figure 4.7, we plot the last v e acceptedsamplesof the permeability
eld generatedby the preconditioned MCMC method using 6 6 coarse-scalanodel.
Someof these samplescloselyresenble the reference(true) permeability eld.

Our next set of numerical experimernts are for the two-phase o w simulations. We
have obsened very similar results for two-phase o w simulations, and thus restrict
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our numerical results to only a few examples. We consider = o, = 5and k;y(S) =
S?, kio(S) = (1 S)2. Typically, one obsenes similar behavior of the upscaling
errors for single- and two-phase ows. We consider 40 40 ne-scale log-normal
permeability eld with Ly = L, = 0:2and 10 10 coarse-scalanodels. In Figure 4.8,
the acceptancerate for ? = 0:001is plotted. As in the caseof the single-phaseow
simulations, we obsere more than ten times increasein the acceptancerate. The
preconditioned MCMC method acceptsthe same amourt of samplesas in the full
MCMC with lessthan 10% of the ne-scale runs. To study the relative convergence
of the preconditioned MCMC method, we plot the fractional o w error for both full
and preconditioned MCMC simulations in Figure 4.9. It can be seenfrom this gure
that both the full and preconditioned MCMC methods reach the steady state within
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Fig. 4.6. Acceptance rate vs. dier ent coarse-scale precisions of MCMC using 6 6and 10 10
coarse-scale models. Anisotr opic single-phase ow and fz = 0:001

20 acceptediterations. This indicates that the direct and preconditioned MCMC
methods have similar convergenceproperties. The typical samplesfor the two-phase
ow are very similar to those for the single-phase o w, and we do not presert them
here.

Next we presert some numerical results using the random walk sampler (4.6)
as the instrumental proposal distribution. The random walk sampler proposesnew
permeability elds in a neighborhood of the previously accepted permeability eld.
This improvesthe acceptancerate in general, though the random walk sampler can
get stuck in the neighborhood of the local maxima of the distribution. As a result,
the MCMC method will accept a large number of realizations, but it takes a long
time for the Markov chain to go from onelocal maxima to another local maxima. We
consider60 60 ne-scale permeability elds, with L; = 0:4, L, = 0:05and 2 = 2
for the covariance function (4.4). In the preconditioning step, 10 10and 6 6
coarse-scalenodels are used. In Figure 4.10,we presert the acceptancerates for both
coarse-scaleanodels when the side-to-sideboundary condition is used. In both cases,
the acceptancerates are increasedseneral times. In particular, the acceptancerate
reachesits peak for . closeto , and decreasesas . increases.We nd that the
generatedchain k, hasa long correlation length and the nearby acceptedpermeability
realizations are similar to eadh other. This indicatesthat the permeability realizations
are sampledfrom a neighborhood of a local maxima, and consequetly many proposals
arerequired for a proper sampling. Next, we study the convergenceof the direct (full)
and preconditioned MCMC methods using the random walk sampler (4.6). Figure
4.11is the plot of the fractional o w errors against acceptediterations. As we can see
from this gure, both the full MCMC method and the preconditioned MCMC method
convergewithin 20 acceptediterations.

Finally, we test the preconditioned MCMC method when di erent boundary con-
ditions are used. In Figure 4.12, we compare the acceptancerates using 10 10
and 6 6 coarse-scalanodels for the side-to-sideand the corner-to-corner boundary

20



exact realization

| |
i‘
o e~ o~
o o

L
o
4
[
@

w

w o~
2

.
4 2
.
.
"
’
,

'_ 2

2

X +

realization realization

+

'+
18
4
+
A8
18
~

— +
_

|

- )
o

+
+
1
I
05

realization realization
T T
+
4
4
+

’ ——

| |

o
-+
e
4

2

A
|
-'—

B
| l+
N
@

Fig. 4.7. The last ve accepted realizations of log permeability eld for anisotr opic case. The
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conditions. We obtain similar increasesof the acceptanceratesin the preconditioned
MCMC method for the di erent boundary conditions. We have tested the precondi-
tioned MCMC algorithm with more complicated boundary conditions involving multi-
ple wells (sourceterms) that arisein petroleum applications. In thesenumerical tests,
the single-phase o w upscaling is used (as in [4]) since the multiscale nite volume
methods require additional modi cations to take into accourt the well information.
The resulting preconditioned MCMC method can increasethe acceptancerates by
seweral times. In general, we have found the multiscale nite volume methods to be
more accurate for coarse-scalesimulations and they can be further usedfor e cien t
and robust ne-scale simulations.

As we mentioned earlier, the full MCMC method and the preconditioned MCMC
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Fig. 4.9. Fractional ow errors vs. accepted iter ations in two phase- ow.

method acceptapproximately the sameamount of samplesfor a xed number of tested
proposals. Denote N asthe total number of tested proposals,then the direct MCMC
method requires exactly N number of ne-scale simulations. SupposeM < N is the
number of ne-scale simulations conducted in the preconditioned MCMC method.
Denote t; and t. asthe CPU times for a single ne-scale and coarse-scaleforward
simulation. Then the computational costs for the direct MCMC method and the
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Fig. 4.10. Acceptance rate vs. coarse-scale precision of MCMC using 6 6 and 10 10 coarse-
scale models. Single-phase ow and fz = 0:001. Random walk sampler is used as the proposal
distribution.

preconditioned MCMC method would be Nt; and Nt.+ M t; respectively. Therefore,
the CPU cost for the preconditioned MCMC method is only :TC + “N"— of that of the
direct MCMC method. The coarse-scaleomputational costt. is usually much smaller
than the ne-scale computational costts . Supposethe ne-scale model is upscaled5
times in ead direction. Then solving the pressureequation at ead time stepis about
25 times faster on the coarsegrid than on the ne grid. Moreover, the saturation
equation is also solved on the coarse grid and with larger time steps This makes
the overall coarse-scaleomputations of the two-phase o w equation at least 25 times
faster than the ne-scale computations, i.e., t¢ 0:04t; . If the acceptancerate
is increasedby more than 10 times in the preconditioned MCMC method, asin our
numerical experimerts, then "N"— < 0:1, and the overall CPU cost of the preconditioned
MCMC method would be only 10% of the CPU costs of the direct MCMC method.
Note that using very coarse-scalenodels (fewer coarseblocks) reducest. but increases

the ne-scale run ratio ’\nAT On the other hand, using ner coarse-scalenodelsreduces
the ratio N— but increasest.. Consequetly, a somewhat moderate coarsening(5-10

times coarseningin ead direction for large-scale ne models) can provide an optimal
choicein the preconditioning of the MCMC simulations.

One can use cruder approximation methods instead of physics-basedupscaling
methods in preconditioning the MCMC simulations. Next, we discussapplying simple
averaging methods in the preconditioned MCMC I1:]1eth0d. Supposethat the proposal
k(x) can be represened by the KLE log(k(x)) = E:l C k(x). Denote ,(x) asthe
spatial averageof ¢(x) on the coarse-grid

X 1 Z
k(x) = J—J k(x)dx 1 (x);
i ! i

P .
where ; are the coarseblocks. Then k (x) = exp( E:l C (X)) is a coarse-scale
approximation of k(x). We canusek (x) in the coarse-scalesimulations to determine
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Single-phase ow and fz = 0:001. Random walk sampler is used as the proposal distribution.
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Fig. 4.12. Acceptance rates of the preconditioned MCMC method using 6 6 and 10 10

coarse-scale models for side-to-side and corner-to-c orner boundary conditions. Single-phase ow

and f2 = 0:001. Random walk sampler is used as the proposal distribution.

whether or not to run the ne-scale simulations. We would like to note that this type
of averaging is lessexpensive comparedto the upscaling method usedin the paper
becauseit involvesonly volume averageand it is performed only once. Howewer, in
general this type of averaging does not represen the correct average ow proper-
ties, and consequetly the strong correlation betweenthe ne-scale and coarse-scale
guantities is not guaranteed. Our numerical results shaw that using simple averaging
methods, such as the one preseried here, can give an incorrect sampling. We have
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obsened that averagingthe KLE eigenfunctionsleadsto more uniform permeability
elds. Consequetly, the rst stage of the preconditioned MCMC method restricts
the proposal permeability to the more uniform elds and leadsto incorrect sampling
of the multi-mo dal target distribution.

Finally, we would like to point out that the coarse-scal@pproximation techniques
can also be e cien tly usedfor other instrumental distributions. In our recert work
[3], we have used coarse-scaleapproximations basedon the multiscale nite volume
methods in Langevin MCMC algorithms. In the Langevin MCMC algorithms, the
gradient of the posterior distribution is usedin the instrumental proposaldistribution.
The computation of the gradient of the posterior distribution is very expensive. We
have employed the coarse-scalenodel in approximating the gradient and used two-
stageMCMC method in ltering theseproposals. We have shown that onecan achieve
the acceptancerate comparableto the ne-scale Langevin MCMC with much lessCPU
time.

5. Conclusion. In this paper, we study the preconditioning of MCMC sim-
ulations using inexpensive coarse-scaleuns in inverseproblemsrelated to subsurface
characterization. For eath MCMC proposal, a coarse-scalesimulation is performedto
decide whether or not to run the ne-scale simulations. The coarsescalesimulation,
which is basedon the multiscale nite volume methods, Iters unlikely acceptablepro-
posalsand avoid expensive ne-scale simulations for them. The Itering processtakes
into accourt the coarse-scaleinformation of the problem and modi es the Markov
chain generatedby the MCMC method. We formulate the conditions which guaran-
teethat the modi ed chain will convergeto the correct posterior distribution. We also
discussthe applicability of these conditions to the commonly used upscaling meth-
ods. Numerical examplesshaw that we can achieve more than ten times of increasein
the acceptancerate if the MCMC simulations are preconditioned using coarse-scale
models. The sampledrealizations of the permeability eld can be usedin uncertainty
guanti cation.
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App endix A. Coarse-scale models using multiscale nite volume meth-
ods.

In this Appendix, we discussthe details of the upscaledmodel usedin the paper.
The key idea of the method is the construction of the nite elemer basisfunctions on
the coarsegrids, sud that these basisfunctions capture the small scaleinformation
on ead coarseblock. The method we will usefollows its nite elemen counterpart
preseried in [11]. The basisfunctions are constructed from the solution of the leading
order homogeneouselliptic equation on eadt coarse elemen with carefully chosen
boundary conditions. For a coarseelemen K with d vertices,the local basisfunctions

i = 1;::::d satisfy the following elliptic problem:

r (kr =0 inK
‘=g on@;
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for some functions g de ned on the boundary of the coarseelemert K. Hou et
al. [11] have demonstrated that a careful choice of the boundary condition would
guarantee that the basisfunctions capture the local information of the solution, and
henceimprove the accuracy of the method. The function ¢g' for ead i varies linearly
along @ . Thus, ' will reduceto a standard linear/bilinear basis function for a
constart diagonal tensor. Note that asusual we require '( ;) = j . Finally, a nodal
basis function assaiated with ead vertex is constructed from the combination of
the local basis functions that sharethis . Thesenodal basis functions are denoted
by f g2z0.

Denote by V" the spacefor the approximate pressuresolution which is spanned
by the basisfunctions f g 220 Basedon (2.2), a statemert of massconsenation is
formed on ead control volume V , where the approximate solution is expressedas a
linear combination of the basisfunctions. Assenbly of this massconsenation state-
ment on all cortrol volumeswould give rise a linear system of equationsthat can be
solved accordingly. The resulting linear system has incorporated the ne-scale infor-
mation through the involvemert of the nodal basisfunctions on the appropmate solu-

tion. To be more speci ¢, the problem now is to seekp” 2 V" with p" = 229 P
sud that
Z Z
(S)k rp" mdl=  fdA; (A.2)
\%
for every control volume V . Here n denotesthe unit normal vector on the

boundary @/ of the control volume, and S is the ne scalesaturation eld at this
point. We note that concerningthe basisfunctions, a vertex-certered nite volume
di erence is usedto solve (A.1).

Oncethe pressuresolution is available, it canbe usedto computethe total velocity
eld at the coarse-scaldevel, denoted by v = (V4;V;) via (2.5). In general, the
following formula are usedto compute the velocities in the horizontal and vertical
directions respectively:

Z
X
w= =" p ok ; (A3)
h, 229 E @&
Z
X
V, = i p (S)kz@—dx ; (A.4)
L E @

where E is the edgeof V. Furthermore, for the cortrol volumesV adjacert to
the Dirichlet boundary (which are half control volumes), we can derive the velocity
approximation using the consenation statemert derived from (2.2) onV . One of the
terms involved is the integration along part of the Diric hlet boundary, while the rest
of the three terms are known from the adjacert internal control volumescalculations.
The analysis of the two-scale nite volume method can be found in [7].
As for the upscaling of the saturation equation, we usethe coarsescalevelocity
to update the saturation eld on the coarse-grid,i.e.,
@+V r f(S) =0 (A.5)
@
where S denotesthe saturation on the coarse-grid. In this casethe upscaling of the
saturation equation doesnot take into accourt the subgrid e ects. As we mertioned
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above, one canre-construct the velocity eld and solve the saturation equation on the
ne grid. The latter, though more expensiwe, provides an accurate approximation of
the production data.
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