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FIGURE 6. Curvature vs. /2% around one tip of the interface at t = 0.048 for (a) B =0,
(b) 1077, (¢) 1078, and (d) 10~°. N = 8192. Precision level 60. Filter level 107°,
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FIGURE 7. A, vs. a/2m around one tip of the interface at t = 0.048 for (a) B =0, (b) 1077, (c) 1073,
and (d) 107°. N = 8192. Precision level 60. Filter level 107°. Note the different scale used for B = 0.

regardless of the value of B. This is when the B > 0 interface has an O(1) deviation
from the B = 0 solution.

Another clear sign of the singular limiting behaviour is given in figure 8. The
spectrum of X = Re{Z} is plotted for B = 107, and B = 10~* before and after
ts. For early times both spectra almost coincide then, as t; is approached, they rise
and separate. The spectrum corresponding to B = 10~® rises higher indicating a more
singular solution.
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FIGURE 8. The spectrum of X for B =107 and B = 10~%, before (a) and after (b) t,.

5.2. Time and space scalings near t;

The quantification of the deviations of the B > 0 solutions from the B = 0 solution,
and the time (as defined below) when these deviations first occur, provide very
important information. In the limit as B — 0, this information can be related to the
size and the motion of the complex singularity cluster as it approaches the physical
domain. It also gives a comparison point for some of the scalings predicted by the
asymptotic theory.

Following Siegel et al. (1996), we define ¢, as the first time at which max |Z,(a, t) —
Zo, (2, t)] = q. Given that the daughter singularity is actually a cluster of singularities,
t, as a function of B gives useful information about the size of the cluster as
it approaches the unit disk. According to the asymptotic theory, the size of the
singularity cluster is O(B'/?). The effects of the daughter singularity will be felt when
the leading edge of the cluster reaches the unit disk. Therefore, t, should vary linearly
with B'/3, for sufficiently small g and B. Figure 9 shows log-log plots of t; — ¢, for
a set of values of B, and ¢ = 0.0001, 0.0002, and 0.0005. We computed the slopes
obtained from every two adjacent points in the curves and took the average. The
average slopes are: 0.3819, 0.3969, and 0.4150 respectively. While slightly above 1/3,
the slopes tend to decrease as g is reduced. The values of the slopes are similar to
those reported by Siegel et al. (1996).

Information about the size of the singularity cluster can also be obtained by
measuring the length of the region most affected by surface tension. More pre-
cisely, we define the length s,(t) to be twice the largest o € [0,m/3] for which
|Zy(0,t) — Zoy(, t)] > p. The asymptotic theory suggests that, when the daughter
singularity is in the proximity of the unit disk, the appropriate time variable should
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FIGURE 9. Log-log plot of t; —t, versus B. From top to bottom, the solid curves correspond to
q = 0.0001, 0.0002, and 0.0005. The average slopes are 0.3819, 0.3969, and 0.4150 respectively. The
dot-dashed line is the 1/3-slope line predicted by the asymptotic theory.
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FIGURE 10. Log-log plot of s, versus B. From top to bottom the solid curves correspond to the
scaled time T =1, T =0, and T = —1. The dot-dashed line is the 1/3-slope line predicted by the
asymptotic theory. (a) p = 0.0005; (b) p = 0.001.

be defined as (see Siegel et al. 1996, §4.2)

t—ty
= 37
In figure 10, we plotted s, at the scaled times T = —1, 0 (t = ¢4), and 1. The curves
corresponding to T = —1 and T = 0, for the smallest value of p (figure 10a), have
an average slope very close to 1/3. This is in agreement with the asymptotic theory.
Although the curves corresponding to T = 1 do not show a clear linear behaviour,
it is observed that their average slopes are much less than 1/3, suggesting that the
singularity cluster gets squeezed after ¢, However, this result is not conclusive. The
solutions at T = 1 are more difficult to resolve and the unevenness of the T = 1

curve may be due to insufficient resolution for some of the values of B considered.
We have also measured the maximum value of the surface-tension term B¢, at

(5.1)
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FiGure 11. Log-log plot of max|B.#",| versus B. The top curve corresponds to T = 0 (average
slope is 0.8556) and bottom one to T = —1 (average slope is 0.9963). The slope predicted by the
asymptotic theory is 1/3.

the scaled times T = —1 and T = 0. The two corresponding curves of max |B.J",|
appear in figure 11. For the earlier time T = —1, there is a clear linear behaviour
with an average slope very close to 1. On the other hand, at T = 0 (t = t,), the
behaviour is uneven but with a smaller average slope (0.8856). For the three smallest
values of B computed, the average slope is 0.8489. This small slope, less than 1, is
another indication of the singular limit. As B — 0, |¢",| would diverge at t,. The
slope predicted by the asymptotic theory is 1/3.

5.3. The impact of the daughter singularity

We present first a sequence of pictures of the interface curvature near one tip at early
times near t,; (figure 12). The computations correspond to B = 1078, The proximity
of the daughter singularity to the physical domain is already felt at the time ¢ = 0.043
around the interface tips. At t = 0.043, the tip curvature flattens in a very localized
finite region. This is in agreement with the theoretical small but non-zero size of
the compact singularity cluster. The curvature subsequently develops large deviations
from the zero-surface-tension curvature and the affected regions near three tips spread
in time. This behaviour is consistent with the asymptotic theory that predicts that
the daughter singularity cluster will disperse once it gets very close to the unit disk.
Note also that the number of local maxima in the curvature is growing in time. It is
conceivable that, as suggested by Siegel et al. (1996), the singularity cluster breaks up
after t; into subclusters that spread around the physical domain.

A longer-time computation identifies the impact of the daughter singularity on
the interface. The computation was performed up to t; using 60-digit arithmetic.
Shortly after that, we switched to double precision when the highest mode of Z was
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FIGURE 12. Tip curvature for B = 1073 at early times near t; = 0.0463.
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FIGURE 13. Curvature near tip for B = 10~® at different times after t;. N = 8192, 16384, and 32768
(double precision).

about 10~"°. The number of points was doubled (and At was reduced by a factor
of 8) whenever the spectrum became under-resolved. We stop the computation with
N = 32768 and At = 107'. The curvature of the solution at subsequent times is
presented in figure 13. In a very short time interval, the maximum of curvature has
grown by more than 10 times its value at t = 0.049, and the singular regions (near
the three tips of the interface) continue to spread in time. Despite the complicated
structure, the two innermost symmetric maxima in the curvature define a clear length
scale. At t = 0.0502, very small oscillations around o = 0 are observed in the curvature.
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FIGURE 14. Close-up of the interface at t = 0.0502 for B = 107%.
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FIGURE 15. Evolution of the Hele-Shaw interface for B = 10~ The interface profiles correspond to
the times ¢t = 0.23-0.50, with a 0.03 time difference between profiles. Computation performed with
the equal-arclength method.

It is possible that these oscillations are caused by noise which is affecting many
more high-frequency components at this stage. Nevertheless, the largest minimum-
to-maximum transition dominates the effects observed in the actual interface. Indeed,
as figure 14 shows, the singular effects are already visible in the interface. The small
indentations near the interface tip correspond to the largest curvature transition.
These side indentations are a signature of surface tension.

For larger B, the indentations appear farther off the centre of the interface tip (see
Dai et al. 1991; Siegel et al. 1996). We illustrate this with a pair of computations
performed using the equal-arclength method of Hou et al. (1994). Our method
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FIGURE 16. Close-ups of the Hele-Shaw interface at different times for (a) B = 10~* (t = 0.23-0.50,

with a 0.03 time difference between profiles) and (b) B = 107> (t = 0.05-0.09, with a 0.01 time
difference between profiles). Computation performed with the equal-arclength method.

presented here cannot compute accurately for larger surface tension due to time-
stepping limitations. Figure 15 shows the evolution of the interface for B = 107,
The symmetric indentations are clearly formed before the noise-induced tip splitting
occurs. Figure 16 gives a close-up of the interface near one tip at different times for
B =10"% and B = 107>, both cases computed with the equal-arclength method. For
B = 1073, the side indentations produced by surface tension begin to be visible in the
second curve from the left. Shortly after that the tip-splitting process and the finger
formation begin.

It is important to note the fast growth that the curvature and its derivative have
shortly after t;. This rapid growth is shown in figure 17 for B = 10~®. The large and
fast transition observed may give the impression of a finite-time curvature singularity.
This seems to be unlikely in view of the long-time behaviour observed for larger
B. The rescaling features of the asymptotic theory inner-scale equation (Siegel et al.
1996) suggest that, if solutions exist for larger B, they will exist for any non-zero B,
at least well beyond t,. In view of this, a more plausible scenario is the following. The
daughter singularity cluster will asymptotically shrink to a point, in the limit as B is
decreased. The compact cluster will get within a maximal distance of O(B'/?) to the
unit disk but will not hit it in finite time. As explained below, this close proximity
of the singularity cluster to the physical domain can cause a fast transition in the
interface curvature. If the B > 0 solutions exists for all times, surface tension will
define a length scale according to the minimum distance of the complex singularity
to the unit disk.

6. Conclusions

A numerical investigation of the singular effects of surface tension on an evolving
Hele-Shaw interface has been presented. We designed an innovative numerical method
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FIGURE 17. The maximum of |#'| vs. time (a) and the maximum of |.#",| vs. time (b) for B = 1078,

to overcome the extreme noise sensitivity of the problem and to capture the surface-
tension-induced complex singularity in the limit as the surface tension coefficient B
tends to zero. By combining a compact parametrization of the interface, a scaling of
the evolution equations, and very high precision, we obtain a numerical method that
greatly reduces the effect of noise and allows us to identify the true effects of surface
tension.

Through a series of intensive computations for extremely small values of the
surface tension coefficient we demonstrated clearly that the limiting behaviour of
the interface as B tends to zero is singular. The onset of the singular effects is
well predicted by following the theoretical impact time of the daughter singularity
cluster on the physical domain. Our numerical results reflect, in accordance with the
asymptotic theory of Tanveer and of Siegel, Tanveer & Dai, that a surface-tension-
induced (daughter) singularity can produce O(1) effects on the interface when the
zero-surface-tension solution is still smooth. The singular effects are very localized
and the size of the affected regions decreases as B is reduced. It is also found that, after
the daughter singularity impact time and for a fixed surface tension, the singularly
affected regions slowly spread in time. This behaviour supports the theory that the
daughter singularity is a compact cluster of singularities that breaks up and spreads
around the unit disk after the impact time (Siegel et al. 1996).

At a later stage of the motion it is observed that the interface curvature has a rapid
and large growth in a short period of time around the localized singular regions.
This rapid variation detected by the numerics can give the impression of a finite-
time curvature singularity. However, the asymptotic theory suggests that the compact
singularity cluster will get very close (within an O(B'/?) distance) to the unit disk but
will not hit it in finite time. Since z;; scales as B~/3 in the inner region characterizing
the daughter singularity cluster, the proximity of this cluster to the physical domain
can cause the curvature to change from O(1) to O(B~'/?) over an O(B'/3) time scale.
Thus, it is conceivable that the rapid transition in the curvature growth reflects this
change of scales. Unfortunately, we cannot compute accurately much beyond the



272 H. D. Ceniceros and T. Y. Hou

stage of the rapid transition. Long-time computations are extremely difficult due to
the spreading of Fourier modes and the impact of noise. Nevertheless, it is observed
that surface tension defines a length scale for the subsequent finger formation and
tip-splitting processes.
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