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Abstract

In this paper, we perform a careful numerical study of nearly singular solutions
of the 3D incompressibleEuler equations with smooth initial data. We consider the
interaction of two perturb edantiparallel vortex tub eswhich waspreviously investigated
by Kerr in [14, 17]. In our numerical study, we use both the pseudo-sgctral method
with the 2/3 dealiasingrule and the pseudo-sgectral method with a high order Fourier
smoothing. Moreover, we perform a careful resolution study with grid points as large
as 1536 1024 3072to demonstrate the corvergenceof both numerical methods.
Our computational results shav that the maximum vorticity does not grow faster
than doubly exponertial in time while the velocity eld remainsboundedup to T =
19, beyond the singularity time T = 187 reported by Kerr in [14, 17]. The local
geometric regularity of vortex lines near the region of maximum vorticity seemsto
play an important role in depleting the nonlinear vortex stretching dynamically.

1 Intro duction

The questionof whether the solution of the 3D incompressibleEuler equationscandewelop a
nite time singularity from a smaoth initial condition is oneof the mostchallengingproblems.
A major dicult y in obtaining the global regularity of the 3D Euler equationsis dueto the
presenceof the vortex stretching, which is formally quadratic in vorticity. There have been
marny computational e orts in searting for nite time singularities of the 3D Euler and
Navier-Stokes equations, seee.g. [5, 21, 18, 12, 22, 14, 4, 2, 10, 20, 11, 17]. Of particular
interest is the numerical study of the interaction of two perturbed antiparallel vortex tubes
by Kerr [14, 17], in which a nite time blowup of the 3D Euler equationswasreported. There
has beena lot of interestsin studying the interaction of two perturbed antiparallel vortex
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tubesin the late eighties and early nineties becauseof the vortex reconnectionphenomena
obsened for the Navier-Stokes equations. While most studies indicated only exponertial

growth in the maximum vorticity [21, 1, 3, 18, 19, 22|, the work of Kerr and Hussainin

[18] suggesteda nite time blow-up in the in nite Reynoldsnumber limit, which motivated
Kerr's Euler computations mertioned above.

There hasbeensomeinteresting developmert in the theoretical understandingof the 3D
incompressibleEuler equations. It has beenshavn that the local geometric regularity of
vortex lines can play an important role in depleting nonlinear vortex stretching [6, 7, 8, 9].
In particular, the recen results obtained by Deng, Hou, and Yu [8, 9] shav that geometric
regularity of vortex lines, even in an extremely localized region cortaining the maximum
vorticity, can lead to depletion of nonlinear vortex stretching, thus avoiding nite time
singularity formation of the 3D Euler equations.

In a recen paper [13], we have performedwell-resohed computations of the 3D incom-
pressibleEuler equationsusing the sameinitial condition asthe oneusedby Kerr in [14]. In
our computations, we usea pseudo-spctral method with a very high order Fourier smooth-
ing to discretisethe 3D incompressibleEuler equations. The time integration is performed
using the classicalfourth order Runge-Kutta method with adaptive time steppingto satisfy
the CFL stability condition. We useup to 1536 1024 3072spaceresolutionto resole the
nearly singular behavior of the 3D Euler equations. Our computational results demonstrate
that the maximum vorticity doesnot grow faster than doubly exponertial in time, up to
t = 19, beyond the singularity time t = 187 predictedby Kerr's computations[14,17]. More-
over, we show that the velocity eld, the enstroply, and enstropty production rate remain
boundedthroughout the computations. This is in cortrast to Kerr's computationsin which
the vorticity blows up like O((T t) 1) and the velocity eld blowsup like O(T t) ).
The vortex lines nearthe region of the maximum vorticity are found to be relatively smaooth.
With the velocity eld being bounded,the non-blonvup result of Deng-Hou-Yu [8, 9] can be
applied, which implies that there is no blowup of the Euler equationsup to T = 19. The
local geometricregularity of the vortex lines near the region of maximum vorticity seemso
play an important role in the dynamic depletion of vortex stretching.

The purposeof this paperisto performa systematiccorvergencestudy usingtwo di erent
numerical methods to further validate the computational results obtained in [13]. These
two methods are the pseudo-spctral method with the 2/3 dealiasingrule and the pseudo-
spectral method with a high order Fourier smaothing. For the 3D Euler equations with
periodic boundary conditions, the pseudo-sgctral method with the 2/3 dealiasingrule has
beenusedwidely in the computational uid dynamics commnunity. This method has the
advantage of removing the aliasing errors completely On the other hand, whenthe solution
is nearly singular, the deca of the Fourier spectrum is very slov. The abrupt cut-o of
the last 1/3 of its Fourier modes could generatesigni cant oscillations due to the Gibbs
phenomenon.In our computational study, we nd that the pseudo-spctral method with a
high order Fourier smoothing canalleviate this di cult y by applying asmaoth cut-o at high
frequencymodes. Moreover, we nd that by using a high order smoothing, we can retain
more e ective Fourier modesthan the 2/3 dealiasingrule. This givesa better corvergence
property. To demonstratethe corvergenceof both methods, we perform a careful resolution
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study, both in the physical spaceand spectrum space. Our extensive corvergencestudy
shows that both numerical methods convergeto the samesolution under meshre nemert.
Moreover, we show that the pseudo-sectral method with a high order Fourier smaothing
o ers better accuracythan the pseudo-spctral method with the 2/3 dealiasingrule.

To understandthe di erences betweenour computational results and those obtained by
Kerr in [14], we needto make somecomparisonbetweenKerr's computations [14] and our
computations. In Kerr's computations, he useda pseudo-sgctral discretization with the 2/3
dealiasingrule in the x and y directions, and a Chelyshev discretization in the z-direction
with resolution of order 512 256 192. In order to prepare the initial data that can
be usedfor the Chebyshev polynomials, Kerr performed someinterpolation and usedextra
Itering. As noted by Kerr [14] (seethe top paragraph of page 1729),\An e ect of the
initial Iter upon the vorticity cortours at t = 0 is a long tail in Fig. 2(a)" (seealso Figure
2 of this paper). Sud \a long tail" is clearly a numerical artifact. In comparison, since
we use pseudo-sgctral appraximations in all three directions, there is no needto perform
interpolation or use extra Itering as was done in [14]. Our initial vorticity cortours are
essetially symmetric (seeFigure 1). There is no sud \a long tail* in our initial vorticity
cortours. It seemgeasonablgo expectthat the \long tail" in Kerr's discreteinitial condition
could a ect his numerical solution at later times.

A more important di erence betweenKerr's computations and our computationsis the
di erence betweenhis numerical resolution and ours. From the numerical results presened
att = 15andt = 17in [14], one can obsene noticeableoscillationsin the vorticity cortours
(seeFigure 4 of [14] or Figure 22 of this paper). By t = 17, the two vortex tubes have
e ectively turned into two thin vortex sheetswhich roll up at the left edge(seeFigures 24
and 25 of this paper). The rolled up portion of the vortex sheettravelsbadkward in time and
movesaway from the dividing plane (the x y plane). With only 192 Chelyshevgrid points
alongthe z-direction in Kerr's computations, there are not enoughgrid points to resole the
rolled up portion of the vortex sheet,which is somedistanceaway from the dividing plane.
The lack of resolutionalongthe z-direction plus the Gibbs phenomenordue to the useof the
2/3 dealiasingrule in the x and y directions may cortribute to the oscillations obsened in
Kerr's computations. In comparison,we have 3072grid points along the z-direction, which
provide about 16 grid points acrossthe singular layer at t = 18, and about 8 grid points at
t = 19[13. It is alsoworth mertioning that Kerr hasonly about 100e ective Fourier modes
in the x and y directions (seeFigure 18 of [14]), while we have about 1300e ective Fourier
modesin jkj (seeFigures11 and 12 of this paper). The di erence betweenour resolutionsis
clearly signi cant.

It is worth noting that the computationsfor t 17, which Kerr usedas the primary
evidencefor a singularity, is still far from the predicted singularity time, T = 187. With
the asymptotic scaling parameter being T t = 1.7, the error in the singularity tting
could be of order one. In order to justify the predicted asymptotic behavior of vorticity
and velocity blowup, one needsto perform well-resolved computations much closerto the
predictedsingularity time. As our computationsdemonstrate,the allegedsingularity scaling,
k&K c{T t), doesnot persistin time (here * is vorticity). If we take T = 187, as
suggestedn [14], the scaling constant, ¢, doesnot remain constart ast! T. In fact, we
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nd that crapidly decg/sto zeroast! T (seeFigure 20 of this paper).

The rest of this paper is organizedas follows. We descrite the set-up of the problemin
Section 2. In Section 3, we perform a systematic corvergencestudy of the two numerical
methods. We descrile our numerical results in detail and comparethem with the previous
results obtained in [14, 17]in Section4. Someconcluding remarksare madein Section5.

2 The set-up of the problem

The 3D incompressibleEuler equationsin the vorticity streamfunction formulation are given
asfollows:

e+ (b 1)+ ra b, (2)
4 = LM | = (2)

with initial condition * j;-o = *q, wherett is velocity, + is vorticity, and ~ is streamfunction.
Vorticity is related to velocity by + = r & The incompressibility implies that

r a=r +=r ~=0:

We considerperiodic boundary conditions with period 4 in all three directions.

We study the interaction of two perturbed antiparallel vortex tubesusingthe sameinitial
condition asthat of Kerr (seeSectionlll of [14]). Following [14], we call the x-y plane as
the \dividing plane" and the x-z plane as the \symmetry plane". There is one vortex
tube above and below the dividing plane respectively. The term \antiparallel” refersto the
anti-symmetry of the vorticity with respect to the dividing plane in the following sense:

(x;y;2) = *(X;y; z). Moreover, with respect to the symmetry plane, the vorticity is
symmetricin its y componert and anti-symmetric in its x and z componerts. Thus we have
(X y;2) = (X y32), Yy(Xy;2) = Ty(x y;2) and! .(xy;2) = !.(X) Y;z). Here

I'y; Iy 1, arethe x, y, and z componerts of vorticity respectively. Thesesymmetriesallow
us to compute only one quarter of the whole periodic cell.

A complete description of the initial condition is also given in [13]. There are a few
misprints in the analytic expressiorof the initial condition givenin [14]. In our computations,
we use the corrected version of Kerr's initial condition by comparing with Kerr's Fortran
subroutine which was kindly provided to us by him. A list of correctionsto thesemisprints
is given in the Appendix of [13].

We should point out that due to the di erence betweenKerr's discretization strategies
and ours in solving the 3D Euler equations, there is some noticeable di erence between
the discreteinitial condition generatedby Kerr's discretization and the one generatedby
our pseudo-spectral discretization. In [14], Kerr interpolated the initial condition from the
uniform grid to the Chebyshev grid along the z-direction and applied extra Itering. This
interpolation and extra ltering, which werenot provided explicitly in [14],seemto introduce
somenumerical artifact to Kerr's discreteinitial condition. According to [14] (seethe top
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Figure 1: The axial vorticity (the secondcomponert of vorticity) cortours of the initial value
on the symmetry plane. The vertical axis is the z-axis, and the horizonal axis is the x-axis.

Figure 2. Kerr's axial vorticity cortours of the initial value on the symmetry plane. The
vertical axis is the z-axis, and the horizortal axis is the x-axis. This is Fig. 2(a) of [14].



Figure 3: The 3D view of the vortex tube fort = O andt = 6. The tube is the isosurface
at 60% of the maximum vorticity. The ribbonson the symmetry plane are the cortours at
other di erent values.

paragraph of page1729),\An e ect of the initial Iter upon the vorticity contours att = 0
is a long tail in Fig. 2(a)". Since our computations are performed on a uniform grid
using the pseudo-sectral appraximations in all three directions, we do not needto useany
interpolation To demonstratethis slight di erence betweenKerr's discreteinitial condition
and ours, we plot the initial vorticity cortours alongthe symmetry planein Figure 1 using
our spectral discretizationin all three directions. As we can see the initial vorticity cortours
in Figure 1 areessetially symmetric. This isin cortrast to the apparert asymmetryin Kerr's
initial vorticity cortours asillustrated by Figure 2, which is Fig. 2(a) of [14]. We alsopresent
the 3D plot of the vortex tubesat t = 0 and t = 6 respectively in Figure 3. We can see
that the two initial vortex tubesare essetially symmetric. By time t = 6, there is already
a signi cant attening nearthe certer of the tubes.

We exploit the symmetry properties of the solution in our computations, and perform
our computations on only a quarter of the whole domain. Sincethe solution appearsto
be most singular in the z direction, we allocate twice as many grid points along the z
direction than along the x direction. The solution is least singular in the y direction. We
allocate the smallestresolution in the y direction to reducethe computation cost. In our
computations, two typical ratios in the resolutionalongthe x, y and z directionsare3:2: 6
and4: 3: 8. Our computationswerecarried out on the PC cluster LSSC-Il in the Institute of
Computational Mathematics and Scieri c/Engineering Computing of ChineseAcadeny of
Sciencesnd the Sherieng 6800cluster in the Super Computing Certer of ChineseAcadeny
of Sciences.The maximal memory consumptionin our computationsis about 120 GBytes.



3 Convergence study of the two numerical metho ds

We use two numerical methods to compute the 3D Euler equations. The rst method is
the pseudo-spctral method with the 2/3 dealiasingrule. The secondmethod is the pseudo-
spectral method with a high order Fourier smoothing. The only di erence betweenthesetwo
methods is in the way we perform the cut-o of the high frequencyFourier modesto cortrol

the aliasing error. If f3 is the discrete Fourier transform of v, then we approximate the
derivative of v along the x; direction, vy, by taking the discreteinverseFourier transform
of ik; (2k;=N;j)ta, wherek = (ki;kz; ks) and is a high frequencyFourier cut-o function.

Herek; is the wave number (jkjj 6 N;=2) alongthe x; direction and N; is the total number of
grid points along the x; direction. For the pseudo-sectral method with the 2/3 dealiasing
rule, the cut-o function is chosensud that (x) = 1 if jX] 2=3, and (x) = O if

2=3< jxj 1. For the pseudo-spctral method with a high order smoothing, we choosethe
cut-o function to beasmaoth function of the form (x) exp( jxj™) with = 36and
m = 36. The time integration is performed using the classicalfourth order Runge-Kutta
method. Adaptive time steppingis usedto satisfy the CFL stability condition with CFL

number equalto =4. We usea sequencef resolutions: 768 512 1536,1024 768 2048,
and 1536 1024 3072,to demonstratethe corvergenceof our numerical computations.

3.1 Comparison of the two metho ds

It is interesting to make somecomparisonof the two spectral methods we use. First of all,

both methods are of spectral accuracy The pseudo-sectral method with the 2/3 dealiasing
rule has been widely usedin the computational uid dynamics community. It has the
advantage of removing the aliasing error completely On the other hand, when the solution
is nearly singular, the Fourier spectrum typically decgs very slownly. By cutting o the last
1/3 of the high frequencymodesalongead direction abruptly, this canintroduceoscillations
in the physical solution due to the Gibbs phenomenon.In this paper, we will provide solid
numerical evidencesto demonstrate this e ect. On the other hand, the pseudo-sectral
method with the high order Fourier smaothing is designedto keep the majority of the
Fourier modes unchangedand remove the very high modesto avoid the aliasing error, see
Fig. 4 for the prole of (x). We choose to be 36to guarartee that (2k;=N;) reades
the level of the round-o error (O(10 %)) at the highest modes. The order of smaoothing,

m, is chosento be 36 to optimize the accuracy of the spectral approximation, while still

keepingthe aliasing error under cortrol. As we can seefrom Figure 4, the e ective modes
in our computationsare about 12  15%more than those using the standard 2=3 dealiasing
rule. Retaining part of the e ective high frequency Fourier modes beyond the traditional

2/3 cut-o position is a special feature of the secondmethod.

To comparethe performanceof the two methods, we perform a careful corvergencestudy
for the two methods. In Figure 5, we comparethe Fourier spectra of the enstropty obtained
by using the pseudo-sectral method with the 2=3 dealiasingrule with those obtained by
the pseudo-spctral method with the high order smoothing. For a xed resolution 768
512 1536, we can seethat the Fourier spectra obtained by the pseudo-spctral method
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Figure 4. The prole of the Fourier smoothing, exp( 36(x)%¢), as a function of x. The
vertical line correspndsto the cut-o mode using the 2=3 dealiasingrule. We can seethat
using this Fourier smoothing we keepabout 12  15%more modesthan thoseusing the 2/3
dealiasingrule.

with the high order smoothing retains more e ective Fourier modes than those obtained
by the spectral method with the 2=3 dealiasingrule. This can be seenby comparing the
results with the correspnding computations using a higher resolution 1024 768 2048.
Moreover, the pseudo-spctral method with the high order Fourier smoothing doesnot give
the spuriousoscillationsin the Fourier spectra which are presei in the computations using
the 2=3 dealiasingrule near the 2=3 cut-o0 point.

We perform further comparisonof the two methods using the sameresolution. In Figure
6, we plot the energyspectra computedby the two methods usingresolution768 512 1536.
We can seethat there is almost no di erence in the Fourier spectra generatedby the two
methods in early times, t = 8; 10, whenthe solution is still relatively smooth. The di erence
beginsto showv near the cut-o point when the Fourier spectra raise above the round-o
error level starting from t = 12. We can seethat the spectra computed by the pseudo-
spectral method with the 2/3 dealiasingrule intro ducesnoticeableoscillations near the 2/3
cut-o point. The spectra computed by the pseudo-sectral method with the high order
smaothing, on the other hand, extend smoothly beyond the 2/3 cut-o point. As we see
from Figure 5, a signi cant portion of those Fourier modesbeyond the 2/3 cut-o position
are still accurate. In the next subsection,we will demonstrateby a careful resolution study
that the pseudo-sectral method with the high order smoothing indeedo ers better accuracy
than the pseudo-spctral method with the 2/3 dealiasingrule.

Similar comparisoncan be madein the physical spacefor the velocity eld and the vor-
ticity. In Figure 7, we comparethe maximum velocity as a function of time computed by
the two methods using resolution 768 512 1536. The two solutions are almost indis-
tinguishable. In Figure 8, we plot the maximum vorticity as a function of time. The two
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Figure 5: The enstroply spectra versuswave numbers. We comparethe enstroply spectra
obtained using the high order Fourier smoothing method with thoseusingthe 2/3 dealiasing
rule. The dashedlines and dashed-dottedlines are the enstropty spectra with the resolution
768 512 1536usingthe 2/3 dealiasingrule and the Fourier smoothing, respectively. The
solid lines are the enstropty spectra with resolution 1024 768 2048 obtained using the
high order Fourier smaothing. The times for the spectra linesare at t = 15,16;17,18;19
respectively.

solutionsagreevery well up to t = 18. The solution obtained by the pseudo-sectral method
with the 2/3 dealiasingrule grows slover fromt = 18to t = 19. To understand why the
two solutions start to deviate from ead other toward the end, we examinethe cortour plot
of the axial vorticity in Figures 9 and 10. As we can see,the vorticity computed by the
pseudo-sectral method with the 2/3 dealiasingrule already dewelops small oscillations at
t = 17. The oscillations grow bigger by t = 18. We note that the oscillationsin the axial
vorticity cortours concerrate near the region where the magnitude of vorticity is closeto
zero. On the other hand, the solution computedby the spectral method with the high order
smoothing is still quite smooth.

3.2 Resolution study for the two metho ds

In this subsection,we perform a resolution study for the two numerical methods using a
sequencef resolutions. For the pseudo-spctral method with the high order smaothing, we
usethe resolutions768 512 1536,1024 768 2048,and 1536 1024 3072respectively.
Except for the computation on the largestresolution1536 1024 3072,all computationsare
carriedout fromt = Oto t = 19. The computation onthe nal resolution1536 1024 3072
is started from t = 10with the initial condition given by the computation with the resolution
1024 768 2048. For the pseudo-sectral method with the 2/3 dealiasingrule, we usethe
resolutions512 384 1024,768 512 1536and 1024 1024 2048respectively. The
computations using the rst two resolutionsare carried out fromt = 0to t = 19 while the
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Figure 6: The energyspectra versuswave numbers. We comparethe energyspectra obtained
usingthe high order Fourier smoothing method with thoseusingthe 2/3 dealiasingrule. The
dashedlines and solid lines are the energyspectra with the resolution768 512 1536using
the 2/3 dealiasingrule and the Fourier smaothing, respectively. The times for the spectra
linesareat t = 8;10; 12 14; 16, 18 respectively.
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Figure 7: Comparisonof maximum velocity asa function of time computedby two methods.
The solid line represets the solution obtained by the pseudo-sectral method with the high
order smoothing, and the dashedline represets the solution obtained by the pseudo-sgctral
method with the 2/3 dealiasingrule. The resolutionis 768 512 1536for both methods.
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Figure 8: Comparisonof maximum vorticity asa function of time computedby two methods.
The solid line represets the solution obtained by the pseudo-sectral method with the high
order smoothing, and the dashedline represets the solution obtained by the pseudo-sectral
method with the 2/3 dealiasingrule. The resolutionis 768 512 1536for both methods.

Figure 9: Comparison of axial vorticity cortours at t = 17 computed by two methods.
The picture on the top is the solution obtained by the pseudo-sectral method with the
2/3 dealiasingrule, which is shifted by a distanceof in z direction, and the picture on
the bottom is the solution obtained by the pseudo-spctral method with the high order
smoothing. The resolutionis 768 512 1536for both methods. The box is the wholex z
computationaldomain| 2 ;2] [0;2 ].
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Figure 10: Comparisonof axial vorticity cortours at t = 18 computedby two methods. This
gure hasthe samelayout as Figure 9. The top picture usesthe 2/3 dealiasingrule, while
the bottom picture usesthe high order smaothing. The resolutionis 768 512 1536for
both methods.

computation on the largestresolution 1024 1024 2048is started at t = 15 with the initial
condition given by the computation with resolution512 512 1024.

First, we perform a corvergencestudy of the enstrophy and energyspectrafor the pseudo-
spectral method with the high order smoothing at later times (from t = 16to t = 19) using
two largestresolutions 1024 768 2048,and 1536 1024 3072. The results are given
in Figures11 and 12 respectively. They clearly demonstratethe spectral corvergenceof the
spectral method with the high order smaothing.

To further demonstratethe accuracy of our computations, we comparethe maximum
vorticity obtained by the pseudo-spctral method with the high order smoothing for three
di erent resolutions: 768 512 1536,1024 768 2048,and 1536 1024 3072respectively.
The result is plotted in Figure 13. Two conclusionscan be madefrom this resolution study.
First, by comparing Figure 13 with Figure 8, we can seethat the pseudo-spctral method
with the high order smaothing is indeed more accurate than the pseudo-sgectral method
with the 2/3 dealiasingrule for a givenresolution. Secondly the resolution768 512 1536
is not good enoughto resole the nearly singular solution at later times. However, we obsene
that the di erence of the numerical solution obtained by the resolution 1024 768 2048
is very closeto that obtained by the resolution 1536 1024 3072.This indicatesthat the
vorticity is reasonablywell-resolhed by our largestresolution 1536 1024 3072.

We have also performed a similar resolution study for the maximum velocity in Figure
14. The solutionsobtained by the two largestresolutionsare almostindistinguishable,which
suggestghat the velocity is well-resoled by our largestresolution 1536 1024 3072.

Next, we perform a similar resolution study for the pseudo-sectral method with the 2/3
dealiasingrule. The results are very similar to the oneswe have obtained for the pseudo-
spectral method with the high order smaothing. Here we just presen a few represetative
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Figure 11: Convergencestudy for enstropty spectra obtained by the pseudo-sectral method
with high order smoothing using di erent resolutions. The dashedlines and the solid lines
arethe enstrophy spectraonresolution1536 1024 3072and 1024 768 2048,respectively.
The times for the lines from bottom to top aret = 16;17;18;19.
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Figure 12: Convergencestudy for energy spectra obtained by the pseudo-sgctral method
with high order smoothing using di erent resolutions. The dashedlines and the solid lines
are the energyspectra on resolution 1536 1024 3072and 1024 768 2048,respectively.
The times for the lines from bottom to top aret = 16;17; 18;19.
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Figure 13: The maximum vorticity k~k; in time computedby the pseudo-sectral method
with high order smoothing using di erent resolutions.
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Figure 14: Maximum velocity kuk; in time computedby the pseudo-sectral method with
high order smoothing using di erent resolutions.
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Figure 15: Convergencestudy for enstroply spectra obtained by the pseudo-sectral method
with the 2/3 dealiasingrule using di erent resolutions. The solid line is computed with
resolution512 384 1024,the dashedline is computedwith resolution786 512 1536,
and the dashed-dottedline is computedwith resolution 1024 1024 2048. The times for
the lines from bottom to top aret = 8;10;12,14;16;17, 18.

results. In Figure 15, we plot the enstroply spectra for a sequenceof times fromt = 8
to t = 18 using di erent resolutions. The resolutionswe use here are 512 384 1024,
786 512 1536,and 1024 1024 2048respectively. If we comparethe Fourier spectra
att = 17andt = 18 (the last two curvesin Figure 15), we clearly obsene convergenceof
the enstroply spectra as we increaseour resolutions. On the other hand, the deca of the
enstrophy spectra becomesvery slow at later times. The oscillations near the 2/3 cut-o
point becomemore and more pronouncedas time increases. This abrupt cut-o of high
frequencyspectra introducessomeoscillationsin the vorticity cortours at later times.

To demonstratethat the two numerical methods corvergeto the samesolution whenthe
solution is nearly singular, we comparethe enstroply spectracomputedby the two numerical
methods at later times using the largest resolutionsthat we can a ord. For the pseudo-
spectral method with the high order smaothing, we useresolution 1536 1024 3072. For
the pseudo-spctral method with the 2/3 dealiasingrule, we useresolution1024 1024 2048.
In Figure 16, we plot the enstropty spectrafort = 17,18, and 18.5respectively. We obsene
that the two methods give excelleth agreemen for those Fourier modesthat are not a ected
by the high frequencycut-o. This shows that the two numerical methods corvergeto the
samesolution with spectral accuracy

We have performeda similar corvergencestudy for the pseudo-spctral method with the
2/3 dealiasingin the physical spacefor the maximum vorticity. The result is givenin Figure
17. As we can see,the computation with a higher resolution gives faster growth in the
maximum vorticity. This is also what we obsened earlier for the pseudo-spctral method
with the high order smoothing. As we will seein the next section,the maximum vorticity
grows almost like doubly exponertial in time. To capture this rapid dynamic growth of
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Figure 16: The enstroply spectra versuswave numbers. We comparethe enstropty spectra
obtained using the high order Fourier smoothing method with thoseusingthe 2/3 dealiasing
rule. The dashedlines lines are the enstrophy spectra using the 2/3 dealiasingrule with
resolution 1024 1024 2048, and the solid lines are the spectra with resolution 1536
1024 3072usingthe Fourier smoothing. The timesfor the spectralinesareatt = 17;18; 185
respectively.

maximum vorticity, we must have su cien t resolutionto resole the nearly singular solution
of the Euler equationsat later times.

The resolution study given by Figure 17 suggestghat the maximum vorticity is reason-
ably resoled by resolution 768 512 1536beforet = 18. It is interesting to note that at
t = 17, small oscillationshave already appearedin the vorticity cortours in the regionwhere
the magnitude of vorticity is small, seeFigure 9. Apparertly, the small oscillationsin the
region wherethe vorticity is closeto zeroin magnitude have not yet polluted the accuracy
of the maximum vorticity in a signi cant way. Note that there is no oscillation deweloped in
the vorticity cortours obtained by the pseudo-sectral method with the high order smooth-
ing at this time. From Figure 8, we know that the maximum vorticity computed by the
two methods agreesreasonablywell with eat other beforet = 18. This shaws that the
two methods can still appraximate the maximum vorticity reasonablywell with resolution
768 512 1536beforet = 18.

The resolution study given by Figure 17 alsosuggestghat the the computation obtained
by the pseudo-spctral method with the 2/3 dealiasingrule usingresolution768 512 1536
is signi cantly under-resolhed after t = 18. This is alsosupported by the appearanceof the
relatively large oscillationsin the vorticity cortours at t = 18from Figure 10. It is interesting
to note from Figure 8 that the computational results obtained by the two methods with
resolution 768 512 1536beginto deviate from ead other preciselyaroundt = 18. By
comparing the result from Figure 8 with that from Figure 17, we con rm again that for a
given resolution, the pseudo-spctral method with the high order smoothing givesa more
accurateapproximation than the pseudo-spctral method with the 2/3 dealiasingrule.
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Figure 17: The maximum vorticity k~k; in time computedby the pseudo-sectral method
with the 2/3 dealiasingrule using di erent resolutions.

4 Analysis of computational results

In this section,we will presen a seriesof numerical resultsto reveal the nature of the nearly
singular solution of the 3D Euler equations,and compareour results with those obtained by
Kerr in [14, 17]. Basedon the corvergencestudy we have performedin the previoussection,
we will presert only those numerical results which are computed by the pseudo-sectral
method with the high order smaothing using the largestresolution 1536 1024 3072.

4.1 Review of Kerr's results

In [14], Kerr preseried numerical evidencewhich suggesteda nite time singularity of the
3D Euler equationsfor two perturbed antiparallel vortex tubes. He useda pseudo-spctral
discretization in the x and y directions, and a Chebyshev method in the z direction with
resolution of order 512 256 192. His computations shaved that the growth of the peak
vorticity, the peak axial strain, and the enstropty production obey (T t) ! with T = 189.
Kerr stated in his paper [14] (seepagel727)that his numerical results shovn after t = 17
and up to t = 18 were\not part of the primary evidencefor a singularity” due to the lack
of su cient numerical resolution and the presenceof noisein the numerical solutions. In
his recent paper [17] (seealso[15, 16]), Kerr applied a high wave number Iter to the data
obtained in his original computations to \remove the noisethat masked the structures in
earlier graphics"” preseried in [14]. With this Itered solution, he preseied somescaling
analysisof the numerical solutionsup to t = 17:5. The velocity eld wasshavn to blow up
like O((T t) ¥2) with T beingrevisedto T = 187.
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Figure 18: Study of the vortex stretching term in time, resolution 1536 1024 3072. We
take c; = 1=8:128,c, = 1=23:24 to match the samestarting value for all three plots.

4.2 Maxim um vorticit y growth

From the resolution study we presen in Figure 13, we nd that the maximum vorticity
increasegapidly from the initial value of 0:669to 2346 at the nal time t = 19, a factor of
35 increasefrom its initial value. Kerr's computations predicted a nite time singularity at
T = 187. Our computations shov no sign of nite time blowup of the 3D Euler equations
up to T = 19, beyond the singularity time predicted by Kerr. We use three di erent
resolutions,i.e. 768 512 1536,1024 768 2048,and 1536 1024 3072respectively in
our computations. As we can see,the agreemenh betweenthe two successie resolutionsis
very good with only mild disagreementoward the end of the computations. This indicates
that a very high spaceresolutionis indeedneededto capture the rapid growth of maximum
vorticity at the later stageof the computations.

In order to understand the nature of the dynamic growth in vorticity, we examinethe
degreeof nonlinearity in the vortex stretching term. In Figure 18, we plot the quartity,
k r o %Kk, asa function of time, where is the unit vorticity vector. If the maximum
vorticity indeedblew up like O((T t) 1), asallegedin [14], this quartity should have been
guadratic asa function of maximum vorticity. We nd that there is tremendouscancellation
in this vortex stretching term. It actually grows slowver than Ck+k; log(k~k; ), seeFigure
18. It is easyto show that sudr weak nonlinearity in vortex stretching would imply only
doubly exponertial growth in the maximum vorticity. Indeed, as demonstratedby Figure
19, the maximum vorticity doesnot grow faster than doubly exponertial in time. In fact,
the growth slows down toward the end of the computation, which indicates that there is
stronger cancellationtaking placein the vortex stretching term.

We remark that for vorticity that grows as rapidly as doubly exponerial in time, one
may be tempted to t the maximum vorticity growth by cT t) for someT. Indeed,if we
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Figure 19: The plot of loglogk! k; vstime, resolution1536 1024 3072.

chooseT = 187 assuggestedy Kerr in [17],we nd areasonablygood t for the maximum
vorticity asa function of c{T t) for the period 15 t 17. We plot the scalingconstart
cin Figure 20. As we cansee,c is closeto a constart for 15 t 17. To concludethat the
3D Euler equationsindeeddewelopa nite time singularity, one must demonstratethat suc
scaling persistsast approadesto T. As we can seefrom Figure 20, the scalingconstart ¢
decreasesapidly to zeroast approatesto the allegedsingularity time T. Therefore, the
tting ofk~k;  O((T t) 1) is not correct asymptotically.

4.3 Velocity prole

One of the important ndings of our computations is that the velocity eld is actually
boundedby 1/2 up to T = 19. This is in cortrast to Kerr's computations in which the
maximum velocity was shavn to blow up like O((T t) 72) [15, 17]. We plot the maximum
velocity as a function of time using di erent resolutionsin Figure 14. The computation
obtainedby resolution1024 768 2048andthe oneobtainedby resolution1536 1024 3072
are almostindistinguishable. The fact that the velocity eld is boundedis signi cant. With
the velocity eld being bounded,the non-blovup theory of Deng-Hou-Yu [8] can be applied,
which implies non-blovup of the 3D Euler equationsup to T. We refer to [13] for more
discussions.

4.4 Local vorticit y structure

In this subsectionwe would liketo examinethe local vorticit y structure nearthe regionof the
maximum vorticity. To illustrate the developmert in the symmetry plane, we show a seriesof
vorticity cortours nearthe region of the maximum vorticity at late timesin a mannersimilar
to the results presenied in [14]. For somereason,Kerr scaledhis axial vorticity cortours by
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Figure 20: Scalingconstart in time for the tting k' k; c¢cT t), T = 187.

a factor of 5 along the z-direction. Noticeable oscillations already dewelop in Kerr's axial
vorticity corntours at t = 15andt = 17, seeFigure 22. To comparewith Kerr's results, we
scalethe vorticity cortours in the x  z planeby a factor of 5 in the z-direction. The results
att = 15andt = 17 areplotted in Figure 21. The resultsare in qualitative agreemen with
Kerr's results, exceptthat our computations are better resolved and do not su er from the
noiseand oscillationswhich are presen in Kerr's vorticity cortours.

In order to seebetter the dynamic dewelopmen of the local vortex structure, we plot a
sequenc®f vorticity cortours onthe symmetry planeatt = 17:5;18; 185; and 19respectively
in Figure 23. The pictures are plotted using the original length scales,without the scaling
by a factor of 5 in the z direction asin Figure 21. From theseresults, we can seethat the
vortex sheetis compressedn the z direction. It is clearthat a thin layer (or a vortex sheet)
is formed dynamically. The head of the vortex sheetbeginsto roll up aroundt = 16. Here
the head of the vortex sheetrefersto the region extending above the vorticity peak just
behind the leading edgeof the vortex sheet[14]. By the time t = 19, the head of the vortex
sheethas traveled backward for quite a distance and away from the dividing plane. The
vortex sheethas beencompressedjuite strongly along the z-direction. In order to resole
this nearly singular layer structure, we use 3072 grid points along the z-direction, which
givesabout 16 grid points acrossthe layer at t = 18 and about 8 grid points acrossthe layer
att = 19. In comparison,the 192 Chebyshev grid points along the z-direction in Kerr's
computationswould not be su cient to resolwe the rolled-up portion of the vortex sheet.

We also plot the isosurfaceof vorticity near the region of the maximum vorticity in
Figures24 and 25to illustrate the dynamic roll-up of the vortex sheetnear the region of the
maximum vorticity. The isosurfaceof vorticity in Figure 24 is setat 0:6 kkk; . Figure 24
givesthe local vorticity structure at t = 17. If we scalethe local roll-up region on the left
hand sidenext to the box by a factor of 4 alongthe z direction, aswasdonein [17], we would
obtain a local roll-up structure which is qualitatively similar to Figure 1 in [17]. In Figure
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Figure 21: The contour of axial vorticity around the maximum vorticity on the symmetry
planeatt = 15(on the left) andt = 17 (on the right). The vertical axisis the z-axis, and the
horizortal axis is the x-axis. The gure is scaledin z direction by a factor of 5 to compare

with Figure 4 in [14].

Figure 22: Kerr's axial vorticity cortours on the symmetry plane at t = 15 (on the left) and
t = 17 (on the right). Theseare from Figure 4 in [14].

21



Figure 23: The contour of axial vorticity around the maximum vorticity on the symmetry
plane (the x z plane)att = 17:5;18;185;19.

25, we shaw the local vorticity structure fort = 18andt = 19. In both gures, the isosurface
issetat 0.5 k+k; . We canseethat the vortex sheetshave rolled up and traveledbadckward

in time away from the dividing plane. Moreover, we obsene that the vortex lines near the

region of maximum vorticity are relatively straight and the unit vorticity vectorsseemto be

quite regular. On the other hand, the inner region cortaining the maximum vorticity does
not seemto shrink to zeroat arate of (T )2, aspredicted in [17]. The length and the

width of the vortex sheetare still O(1), although the thicknessof the vortex sheetbecomes
quite small.

Another interesting questionis how the vorticity vector aligns with the eigervectors of
. L 1
the deformation tensor, which is de ned asM  Z(r &+ r "#). In Table 1, we documert

the alignmert information of the vorticity vector around the point of maximum vorticity
with resolution 1536 1024 3072. In this table, ; (i = 1;2;3) is the i-th eigervalue of
M, ; is the angle betweenthe i-th eigervector of M and the vorticity vector. One can see
clearly that for 16 t 19the vorticity vector at the point of maximum vorticity is almost
perfectly aligned with the secondeigervector of M. The angle betweenthe vorticity vector
and the secondeigervector is very small throughout this time interval. Note that the second
eigervalue, »,, is positive and is about 20 times smallerin magnitude than the largestand
the smallest eigervalues. This dynamic alignmert of the vorticity vector with the second
eigervector of the deformation tensoris another indication that there is a dynamic depletion
of vortex stretching.
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Figure 24: The local 3D vortex structure and vortex lines around the maximum vorticity at
t = 17. The sizeof the box on the left is 0:075° to demonstratethe scaleof the picture. The
isosurfaceis setat 0:6  kkk; .

Figure 25: The local 3D vortex structures and vortex lines around the maximum vorticity
att = 18 (on the left) andt = 19 (on the right). The isosurfaceis setat 0.5 k+k; .
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time

']

1

16.012295

5.628002

-1.508771

1
89.992936

2
0.206199

2
0.007159

3
1.302352

3
89.998852

16.515890

7.016002

-1.864394

89.995940

0.232299

0.010438

1.631355

89.990387

17.013589

8.910001

-2.322629

89.998141

0.254699

0.006815

2.066909

89.993445

17.515769

11.430017

-2.630440

89.969954

0.224305

0.085053

2.415185

89.920433

18.011609

14.890004

-3.625738

89.969613

0.257302

0.036607

3.378515

89.979590

18.516346

19.130010

-4.501348

89.966725

0.246305

0.036617

4.274913

89.984720

19.014394

23.590012

-5.477438

89.966055

0.247906

0.034472

5.258292

89.994005

Table 1: The alignmert of the vorticity vector and the eigervectorsof M around the point
of maximum vorticity with resolution 1536 1024 3072. Here, ; (i = 1;2;3) is the i-th
eigervalue of M, ; is the anglebetweenthe i-th eigervector of M and the vorticity vector.
One can seethat the vorticity vector is aligned very well with the secondeigervector of M

5 Concluding Remarks

We investigatethe interaction of two perturbedvortex tub esfor the 3D Euler equationsusing
Kerr's initial condition [14]. We useboth the pseudo-sectral method with the standard 2/3
dealiasingrule and the pseudo-sectral method with a 36th order Fourier smaothing. We
perform a careful resolution study to demonstratethe corvergenceof both methods. Our
numerical computationsdemonstratethat while both methods corvergeto the samesolution
under resolution study, the pseudo-spctral method with the 36th order Fourier smoothing
o ers better computational accuracy for a given resolution. Moreover, we nd that the
pseudo-sectral method with the 36th order Fourier smoothing is more e ective in reducing
the numerical oscillationsdueto the Gibbs phenomenonwhile still keepingthe aliasingerror
under cortrol.

Our numerical study indicates that there is a very subtle dynamic depletion of vortex
stretching. The maximum vorticity is shovn to grow no faster than doubly exponertial in
time up to T = 19, beyond the singularity time predicted by Kerr in [14]. The velccity eld
is shovn to be boundedthroughout the computations. Vortex lines near the region of the
maximum vorticity are quite regular. We provide numerical evidencethat the vortex stretch-
ing term is only weakly nonlinear and is bounded by kkk; log(kkk; ). This implies that
there is tremendousdynamic cancellationin the nonlinear vortex stretching term. With the
velocity eld being boundedand the vortex lines being regular near the region of the maxi-
mum vorticity, the non-blovup conditions of Deng-Hou-Yu [8] are satis ed. This providesa
theoretical support for our computational results and shedssomelight to our understanding
of the dynamic depletion of vortex stretching.

Finally, we would like to mertion that we have carried out a rigorous corvergencestudy
of the two numerical methods we considerin this paper for the one-dimensionalBurgers
equation. The Burgersequation sharessomeessetial numerical di culties with the the 3D
Euler equationsthat we considerhere. It hasthe sametype of quadratic nonlinearity in the
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convection term and it is known that it can form a shack singularity in a nite time. An
important advantage of the Burgers equation is that we have an analytic solution formula
which can be solved numerically up to the madhine precisionby using the Newton iterative
method. Using this semi-analytical solution, we have computed the solution very closeto
the shack singularity time and documernted the errors of both numerical methods using very
large resolutions. The computational results we obtain on the Burgers equation completely
support the corvergencestudy of the two numerical methods for the 3D Euler equations
that we presett in this paper. The performanceof thesetwo numerical methods and their
convergenceproperty for the 1D Burgersequationare basically the sameasthosefor the 3D
Euler equations. The detail of this result will be reported elsewhere.
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