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Between two knots x;, x;+1, the energy functional is given by the single term
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Now take a variation 6y of y; to stay in the space of interpolating functions, we must have
0y(x;) =0y(xi+1) = 0 at the knots. The variation of the energy functional is then

()" + A2 (y’(x))z] dx.
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Integrating by parts, the boundary terms vanish since 0y is zero at the knots, and so
Xit+1
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The energy functional is minimized when 6 E = 0 for an arbitrary variation dy, and so the
spline y satisfies the ordinary differential equation

y(4) (X) — A.?yll(x).

It can be verified directly that the answer given in the book solves this equation.

(To actually obtain the solution form ourselves, we can notice that substituting u = y" sat-
isfies the ODE u" = /1? u, which has solutions of the form u(x) = a; cosh(A;x) + b; sinh(A;x).
Integrating twice to recover y, we conclude that y contains the cosh and sinh terms as well,
along with a linear term and a constant term, which agrees with the form given in the book.)

(b) AsA; — 0, these become cubic splines. This can be observed by noticing that the energy func-

(c)

tional E[y] approaches that for cubic splines, containing only the (y” (x))2 term. Equivalently,
the ODE satisfied by the exponential splines becomes y (x) = 0, which says that the splines
are cubic.

Using the identities cosh x = cosix and sinh x = —isinix, we can conclude that taking A; = i
(or any pure imaginary number) gives us splines that are expressible in terms of ordinary, real
trigonometric functions.



2. (a) Looking at the Chebyshev polynomials, we can see that T;(x) has the leading term 2717 for
j = 1. However, the recursive definition of p;(x) requires the leading term to be x/, so we
scale the Chebyshev polynomials by a constant to get

1 :
pj(X) = FT]’(X) forj=1.
Note that this is not true for the special case j = 0, where we have pg(x) = Ty(x).

We can now divide the Chebyshev recursion T;,1(x) = 2xTj(x) = Tj-1(x) by 2J on both sides
to get

1 11
Pj+1(x) = xgj_—l Tj(x) - sz—_sz—l(x)

1 .
prj(x)—zlpj_l(x) for j =2,

and with the special j =1 case p2(x) = xp;(x) — % Po(x).
Therefore, the tridiagonal matrixhas§; =0for j=1,y; = i% forj=2,andy, = 4_-\/%:
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(b) Forn=3, p3(x) = x3 - f‘—lx has the roots x; =0, x, = ‘/7§, X3 = —‘/75. This leads to the system

w)it+twr+w3=m
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—Wy— w3 =
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which has the solution w; = wy, = w3 = %

MATLAB

1. With y; =i, the exponential/trigonometric splines interpolate the circle perfectly (or at least up to
machine precision). See the plots in[Figure 1|and [Figure 2|
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Figure 1: Interpolation plot for trigonometric and cubic splines.
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Figure 2: Error in the cubic spline interpolation.



