ACM 105: Midterm Exam
Due: May 7, 2008; 5pm

1. Let X = C%[a,b], 0 < a < 1, be the space of all continuous functions
defined on the closed interval [a, b] with the following property: for each
x € X, there is a constant L, such that

|$(t) 7I($)| < Lz|t7 S|a7 Vt,s € [aab]'

Note that X is a normed linear space with norm defined by

t) —
lofl = max Jo(t) + max 1ZD =26
t€la,b] sitelab] |t — 5|

Show that X is complete.

2. Let X be a normed linear space and let f # 0 be a bounded linear func-
tional on X. Set

d=inf{ 2l  fl)=1}.
Prove that || f|| = 1/d.

3. Let X be a normed linear space over a field K and let {z1,x2, -+ ,2,} C X
be a linearly independent subset of X. Prove that there exist bounded
linear functionals f1, fo, -, fn, on X such that

filz;) =1, i=yj; filx;)=0, i#].

(Hint: if {z1, 22, -+ ,2,} is linearly independent, then there is a constant
C' > 0 such that

laa| 4 Jao| + -+ + |an| < Cllarzy + asxs + -+ - + @nzy]|
for all aq, a9, ,ay, € K.)

4. Let X be a normed linear space and let {z,} be a sequence in X. Suppose
that x,, converges weakly to x € X. Show that

llz|| < liminf ||z,
n—0o0



