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ABSTRACT

It is now well known that natural Brownian Motions on various disordered or complex structures are
anomalously slow, and that convection in a turbulent flow can create anomalously fast diffusion. In
this work we try to understand the basic mechanisms of anomalous diffusion using and developing
the tools of homogenisation. These mechanisms of the slow diffusion for instance are well understood
for very regular strictly self-similar fractals. The archetypical specific example of a deep problem
being the one solved by Barlow and Bass on the Sierpinski Carpet (which is infinitely ramified, a
codeword for hard to understand rigorously). It appears that the main feature is the existence of an
infinite number of scales of obstacle (with proper size) for the diffusion. We can show that one can
implement the common idea that this last feature (infinitely many scales) is the key for the possibility
of anomalous diffusion, fast and slow, in a general context, using the tools of homogenisation.

Résumé

Il est maintenant bien connu que des mouvements Browniens naturels sur diverses structures com-
plexes et désordonnées sont anormalement lentes, et qu'une convection dans un écoulement tur-
bulent peut créer une diffusion anormalement rapide. Dans ce travail, nous essayons de compren-
dre les mécanismes fondamentaux des diffusions anormales en utilisant et développant les outils de
I’homogénéisation. Ces mécanismes, pour les diffusions lentes par exemple, sont bien comprises pour
des Fractals tres régulier et self-similaires. L’exemple spécifique archétype d’un profond probleme
étant celui résolu par Barlow et Bass sur le Tapis de Sierpinski (qui est infiniment ramifié, un nom de
code signifiant difficile & comprendre rigoureusement). 11 apparait que la caractéristique essentielle
est l'existence d’un nombre infini d’échelles d’obstacles (avec des tailles convenables) pour la diffu-
sion. On peut montrer que ’on peut implémenter I'idée commune que cette derniére caractéristique
(un nombre infini d’échelles) est la clé pour la possibilité d’une diffusion anormale, rapide et lente,
dans un contexte général, en utilisant les outils de I’homogénéisation.
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0. INTRODUCTION

One might think that homogenization has as much to do with rigorous proofs of anomalous diffusion
as with the price of cheese. Indeed to expect that a sequence of central limit theorems would cause
the anomaly of a diffusion might not be a natural idea and in fact this work did not started with the
purpose of using homogenization theory to prove the anomaly of a diffusion evolving in an infinite
number of scales.

0.1 Origin of this work

In a series of six articles M.T. Barlow and R. Bass [BB89], [BB90a], [BB90b], [BB92], [BB93a],
[BB97] have constructed a reflecting Brownian motion on the Sierpinski carpet and extended their
work to the Sierpinski sponge; this work was a breakthrough since it was the first rigorous and com-
plete analysis of Brownian motion constructed on an infinitely ramified fractal (codeword for hard
to analyze). One of the interesting behavior of the Brownian motion on the Sierpinski sponge was
its sub-diffusive behavior.

This work started on the basis of the following idea: the Brownian motion on the Sierpinski carpet
is sub-diffusive, not because of the particular geometry of that object, but because it encounters
obstacles at every scales (each scale manifesting its influence at a specific moment).

Thus the scientific objective was to analyze and understand the behavior of a diffusion evolving in
a medium characterized by an infinite number of scales that are not self symmetric and have no
symmetries. Of course, the initial quest was to find such a model (or a medium) presenting no sym-
metries and no self similarity and characterized by an infinite number of scales of reflecting obstacles;
construct on it a Brownian motion, and prove its sub-diffusive behavior, this would lead to the proof
of the following universal result ”if a diffusion encounters obstacles at every scales then it becomes
sub-diffusive”.

Now a close look at the problem showed that only homogenization theory could handle obstacles
without symmetries and it was a well known fact that homogenization on a periodic potential drift
has the property to decrease the diffusivity. This was an interesting path to explore and reflecting ob-
stacles were replaced by a smooth drift that allowed to use Ito calculus without wondering about the
irregularities of the boundaries of some hard obstacles (it was also a way to avoid some pathologies
appearing with hard obstacles without symmetries). Then the next natural idea was what happens
with a potential drift characterized by a two periods of fluctuations? a short analysis showed that the
diffusivity of the Brownian motion would decrease the product of the effective diffusivities associated
to each period if the ratios between them were big enough. This was quite interesting because it
meant that if homogenization on a periodic potential U generates a Brownian process with effective
diffusivity aly (a < 1), homogenization ever n scales of U (with a large ratio separating them) would
give a Brownian process with effective diffusivity a”I;, then what would happen with an infinite
number of scales?

A short heuristic analysis pointed out that it would generate the anomaly of the diffusion, the key
was the geometric decrease of the effective diffusivities with the number of scales and the fact that
with an infinite number of scales homogenization is never finite. Moreover for a given time ¢ one
could easily separate the medium into effective scales (smaller ones) and drift scales (larger ones) and
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the number of effective scales were growing with the time leading to the sub-diffusivity of the process.
The model to explore were found, nevertheless a closer look showed that to obtain interesting results
one had to improve some tools used in homogenization theory.

Homogenization theory gives only an asymptotic image in the sense that it gives an exact result only
when the ratio between scales grows towards infinity. Here there were an infinite number of scales
and the ratios between them were bounded. Thus it was necessary to find a way to do computations
over an infinite number of scales with bounded ratios and to obtain sharp estimates of the rate of
convergence towards the asymptotic process in homogenization theory.

An other difficulty appeared, and this one was inherent to the generality of the model, without a
priori knowledge on the shapes of the fluctuations some intermediate scales can not be considered as
drift scales or effective scales, one had to control their influence. This control is in a sense equivalent
to compare the Green functions associated to two different elliptic operators (non isotropic and non
homogeneous in the space) and it goes beyond conventional knowledge on the subject that concerns
mainly comparison with the Laplace operator.

0.2 Realizations

Sub-diffusivity is proven in all dimensions d > 1 starting from the invariant measure with full gen-
erality and starting from any points for d = 1. The proof of the sub-diffusivity starting from any
points for d > 2 depends on a stability condition of the multi-scale process.

To obtain those results, one is lead to develop the tools of homogenization theory. Indeed in re-
iterated homogenization, or DEM theories, in order to obtain estimates on the effective diffusivity
associated to the multi-scale medium one has to assume that the ratios between those scales goes to
infinity with their numbers. Here those estimates will be obtained, with an arbitrarily large number
of scales and with bounded ratios between them.

Moreover, one has to obtain sharp estimates on the behavior of the heat kernel associated to a pe-
riodic operator. This question is directly liked to Davies conjecture (see section 5.3) on the rate of
convergence of diffusion in a periodic medium towards its limit process. An answer will be given to
this conjecture by showing that the homogenized behavior of the heat kernel p(¢,x,y) associated to
a elliptic periodic operator starts for ¢t >> |z — y|.

To replace the universal sentence ”a diffusion becomes anomalous because it encounters obstacles

at every scales” by ”a diffusion becomes anomalous because homogenization operates on an infi-
nite number of scales” is not a tautology. Indeed the word obstacles suggests a symmetric diffusion
(with an associated Dirichlet form) whose generator is characterized by Neumann conditions on the
boundaries of some reflecting obstacles whereas homogenization can operate on a very large variety
of generators which can be non symmetric.
Moreover it was a well known fact that homogenization on a divergence-free drift has the property
to enhance the diffusion, thus the natural idea that follows the study of a Brownian motion evolving
in a potential drift characterized by an infinite numbers of fluctuations is to study the Brownian
motion evolving in a divergence-free drift characterized by an infinite numbers of fluctuations and it
is natural to expect that a super-diffusive behavior will arise. The precise super-diffusive behavior at
this stage is rigorously proven in the shear flow model (with the techniques developed with potential
diffusions).

0.3 Perspectives

The proof of the sub-diffusive behavior in the medium characterized by an infinite number of scales of
potential drifts and starting from any point in dimension one is based on a new analytical inequality:
let Q be a smooth open bounded subset of R! and A € C*°(Q), A > 0 on 2 then
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Theorem 0.3.1. (d=1) For all ¢ and ¢ sub harmonic with respect to the operator —V(AV) and
null on the boundary of €2 one has

/ VAV p|dx < 3/ Vi AV pdx (0.1)
Q Q

We believe that this theorem might also be also true in higher dimensions and it appears as an
interesting path to explore. Indeed its proof would give the anomaly of a diffusion starting from
any point, moreover it has also strong consequences on the Green functions associated to elliptic
operators and an interesting signification in terms of electrostatic theory (see the chapter 13).

An other path that we would like to explore is the extension of those results to the case where
at each scale, the medium is not periodic but ergodic.

Next the study of super-diffusivity in the divergence-free case with full generality in dimension d > 2
appears as an interesting work to undertake.

0.4 History

Actually the more this work was progressing the more it was becoming clear that the idea to associate
homogenization (or renormalization) on large number of scales with the anomaly of a physical system
had already been applied on an heuristic point of view to several physical models.

May be one of the oldest one is Differential Effective Medium theories which was first proposed
by Bruggeman to calculate the conductivity of a two-component composite structure formed by
successive substitutions ([Bru35] and [AIP77]) and generalized by Norris ([Nor85]) to materials with
more than two phases. For instance this theory has been applied to compute the anomalous electrical
and acoustic properties of fluid-saturated sedimentary rocks [SSC81]. More recently this problem has
been analyzed from a rigorous point of view by Avellaneda [Ave87| and Kozlov [Koz95]; by Allaire,
Briane [AB96] and Jikov, Kozlov [JK99].

The heuristic application of this idea to prove the anomalous behavior of a diffusion seems to have
been done only for the super-diffusive case that is to say for a diffusion evolving among a large number
of divergence-free drifts. May be this is explained by the strong motivation to explore convective
transports in turbulent flows which are known to be characterized by a large number of scales of
eddies. The first observation was empirical: in 1926 when Richardson ([Ric26]) analyzed available
experimental data on diffusion in air. Those data varied about 12 orders of magnitude. On that
basis, Richardson phenomenologically conjectured that the diffusion coefficient D) in turbulent air
depend on the scale length A\ of the measurement. The Richardson law,

D) x A3 (0.2)

was related to Kolmogorov-Obukhov turbulence spectrum, v )\%, by Batchelor [Bat52]. The super-
diffusive law of the root-mean-square relative displacement \(¢) of advected particles

3
2

A(t) o< (Dyyt)? o t (0.3)

was derived by Obukhov [Obu41] from a dimensional analysis similar to the one that led Kolmogorov
[Kol41b] to the A3 velocity spectrum.

More recently physicists and mathematicians have started to investigate on the super-diffusive
phenomenon (from both heuristic and rigorous point of view) by using the tools of homogeniza-
tion or renormalization (the first cousin of multi-scale homogenization): M. Avellaneda and A.
Majda [AM90]; J. Glimm and Al. [FGLP90], [FGL*91], [GLPP92], J. Glimm and Q. Zhang
[GZ92], Q. Zhang [Zha92], M.B. Isichenko and J. Kalda [IK91], A. Fannjiang and G.C. Papani-
colaou [FP94],[FP96]; M. Avellaneda [Ave96]; A. Fannjiang [Fan99]; Rabi Bhattacharya [Bha99] (see
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also [BDG99] by Bhattacharya - Denker and Goswami).
Certainly this panorama is not complete, it reflects only the limited knowledge of the author who
apologize if someone feels left over.

0.5 Map of the work

This work is divided into four parts,

e The first one gives our models and the main results. The chapter 1 presents the sub-diffusive
model and the chapter 2 the super-diffusive one. For the clarity of the presentation, all the
results are not present; they are not given with full generality and without any comments (this
will be done in the part three). It is also important to note that the sub-diffusive model has
been more deeply analyzed that the super-diffusive one. The complete investigation of the
super-diffusive one is postponed to a sequel work.

e The second one is bibliographical. The chapter 3 presents the state of the art in the study of
normal diffusions, it is also an introduction to the techniques of comparison between operators
( the reference operator being Laplace operator or a Gaussian diffusion), this point is important
because to be able prove something for a diffusion evolving in a medium characterized by an
infinite number of scales, one must be able to compare elliptic operators (and the reference point
is no more the Laplace operator, but actually those territories seems virgin for exploration).
The chapter 4 presents a landscape on anomalous diffusion and focus mainly on diffusions in
fractals. A short presentation of super-diffusion in Turbulence is given. The chapter 5 is an
introduction to the tools of homogenization and multi-scale homogenization (both rigorous and
heuristic such as DEM theories).

This second part is certainly not a complete survey giving all the contributions in those fields;
it has been conceived only to help the reader non familiar with them to enter quickly into the
subject.

e The third one has been conceived to explain our models, give the though process (the strategy)
an insight on the proofs and the significance of the results. It also contains some results that
will not be given in the first part because the clarity of the presentation has been privileged.
The chapter 6 present the sub-diffusive model and the chapter 7 the super-diffusive one. It is
advised to read this part before reading the proofs.

e The fourth one contains the proofs and the new tools. The chapter 8 gives the proofs of sub-
diffusivity in dimension one. The chapter 9 presents the proofs of the control of the effective
diffusivities associated to a multi-scale medium with an arbitrary large number of scales (with
bounded ratios). The chapter 10 presents the proofs of the sub-diffusive behavior in all di-
mensions. The chapter 11 gives the proofs of super-diffusivity in the shear-flow model. The
chapter 12 gives the proofs of a new exponential martingale inequality, and concerning Davies
conjecture on the behavior of the heat kernel p(t,z,y) in a periodic medium, shows that its
homogenized behavior starts for t >> |z — y|. The chapter 13 presents a new analytical in-
equality and shows how it is linked with the deformation of elliptic operators and the notion of
localization of energy in electrostatics. In the appendix, one will find the chapter B (theorems
on elliptic operators in divergence form with discontinuous coefficients, controls of the infinite
norms and gradients of solutions associated to elliptic operators) which presents the analytical
tools used in this work and in the chapter C one will find the probabilistic tools (level three
large deviations, thermodynamic formalism, deformation of harmonic functions).
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0.6 Applications

The first application of this work is clearly the problem of diffusion and transport in disordered media
which is of an enormous physical interest by its diversity and the number of its applications. Indeed,
equations of the following type (in R? or R3):

Ju(zx,t)

T kAU + E(t, 2)u + s(t, z) + h(t,z).Vu

may be considered as universal (the term kAw is a model of diffusive transport, (¢, x)u is an inter-
action with the media, s(t,z) is a source term and h(¢,x).Vu represents a transport by convection).
The examples are numerous and important [Bal92] :

e The propagation of heat in a solid or a fluid of non uniform temperature.
e The diffusion of neutrons in a nuclear reactor.
e The migration of impurities in a heated up solid (doping).

e The electrical current as a transfer of charged particles under the action of a spatial variation
of the chemical potential (ions in a electrolyte, electrons in a metal, electrons of conduction
and holes in a semi-conductor)

e Fluid mechanics with the Navier Stokes equations

e Magneto-hydrodynamics which concerns a large range of physical objects from liquid metals
to cosmic plasma, such as the evolution of a magnetic field in a conducting media submitted
to a random motion (this is also that kind of equation which governs the evolution of the
temperature field in the coupled system: atmosphere + ocean)

e Burger’s equation which is fundamental in hydrodynamics and in astrophysics since it describes
self-gravitating matter where the attraction between the liquid particles replace the repulsion.

e The heat equation in a turbulent media (turbulent diffusion)

More precisely the techniques developed in this work can be applied and adapted to answer to
the following question what happens when the medium is characterized by a large number of scales?
For instance a physicist can see the sub-diffusive model, as a system whose potential energy landscape
is characterized by a large (infinite) number of scales of potential pit (overlapping with each other)
evolving with the thermal noise and under the propensity to minimize the energy (see figure 0.1).
The supper diffusive model can be seen as a model of turbulent flow.
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Fig. 0.1: Multi-scale energy landscape
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1. SUB-DIFFUSIVE MODEL

In this chapter the sub-diffusive model will be introduced and some of the main results will be given
without any comments. For the clarity of the presentation all the results on the sub-diffusive model
are not present here and they are not given in their full general form; this will be done in the chapter
6 (which also contains the meaning of those results).

1.1 Infinitely homogenized potential diffusion

1.1.1 The Model

The purpose of this model is to study in R? the behavior of solutions the stochastic differential
equation:

(1.1)

dyt = dwt - VV(yt)dt
Yo =20

(where w is a standard Brownian motion in R?) when V' € C*(R%) is not bounded and has fluctua-
tions over an infinite number of scales which are periodic but non symmetric and non self-similar.
More precisely

V:ZUn(Ri) (1'2)
n=0 "

Each potential U,, is smooth and periodic of period T{ (is in C*°(T{), T{ is the torus of dimension
d and side 1) and reflects the particular shape of the fluctuations (of the heat capacity) of U at the
scale R,.

Each integer R,, € N* reflects the length of the scale n and grows with n. More precisely

Ry =] (1.3)

k=0

Where r,, are integers element of N* for n > 1. It is assumed that the small scale has length rg = 1.
Moreover it is assumed that all the gradient of the potentials U,, are uniformly bounded. Thus there
exist Ko, K7 > 0 such that (Osc(U) stands for supU — inf U)

sup || Osc(Up)|loo < Ko, sup||VUp|loo < K3 (1.4)
neN neN

It is also assumed that there exist pyin € R} and pmax = Pmin, Pmin € R U {o0} such that
Yn>1 2< Pmin <r,< Pmax < o0 (15)
Each potential U, is chosen so that

VneN, U,0)=0 (1.6)



1. Sub-diffusive model 4

Thus V is a well defined Lipschitz potential such that

o0

Ky K1 pmin
[VV]e <> 5+ < (1.7)

oS pﬁlin ~ Pmin — 1

K1 Do
V()| < L0 o]

Pmin —
Thus it is well known that the solution of the stochastic differential equation 1.1 exists; is unique up
to sets of measure 0 with respect to the Wiener measure and is a strong Markov continuous Feller
process.

(1.8)

Effective diffusivities To each potential U, is associated an invariant measure my, by the equation
5.1 and an effective diffusivity D(U,) by the variational formulation 5.21. It is assumed that there
exist 0 < Amin < Amax < 1 such that for all n € N

0 < Amin < D(Up) < Apax < 1 (1.9)

Note that the effective diffusivity is a scale-invariant matrix that is to say an homogenization on the
periodic potential U(.) produce the same effective diffusivity as U(R;n) (this is an easy exercise).

Aggregation of scales In the sequel V" will designate an aggregation of the scales k,k+1,... ,m
that is to say
- x
vir = Up(—= 1.10
00 = LU (1.10)

where k € N and m € NU {oco}

Note that since all the ratio 7, between scales are integers, the aggregation V™ is periodic (for
m < 0o) of period R, x T{. It is thus natural to relate this aggregation with an effective diffusivity
written D(V,;™) associated to an homogenization on the medium V™. It is important to note that
since the effective diffusivity is scale invariant, all that is needed is to know that V™ is periodic and
a rescaling of its period doesn’t influence the effective diffusivity. That is to say

D(V{"(x)) = DOV (@.Ry)) (111)

and since V™ (x.R,,) is of period T{ the variational formulation 5.21 will naturally be used to define
its effective diffusivity.

Infinitely Homogenized Potential Diffusion A solution of the stochastic differential equation 1.1
such that conditions 1.2, 1.5, 1.6, 1.7, 1.9 are satisfied will be called an Infinitely Homogenized
Potential Diffusion with parameters: pmin, Pmaxs Amins Amax; X0, K1 and written

IHPD(pminapmaXa)\mina)\max,KOaKl) (1.12)
The THPD will be said self-similar if for all k, U, = U € C®(T{) and pmin = pmax = p = R.

1.1.2 Some remarks

Note also that by the Voigt Reiss inequality and since homogenization on a periodic potential decrease
the diffusivity, one has always 0 < D(U,,) < 1. Note also that by the equivalent cell problem definition
of the effective diffusivity, the condition D(U,,) < 1 is equivalent to the fact that {.VU, is not the null
function for all non null direction I € (R?)*. Thus if all the scales are associated to a finite number
of pattern: Vn,U, € {Wi,..., Wy} with non identically null gradient in all the directions, then the
conditions 1.9 and 1.4 are trivially satisfied.
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1.2 Anomalous behavior in dimension one

1.2.1 Exit times
1.2.1.i Self-similar case

The following corollary is the corollary 8.3.2 of chapter 8.

Corollary 1.2.1. Let y; be a self-similar infinitely homogenized potential diffusion in dimension one.
Then

Eo[7(0,7)] = r*+) (1.13)
with

P,(2U) + P,(—2U)

v(r) = np

+¢e(r) (1.14)

with e(r) — 0 as r — oo.

Here P, is the topological pressure associated to the shift s, (see section C.1). The following
theorem corresponds to the theorem 6.2.1.

Theorem 1.2.1. For a self-similar IHPD in dimension one, if U is not a constant function, there
exists a constant po(K1, D(U)) such that for p > po,

Eo[7(0,7)] = r¥Tv () (1.15)
with v > 0 given by the topological pressure

L P,(2U) + P,(—2U) (1.16)
Inp '

and €(r) — 0 as r — oo. Moreover there are examples of U such that there exists ratios pi, p2
(p1 + 10 < ps) in the interval (1, pg] such that if p = p1 or pa then Cir? < E[r(0,7)] < Cor? and if
p € (p1,p2) NN, E[7(0,r)] follows the anomalous behavior given in the equation 1.15 with v > 0 as
above.

1.2.1.ii Non self-similar case with bounded ratios between the scales

The following theorem corresponds to the corollary 8.3.3 of chapter 8.

Theorem 1.2.2. Let y; be an infinitely homogenized potential diffusion such that, pmin > C3 Ky K
Pmax < 00 and Amax < 1. Then

C1r2 ) < Eo[r(0,7)] < Cor?t(7) (1.17)

where C1,Cs depends only on Ko, K1 and pmin and

In A C In A C
max 3,Ko,K1 < I/(T) < - min 3,Ko,K1

a In Pmax B Pmin In Pmax In Pmin Pmin In Pmin

0< (1.18)
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1.2.1.iii Non self-similar case with fast separation between the scales
The following theorem is the corollary 8.3.4 of chapter 8.3.4
Theorem 1.2.3. Assume that for all k, U, = U and

p™
Ry = Ry
= Realf—
with p,a > 1 then
C1r2e9") < Eo[r(0,7)] < Cared™) (1.19)

where C,Co depends only on Ko, K1, p,a and
In ( le1 2V @) dg lel efo(x)dx)

1
g(r)=(lnr)a T (1.20)
(In p)a
1.2.2 Mean squared displacement
1.2.2.i Bounded ratios between the scales
The following theorem corresponds to the theorem 8.5.3.
Theorem 1.2.4. Assume Apax < 1, pPmin > C1.K1 Ko maxs © > Ro and pmax < 00 then
E[y?] = £~ (1.21)
In Amin | C2.k, K,
— — t 1.22
v(t) < T o 0 )2 +€(t) (1.22)
In Amax C
p(t) > —omomax _ Z2K0Ko (1.23)
21n prax In prin In prax
where €(t) — 0 as t — oo and
In Apax C
o Shmax 2K (1.24)
21n Pmax In Pmin In Pmax
1.2.2.ii Fast separation between the scales
The following theorem corresponds to the theorem 8.5.4
Theorem 1.2.5. Assume that for all k, U, = U and
k.a
p
Ry = Ry—
o= Ricalf—]
with p,a > 1 then
Cite 90 < Eoly?] < Cyte™ 90 (1.25)
where C,Co depends only on Ko, K1, p,a and
In ([ e2V@dz [, e 2V @) dy
g(t) = (Int)a Ur, d ) (1+ €(t)) (1.26)

(2In p)«
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1.2.3 Heat kernel tail
1.2.3.i Bounded ratios between the scales
The following theorem corresponds to the theorem 8.6.2
Theorem 1.2.6. Assume ppax < 00, Amax < 1,
Pmin > C’16
h2 t In Amax Ci2
- Z Cll(_)anpmax+(lnpmin)2 (127)
t h
and (h>0)
t
—=>Ci3 (1.28)
h
then for 1l € S%
—C ﬁ(z)u
]P’[l.yt > h] < 0146 157k (1.29)
with
In A C
y = lmax 6 >0 (1.30)
In prax In prin In prax
Where Cig,C15 depend on Ko, K1, pmin, Pmaxs Amax; C11 depends on Ky, K1,
Pmax; Pmin; C13 on Ko, K1, Re and Cg, C12 on Ko, Ky
1.2.3.ii Fast separation between the scales
The following theorem corresponds to the theorem 8.6.3
Theorem 1.2.7. Assume that for all k, Uy, = U (U non constant) and
k.a
p
Ry = Ry
o= Ricalf—]
with p,a > 1 then for
t
G < 7 < Cah (1.31)
one has
—C n? (4
Pll.ys > h] < Cse” "4 ¢ 9'h (1.32)
with
1.2\t
gla) = (7)) e (1.33)

and €(x) — 0 as x — o0

Where the constants C1,Cy depend on p, o, Ko, K1 and Cy on p, Ko, K1, \.
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1.3 Anomalous behavior in all dimensions

1.3.1 Exit times starting from the invariant measure
1.3.1.i Bounded ratios between scales

For a smooth bounded open subset Q of RY, let’s write 7(Q2) the exit time from © and m{ the
following probability measure on €

—2U(x) d
Q e X

The following theorem corresponds to the theorem 10.1.1.

Theorem 1.3.1. One has for r > Cig,

[ BB ) = 20 (1.35)
B(0,r)
with fOT Pmin > Ci3
In C 1
Ami 7
< min 1 1'
V(T) “ In pmin( * In pmin) * IDTCG ( 36)
and
In L C 1
A 12
> max 1 . o 1.
V(T) T In Pmax In Pmin IDTCH = 015 >0 ( 37)

Where the constants C11,C12,C7,Cg depends on d, Ky, K1; Ci3 on d, Ky, K1,
Amax and Cis,Ci6 on d, Ko, K1, Amax, Pmax

1.3.1.ii Unbounded ratios between scales

the following theorem corresponds to the theorem 10.1.2.

o

Theorem 1.3.2. Assume that R, = Rn—1[£—] (p,a>1) and
Amax = Amin = A < 1 then

BOW T
/Bm,,«) Bl (B0, )]y ™) = 353 (139
with for r > Cyg(d, Ko, K1)
() = (o) (1 +<() (139

with e(r) — 0 as r — oo

1.4 Multi-scale homogenization with bounded ratios between scales

1.4.1 All dimensions

The following theorem corresponds to the theorem 9.2.2.
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Theorem 1.4.1. If ppin > C1 4.K,,K, then for alln >1

n—1

C
Amax(D(VF 1)) < (1 + —2EECEOn TT A L (D(UR)) (1.40)
pfnin k=0
and
C Tl—l
Amin (D(V™)) > (1 4+ —24E0E0) =1 TT A (D(UR)) (1.41)
priﬁn k=0
O ko, = Cae 10K (1 4+ Ky )? (1.42)
and

W=

Cod Ko, = CaePTOKO(1 4 K7) (1.43)

This theorem is a corollary of more general results which allow to control the whole matrix
D(V™1) (see propositions 9.3.5 and 9.4.1).

1.4.2 Self-similar case in dimension one

Assume that the IHPD is self-similar with ratio between scales p € N/{0,1} and periodic potential
U e C(T}).
The following theorem is the theorem 8.2.1

Theorem 1.4.2.

lim — In (D(V™1)) = P,(2U) + P,(—2U) (1.44)

n—oo n

1.4.3 Dimension two
the following theorem corresponds to the theorem 9.3.1.
Theorem 1.4.3. For d =2 one has

Amas (D(U)) Amin (D(=U)) = Amin (D(U)) Ama (D(=U))
= 1 (1.45)
- led exp(2U)dzx led exp(—2U)dx

from which one deduces that if D(U) = D(—U) then

1
)\max(D(U)) = )\mln(D(U)) = (146)
\/led exp(2U)dz led exp(—2U)dz
Moreover
Theorem 1.4.4. In the self-similar case, if d =2 and for all n, D(Vy') = D(=V{") then
1 2U —2U
lim —=In (A(D(V 1)) = Pr(2U) + Pr(—2U) (1.47)

n—o0 n 2

where Pg is the topological pressure associated to the shift sg.
As an example of medium satisfying the condition of the previous theorem one can give the following
corollary

Corollary 1.4.1. In the self-similar case, if d =2 and for all n, U,(—z) = —U,(z) then

lim 1 In ()\(D(Von—l))) _ Pr(2U) + Pr(—20)

n—oo N 2

(1.48)
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1.5 Davies conjecture, exponential martingales, homogenization and fast rate of
convergence towards the limit process

1.5.1 A martingale inequality

Consider M; a continuous square integrable F; adapted martingale such that My = 0 and for A, ¢ > 0,
E[er] < 0.
Assume that there exists a function f : RT™ — R* such that for all t5 > ¢; > 0 one has a.s.

to to—1t1
E[/d < MM >, |F,] < / F(s)ds

t1 0

With f(s) = f1 for s < tp and f(s) = fa for s >ty with tp > 0 and 0 < fo < fi.

Theorem 1.5.1. For the martingale given above one has

1. for all
1
0< Al < . (1.49)
(2e(f1 — fo)to) 2
one has
Elexp(AM;)] < 30-1/9(N) exp(@v faot) (1.50)
with g(A\) = m which verify 1 < g < 2
2. for all
Ocpye—t (1.51)
2e(f1 — fa)to
one has
t —
Elexp(v < M, M >;)] < exp(yfgt)exp (vto( = 12)) (1.52)

((f1 = fo)vto)?

1.5.2 Davies conjecture

As an example, the theorem 1.5.1 will be applied here to obtain estimates on heat kernel p(t, z,y)
associated to the following periodic operator showing that its homogenized behavior starts for |z —
y| << t which gives an answer to Davies conjecture concerning the rate of convergence towards the
limit process in a multidimensional periodic medium.

where U € CH(T{) (U(0) = 0).
It will be important to remember that this is only an example selected for the clarity of the presen-
tation and in the chapter 6 it will be shown that one can consider a wide range of operators as soon
as a cell problem is well defined and Aronson estimates available.

The following corollary corresponds to the corollary 12.1.2.
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Corollary 1.5.1. Consider p(t,z,y) the transition density probabilities of the diffusion 1.53 with
respect to the measure

my(dz) = e*QU(“)dx/(fo e 2U@)dz). then for

i |z — y|

20k |z —y| < ¢, < —F, z —y| > 4C 1.54
o=y e L (154
one has
Ey ly —x —2C,|?
tx,y) < — -(1-F)— 1.55

where ki, ko, Cy, E1 are constants depending only on d and Osc(U). Moreover

Vi _ 1

kilz —y| 1
|z —y|l — 10

E = 8(——

)’ +2 (1.56)
Actually, it will be shown in the chapter 6 that one needs only U € LOO(Tld) for the above corollary
and the below theorem.

The following theorem corresponds to the theorem 12.2.1.

Theorem 1.5.2. For [ € S% \ > Cg(d, Osc(U)) and

Cy7(d, Osc(U))\ < t (1.57)
one has
1 ©

Py, > A > —2%/24 1.58
[yt - ]— 4\/%/)( € z ( )

with
X2 (148 (1.59)

LD(U)It '
and

Cs(d, Osc(U))

E =
A

o=

+ C5(d, Osc(U)) < (1.60)

1
10
1.6 Anomalous behavior in all dimensions starting from any point

1.6.1 Stability condition

Let U, P € C%®(B(z,r)). Write EV, EV+ the expectations associated to the diffusions generated by
Ly = 3A = VUV and Ly, p and 7(B(z,1)) the exit time from the d dimensional ball B(z,7) An
IHPD is said to satisfy the stability condition 1.6.1 if and only if (Oscp. ) (U) stands for supp. ,y U —
infp.)U):

Condition 1.6.1. There exists > 0 such that for alln € N, all z € R?, and all v > 0,

E;/ [T(B(Z,T))] < HGMOSCB(z,r)(VnO_TJ) sup E:‘E/on [T(B(Z,T‘))] (1.61)
zE€B(z,r)
and
1 . oo v
E;/ [7(3(27 T))] > _eH Oscp(z,m (V1) inf E;/O [T(B(Z, r))] (1.62)

M z€B(2,3)
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1.6.2 Anomalous exit times starting from any point
1.6.2.i Bounded ratios

Then the following theorem corresponds to the theorem 10.2.1.
Theorem 1.6.1. If the IHPD satisfy the stability condition 1.6.1 and Apax < 1, then for pmin >

CladaKOaKl)\maxMU r> C2=d=KO=K1apmax,M one h(lS

B, [7(B(x,7))] < Ca.d. Ko 16y > MY

(1.63)
> 0337d7K07K1#TQJFJ(T)O?,Y)
K
7= Coup—— <05 (1.64)
11 Pmin
In C
>\max 1+ 347d7K07K17M)—1 SJ(T) (165)
In Pmax In Pmin
and
Amin 35,d,Ko,K1,u
< —fmn (] 4 oo oF 1.66
O—(T) ~ In pmin( * In Pmin ) ( )

see the theorem 10.2.1 for a more general form of this theorem and the meaning of o(r).

1.6.2.ii Unbounded ratios
Theorem 1.6.2. If the IHPD satisfies the stability condition 1.6.1, R,, = Rn,l[%] (p,a > 1) and
Amax = Amin = A < 1 then

2

Eo[7(B(0,r)] = % (1.67)
with for r > Cyg(d, Ko, K1)
() = (o) (1 +() (1.68)

with €(r) — 0 as r — oo

1.6.3 Anomalous heat kernel tail starting from any point
1.6.3.i Bounded ratios

The following theorem corresponds to the corollary 10.3.2

Theorem 1.6.3. If the IHPD satisfy the stability condition 1.6.1, ppmax < 00 and Apmax < 1. Then
for pmin > C(d, Ko, K1) and (r >0)

one has
2
re tyy
InPyllye] > r] <InPylr(z,r) <t] < _07?(_)
,

with

In 1 C ln% c

0<c< —dmae(q  Z80BKoy o7y < Amin () Z504Ko) (1.69)
hl pmaX h]' pmin h]. pmin h]_ pmin

Cs0,4,K < 0.5In prin and the constants Cyy, Ca1, Ca2 depend on
d, Ko, K1, pmax, Pmin- All the constants depending on Ko also depend on p.

o(r) and v are those given in the theorem 1.6.1
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1.6.3.ii Unbounded ratios

Theorem 1.6.4. If the IHPD satisfy the stability condition 1.6.1, R, = Rn,l[—é’::] (p,a > 1) and
)‘max = )\min = A <1 then fO?"

Ceor < t < Cer1?

one has
r? ot
Pyl 2 7] < WPafr(e,r) < 1] < ~Coy ()

with

g9(x) = (%)(ﬁ)a(l—l—e(z)) (1.70)

where €(x) — 0 as © — oo and the constant Cgy to Cgs depends on p, v, Ko, K1,d. All the constants
depending on Ky also depend on p.
1.6.4 Conjecture

Strong stability conjecture Il Under the notations of the condition 1.6.1.

Conjecture 1.6.1. The exists Cq > 0 a constant depending only on the dimension such that for all
U,PeC®(B(0,1))

E{ TP [7(B(0,1)] < Cae® ) sup  EY[r(B(0,1))] (L.71)
z€B(0,1)
and
BY P [r(BO,1)] > CaeCrO<) in B [r(3(0,1)] (72)

In fact with this conjecture 6.4.2 says that all the IHPD do satisfy the stability condition 1.6.1.

1.6.5 A new analytical inequality; deformation of elliptic operators

The following theorem corresponds to the corollary 13.5.1.

Theorem 1.6.5. For Q C R! an open subset of R (d = 1), there exist a constant Ca0 depending
only on the dimension of the space and the open set such that for A € C>(Q) such that X > 0 on Q
and ¢, € C*(Q) null on O and both sub harmonic with respect to the operator —V(AV), one has

/ ANz)|Vo(x).Vi(x)| de < 3/ AMz)Vo(r).Vi(x) de (1.73)
Q Q

The following corollary corresponds to the corollary 13.5.4.

Corollary 1.6.1. Let Q be a smooth bounded open subset of R%. Assume that ¢,v are both convex
or both concave and null on 052, then

/ |Vid(z).Vob(x)| de < 3/ V(). Vtp(z) de (1.74)
Q Q

Conjecture 1.6.2. For Q C Ran open subset with smooth boundary, there exist a constant Ca0
depending only on the dimension of the space and the open set such that for A € C>(Q) such that
A >0 o0onQand ¢, € C*Q) null on O and both sub harmonic with respect to the operator —V (AV),

one has
/ A(@)|Vo(). V() de < Cag / (&) V(). Vib(a) da (1.75)
Q Q

This conjecture is true in dimension one with Cy o = 3 (this constant is an homotopy invariant,
this is proven by the corollary 13.5.1). In dimension d it does imply the conjecture 1.6.1.






2. SUPER-DIFFUSIVE MODEL

In this chapter the super-diffusive model will be introduced. Nevertheless, it has not been analyzed
as deeply as the sub-diffusive model; this investigation is postponed to a sequel work. The results
given here are obtained for the shear flow model characterized by an infinite number of scales.

As for the sub-diffusive models, the results will be given without any comments, the insight on the
results and the physical meaning of this model will be given in the chapter 7.

2.1 Infinitely homogenized eddy diffusion
2.1.1 The model

The purpose of this model is to analyze a convective transport in an incompressible fluid characterized
by an infinite number of periodic but non-symmetric and non-self-similar scale of eddies; that is to
say, in R%, the behavior of solutions the stochastic differential equation:

{dyt = dwy — VT (yy)dt

. (2.1)

(where w is a standard Brownian motion in R%) where I' € (C°(R%))4(4=1)/2 is a skew-symmetric

d x d matrix. The notation VI' designate the (left) divergence of " which is an horizontal vector such
that for all ¢ € {0,... ,d}

d
(VD) =D 0Ty (2.2)

This stream matrix I can be un-bounded and has fluctuations over an infinite number of scales which
are periodic but non symmetric and non self-similar.
More precisely

= Z%F”(Ri) (2:3)
n=0 n

Each stream matrix I'™ is a smooth, periodic (of period T{) skew-symmetric d x d matrix (in
Co(TH)Ud=1)/2) and reflects the particular shape of the eddies (of the incompressible flow) of T
at the scale R,,.

Each strictly positive real number v,, € R is called the diffusivity power of the scale n.

As in the sub-diffusive model, each integer R,, € N* reflects the length of the scale n and grows with
n. More precisely

R, = ﬁ Tn (2.4)
n=0

Where r,, are integers element of N* for n > 1. It is assumed that the small scale has length rq = 1.
Moreover it is assumed that all the gradient of the elements of the stream matrices I'™ are uniformly
bounded. Thus there exist Ky, K1 > 0 such that for all i,j € {1,... ,d}

sup || Osc(I'7)]loo < Ko, sup [V [loo < K1 (2.5)
neN neN
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It is also assumed that there exist pmin € RY and pmax > Pmins Pmin € R U {oo} such that
Vn>1 2< Pmin < Tn < Pmax < 00 (26)

Each potential stream matrix I'” is chosen so that

YneN, I"0)=0 (2.7)
Thus I' is a well defined Lipschitz stream matrix such that
oo
Ky K prmin
DN < d <d 2.
VDo < 3 d it < atbuie (238)
n=0 min
Klpmin
T(z)i] < m\x’ (2.9)

Thus it is well known that the solution of the stochastic differential equation 2.1 exists; is unique up
to sets of measure 0 with respect to the Wiener measure and is a strong Markov continuous Feller
process.

Effective diffusivities Each stream matrix I'” is associated with an effective diffusivity D(I'™) by
the equation 5.30.
It is assumed that there exist 1 < Apin < Amax < 00 such that for all n € N

1 < Amin < D(IT™) < Apax < 00 (2.10)

Note that the effective diffusivity is a scale-invariant matrix that is to say an homogenization on the
periodic stream I'(.) produce the same effective diffusivity as I'(5-) (this is an easy exercise). This
explains the name diffusivity power given to the numbers ~y,,. Moreover g is be chosen equal to 1
and it is assumed that there exist 0 < Ymin < Ymax < 00 such that for all n € N

Tn+1

“Ymin S S “Ymax (211)
n
Aggregation of scales In the sequel I'*™ will designate an aggregation of the scales k,k+1,... ,m
that is to say
Ui X
rém(z) = (- 2.12
) = 2wl (212

where k € N and m € NU {oco}

Note that since all the ratio r, between scales are integers, the aggregation T'*™ is periodic (for
m < 0o) of period R, x T{. It is thus natural to relate this aggregation with an effective diffusivity
written D(I'*™) associated to an homogenization on the medium T'*™. It is important to note that
since the effective diffusivity is scale invariant, all that is needed is to know that T*™ is periodic and
a rescaling of its period doesn’t influence the effective diffusivity. That is to say

D(T*™(z)) = D(I*™(z.R,)) (2.13)
and since I'*™(z.R,,) is of period T the variational formulation 5.30 will naturally be used to define

its effective diffusivity.

Infinitely Homogenized Eddy Diffusion A solution of the stochastic differential equation 2.1 such
that conditions 2.3, 2.6, 2.7, 2.8, 2.10 and 2.11 are satisfied will be called an Infinitely Homogenized
Eddy Diffusion with parameters: pmin, Pmax, Amins Amax, Ymin, Ymax, 420, £1 and written

IHED(pmin7 Pmax )\min7 )\maxa “Ymin, Ymax; KO7 Kl) (214)
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Some remarks Note also that since homogenization on a periodic potential increase the diffusivity,
one has always 1 < D(I'™) < oo. Note also that by the equation 5.29, the condition D(I'*") > 1 is
equivalent to the fact that I.VI™ is not the null function for all non null direction € (R%)*. Thus if
all the scales are associated to a finite number of pattern of eddies: ¥Vn,I'™ € {Hy,..., Hg} with non
identically null gradient in all the directions, then the conditions 2.10 and 2.5 are trivially satisfied.

2.2 The shear flow model

The shear flow model is a particular case of IHED in dimension two.

2.2.1 The model

Consider the solution in R? of

(2.15)

dyt == dwt - VF(yt)dt
Yo =0

(where w is a standard Brownian motion in R?) where I' € (C*°(R?)) is a skew-symmetric 2 x 2
matrix.

The purpose of this chapter is to prove the super-diffusive transport in the turbulent shear flow
model. More precisely, in all this chapter, y; will be an infinitely homogenized shear-flow diffusion,
that it is to say, it has all the characteristics of an infinitely homogenized eddy diffusion except
for its associated stream matrix I' which has the following particular structure (I' € (C*°(R?)) is a
skew-symmetric 2 X 2 matrix):

T(z1,25) = (_h(()xl) h%”) (2.16)

This stream matrix I' can be un-bounded and has fluctuations along the (0, z1)-axis over an infinite
number of scales which are periodic but non symmetric and non self-similar.
More precisely

he) = Y wh"(F) (2.17)
n=0 n
With for all n, h, € C®(T}) and
1 1
B0) =0 Var(h") = /0 (h(z) — /0 h(y)dy)2dz = 1 (2.18)

(more generally for a continuous function j on R of period R, %IOR(j(CC) - fORj(y)dy)de will be
written Var(j)) Each stream matrix

(21, 29) = <_h79(x1) h”%m)) (2.19)

is a smooth, periodic smooth skew-symmetric 2 x 2 matrix and reflects the particular shape of the
shear-flow (of the incompressible flow) of I" at the scale R,,.

Each strictly positive real number ~, € R is called the diffusivity power of the scale n. This name
is explained by the fact that since Var(h") =1

D(v,I") = ((1) 1 +04%3> (2.20)
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Moreover g is be chosen equal to 1 and it is assumed that there exist 0 < ypin < Ymax < 00 such
that for all n € N

Tn+1

“Ymin S S “Ymax (221)

n

As in the IHED it is assumed that there exist Ky, K7 > 0 such that

sup || Osc(fn)|loe < Ko,  sup |1, [loo < K1 (2.22)
neN neN

and each integer R,, € N* reflects the length of the scale n and grows with n. More precisely
n
Ry =[] m (2.23)
n=0

where r,, are integers element of N* for n > 1 (it is assumed that the small scale has length rg = 1)
and there exist pmin € R*Jr and Pmax = Pmins Pmin € R*Jr U {OO} such that

Vn>1 2 < ppin <7y < Pmax < 00 (224)

Observe that I' is a well defined Lipschitz stream matrix the solution of the stochastic differential
equation 2.15 exists; is unique up to sets of measure 0 with respect to the Wiener measure and is a
strong Markov continuous Feller process.

Aggregation of scales writeforz € R, k<p—1

p—1
B x
HP 7Y a) =3 nhn(5-) (2.25)
n=~k "
with HP~1 = H%P~1 and
1 Ry ) 1 Rp1 L
de7p — Hpvp(y) dy /gp_ — / Hp_ (y) dy (226)
p JO p—1 J0

Infinitely Homogenized Shear Flow Diffusion A solution of the stochastic differential equation
2.15 such that conditions 2.17, 2.24, 2.18, 2.22 and 2.21 are satisfied will be called an Infinitely
Homogenized Shear Flow Diffusion with parameters: pmin, Pmax, Ymin, Ymax; 50, /X1 and written

IHSFD(pminapmaxa’Ymina'YmaXaKOaKl) (2.27)

2.2.2 The results

Those results are proven in the chapter 11.

2.2.2.i Multi-scale effective diffusivity
Consider a THSFD, the following theorem corresponds to the theorem 11.2.1.

Theorem 2.2.1. assume Vin > 1 and

njw

2 Ky
Pmin Ymin — 1

<1 (2.28)

€ =

then for allp € N
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1 0
0,p\ —
D(I%?) = <0 D(Fom)m) (2.29)
with
p p
1+4(1-6) ) R <DI%)n <1+4(1+6) > (2:30)
k=0 k=0

2.2.2.ii Mean squared displacement

Bounded ratios The following theorem corresponds to the theorem 11.3.1.

Theorem 2.2.2. assume Vmin > 1, Ymax, Pmax < 00,
Pmin > pO(’Ymina'YmaxaKOa Kl) and t > tO(’Ymina’Ymaxa Rla KOaKl); then

Eolye.e2|?] =t (2.31)
with
In “Ymax CQ
t) < A — 2.32
V()_lnpmm—i—ln%—i—lnt (2:32)
1 min C
v(t) > D L (2.33)
In ppaz + In % Int
Where the constants C1 and Co depends on pmins Ymin, Ymaxs Pmaxs 451, 52
Fast separating ratios The following theorem corresponds to the theorem 11.3.2.
Theorem 2.2.3. assume v, = V¥ and R, = p,l[é):il] with v,p > 1 and o > 1 Then for t >
to(v2, Ra, Ko, K1)
Clt’yﬁ(t) S EQHyt.€2’2] S Cgt'yﬂ(t) (2.34)
with
1 1
8(0) = 2% (n)s (23)

Where the constants C1 and Co depends on p,y,a, K1, Ko
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3. NORMAL DIFFUSION

Diffusions are more general objects than the sum of independent random vectors. In smooth cases
they can be seen as the solution of a Stochastic Differential Equation, and are analyzed mainly
through Ito calculus; they are even more general objects than solutions of a stochastic differential
equation. Indeed, the name of diffusion is for instance given to a Markov processes X; such that for
almost everywhere x and P, almost surely the process has continuous paths.

Moreover,the family of symmetric diffusions on a locally compact separable metric space can be put
into one to one correspondence with at least four different objects: the semigroup, the resolvent, the
generator and the Dirichlet form. This correspondence allows to prove non trivial controls on the
diffusion by choosing the right object, for instance the spectrum of the generator, the geometry of
the semigroup or the resolvent or the local properties of the Dirichlet form.

It will be assumed in this chapter that the reader is familiar with these objects and the connections
between them (which are summarized in the appendix A)

3.1 Criteria of normality

By normal diffusion it is meant that the diffusion, behaves like a Gaussian diffusion and there are
several levels at which a diffusion can do so.

Criterion 3.1.1. The first one and more general one is when the mean square displacement grows
linearly with time, in other words:
3C1, Cy > 0 such that for all ¢ > 0 (or for ¢ large enough) and all x

Cit <E,[|X; —zf?] < Cot (3.1)

In most papers of applied sciences, this behavior is considered as sufficient to call a diffusion "normal”
(this behavior often appears for t > ¢y large enough). The Fick Law reflects a sharper control:

E.[|X: — 2|°] ~ Dt (3.2)
where D is the diffusivity constant (in d = 1).

Criterion 3.1.2. The second one is less general and gives a control of the probabilities of ”going
far” by Gaussian bounds, that is to say:
there exists C' > 0 such that for all z,¢, x:

2

1 22 z
Ee*CT <P, [|Xy—z|>2] < Ce T (3.3)

Criterion 3.1.3. The Third and most restricting one gives Gaussian bounds on the transition den-
sities pi(z,y) of the diffusion, that is to say:
there exists C' > 0 such that for all y, ¢, x:

(z—y)?

1 oy)? -
_clz=y) . (34)

Cti € t S pt(x7y) S
2

Normality is defined with comparison to Gaussian Bounds and to the Fick law because those
behaviors appear as soon as the diffusion can be characterized as the sum of independent, uniformly
bounded increments, which is often encountered in nature. Indeed, for the Fick law this is a simple
consequence of the absence of correlations between increments, and the Gaussian Bounds then appear
thanks to the Central Limit theorem.

|Q

_ L
e C

~
N[+
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3.2 Central Limit Theorem Revisited

Central limit theorems are an active field of research in the theory of homogenization that will be
discussed in a following chapter. Here some examples will be given to show that they can deal with
highly non trivial and non regular random media. The key point in those proof is the (explicit or
implicit) use of the Dirichlet form.

When the medium where the diffusion takes place is non periodic and ergodic, the usual trick used to
obtain a C'LT is to replace the diffusion y; starting from 0 on a space £ which is chosen in an ergodic
way and at random in a space of configuration C, by the process & which is the medium seen by
the particle y; as it moves, this process & starts from a measure g on the configuration space which
remains invariant under the dynamic of the process (that’s why a CLT is expected). Then the CLT
is proven for a functional X of the process &;.

3.2.1 C. Kipnis-S.R.S. Varadhan’s central limit theorem

One of the first major result in this field is the paper of C. Kipnis and S.R.S. Varadhan [KV86];
in which functional central limit theorems for additive functionals of stationary reversible Markov
processes are proven and applied to the study of the asymptotic normality of tagged particles of simple
exclusion processes. The key point in the proof is to assume the square integrability of the velocity
function of the process, as well as a the condition of integrability of the velocity autocorrelation
function (equivalent to a condition on the spectral measure of the velocity function.)

Indeed in this paper, the medium seen by a tagged particle at integer times n is a stationary, reversible,
ergodic Markov chain &, and &y is distributed according to the invariant measure p. The mean velocity

V' is a function on the space of configurations C such that E,[V ()] =0, D = E, [(V(fo))ﬂ < 00

and such that 37 E,[V(&)V (&,)] converges. Then it is proven, under these weak conditions, that

ni% E;i]l V(&) converges weakly to a Brownian motion with effective diffusivity D.

3.2.2 A. De Masi, P. A. Ferrari, S. Goldstein and W.D. Wick’s approach

A. De Masi, P.A. Ferrari, S. Goldstein and W.D. Wick, in [MFGW89)], consider & (the configuration
state seen by the tagged particle) a stationary reversible Markov process (in continuous or discrete
time). The CLT is proven for functionals X; on the path space of £, indexed by intervals I, which
satisfy an additivity and an antisymmetry property.

Additivity says that Xjuy = X7 + Xy when I N J consists of a single point, and antisymmetry
requires X7(§) = —X1(Rc(§)), where R.(£) is the reflected sample path with R.(§): = &a.—¢ for ¢ the
midpoint of .

Moreover, it is show that the condition on the square integrability of the velocity function of the
process was unnecessary and the second condition of integrability of the velocity autocorrelation
function is automatically satisfied by considering only antisymmetric functionals of the process.
Indeed, in this paper explicit assumptions on mixing or decay of correlations are replaced by an
assumption on the symmetry properties of the variables under time reversal. Then it is proven that
an antisymmetric function Xg, of a time-symmetric, stationary, ergodic Markov process converge
to a Brownian motion with effective diffusivity matrix D when appropriately rescaled, in other words
€X[p,c—2q converges weakly to a Brownian motion as € | 0. In typical applications, X[gy is an
increment of a component made in time t and is obviously antisymmetric.

A simple example of such X; in the discrete time case when I = [k,n] is X[, ) = Z?;kl f &, &v1)
for a function f satisfying f(u,v) = —f(v,u) (for instance f(u,v) = v —w if £ is real-valued, in which
case X7 is the displacement over the time interval I)

A formula for the effective diffusivity D of the Brownian motion is given but it does not show that
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the limit process is nonsingular (D has strictly positive eigenvalues). This is one of the difficulties
in the applications however since no mixing conditions and only very few integrability conditions
are imposed this makes it easy to apply the results to a wide class of random motions in random
environments.

For instance

e A walker moving on the infinite cluster of the two-dimensional bond percolation model.
e A d-dimensional walker moving in a symmetric random environment

e A tagged particle in a d-dimensional symmetric lattice gas which allows interchanges.

e A tagged particle in a d-dimensional system of interacting Brownian particles.

For instance in [Tan93]; spherical obstacles are distributed on R?, where d > 2, according to

some Gibbs state with sufficiently small ”activity”. The CLT is proved for a random walk in R¢
with reflection on these obstacles. A similar conclusion is reached for the motion of a tagged particle
moving in a system of particles with hard-core interaction (note that the application is not direct
and needs some work).
In [Tan94] these spherical obstacles are distributed on R? at each point of a Poisson process. The
CLT is obtained for a reflecting Brownian motion on the cluster of spheres containing the origin of
the continuum percolation process under the measure obtained by conditioning on the event ”the
cluster containing the origin is unbounded”. The hard work is to show that the diffusion coefficient
of the limit process is strictly positive.

The first two main theorems of [MFGW89] will be given here in details.

3.2.2.i An invariance principle for reversible Markov processes

Let & be a (discrete or continuous time: ¢ € R or ¢ € Z) Markov process on a measurable state space
C (in applications the state £ of the Markov process represents the environment seen from a ”tagged”
particle).

Let 2 be the space of trajectories of the process. Let F; (index by intervals, I C R or I C Z), be the
o-algebra generated by &, t € I with F; = F_, 4. Let u be a measure on the configuration C and
[P, the law of the process £ on {2 with initial measure pu.

It is assumed that £ : [0,00) — C, € = £(t,w) is jointly measurable.

It follows that the probability semigroup P, : LP(u) — LP(u) given by

E,[f (&)1 F0) = Pif as. (3.5)

is strongly continuous (in ¢) in LP(u), for both p = 1 and p = 2 and thus can be associated a Dirichlet
form (€, D[€]) on L?(p).

Let 6, and R, denote the time-translation operator and the time-reflection operator (in 7) acting on
that space and defined by:

0-6)t) =&t —7),  (RE(t) =27 — 1) (3.6)

It is assumed that &; is reversible with respect to the invariant measure p, that is to say that P, is
invariant under R, for all 7.

It is also assumed that the process is ergodic with respect to p, that is to say that P, is ergodic
under the time-translation group.

Now let X; € RY be a family (indexed by intervals I = [a,b] € R or Z) of functionals of the
Markov process &, thus the X are assumed to be Fr-measurable random variables.
Moreover it assumed that



3. Normal Diffusion 26

e X; € L'(P,) for each bounded interval I.
i X[a,b} 00, = X[aJrT,bJrT] a.s.
e X;+ X = Xjyup a.s. when intervals intersect in exactly one point.

e In the continuous time case it is assumed that t — X; = X[g ) is an element of D([0, c0); R?)

The family X7 is assumed to be antisymmetric, that is to say X; o R. = —X; a.s. if ¢ is the
midpoint of .

The CLT will be proven for this family.

Increment form CLT Let X(= X|o)) be an Fjy-measurable, square-integrable, antisymmetric
random variable. Define

X,=Xo00,1, n=12,... (3.7)
[e=21]

Xf=e> X, (3.8)
n=1

Then as € — 0, X€ converges weakly in pu-measure to a Brownian motion wp starting from 0 and
with effective diffusivity D: that is to say for all bounded continuous function F on D([0, o), R%)
(the space of "cad lag” functions) equipped with the Skorohod topology as ¢ — 0.

E,[F(X)| =& — E(F(wp)) inpu probability (3.9)
Furthermore
lim B, [(X{)?] = Dt (3.10)
D is given by
D =E,[X?] —2(p, (1 = P1) o) (3.11)

where (.,.) is the scalar product on the space L?((2, i) and
¢ = E,[X|Fo] (3.12)

Both terms in 3.11 are finite; the second term is the dual Dirichlet form associated with the
self-adjoint, nonnegative operator 1 — P; and may be expressed in terms of a power series.

Integral form CLT Let X5 = Xjg 45 have values in R?. Assume that the mean forward velocity ¢
exists; that is,
1

5EM[X5\3’:0] = ¢(&o) (3.13)

lim

6—0

exists as a strong L' limit (p € L'(x) and has values in R?). In addition, assume that the martingale
t
0

is square integrable. Then ¢; € H~!, where H~! is the dual space of D[£] (the domain of Dirichlet
form associated to the Markov process ¢) in L?(u); and the following hold:
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1. Let the matrix D be given by (1 <i,j <d)
oo
Dij = Cij — 2/ (i, Prpj)dt (3.15)
0

where C' is the symmetric matrix determined by: for all [ € R?
1.1 =E,[(1.M)?] (3.16)

Let X§ = eX 24, and let wp be a Brownian motion with effective diffusivity D starting from
0. Then as ¢ — 0 the finite-dimensional distribution of X€¢ converges in p- measure towards
those of wp. Furthermore

lim E,.[(1.X5)?] = (1Dt (3.17)

2. If in addition, ¢ € L?(u) or, more generally, for some 7' > 0

sup |X;| € L*(P,) (3.18)
0<t<T

then as € — 0, X° converges weakly in p-measure to the Brownian motion wp.

3.2.3 Osada - Saitoh’s result

In [KV86] and [MFGW89] the Markov processes describing the media are symmetric and mean
forward velocities are functions. H. Osada and T. Saitoh, in [0S95], show that these conditions can
be weakened:

e the symmetry condition is relaxed to ”"near-symmetry” as embodied in the sector condition:

Call (£,D[€]) the non-symmetric Dirichlet form (see [MR92]) associated to the ergodic Markov
process & with stationary distribution y, then it is assumed that there exists a constant K > 1
such that for all u,v € D[E]

1€ (u, )| < KE(u,u)2E (v, v)? (3.19)

e The additive functional {X, ¢ > 0} of the Markov process is assumed to satisfy E,[|X;|*] < oo
for all ¢ and the following rather weak mean forward velocity condition:
For all p > 0, p-a.e. in the initial configuration £ the function

Xp(§) =p2Eg[/0 e P Xy|dt| < oo (3.20)

is well defined and an element of L?(u).
And the linear functional D[] 3 f +— [ fx,dp converges weakly as p — oo to an element ¢ of
the dual space D[E]

Under these assumptions, eX ¢+ converges in finite dimensional distributions in p-measure to the
2

distribution of a d-dimensional continuous martingale Z such that
< Z;, Zj >= Dijt Zy =0 (321)

where D is a constant matrix.

This result is applied to study homogenization of reflecting diffusion and tagged particles of infinitely
many particle systems with hard core interaction, where the additive functionals contain local time
type drifts and mean forward velocities are not functions. It is interesting to notice that in these
applications, the condition on the mean velocity and the strict positivity of the matrix D are ensured
by the strict positivity of an isoperimetric constant associated to the medium (direct geometrical
properties of the medium can be used to control the diffusion).
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3.3 Global Gaussian Bounds for diffusions

Central Limit Theorems are not the unique reason explaining why Normal Diffusion should appear.
As it shall be shown with several examples linked to second order elliptic operators, the diffusion
can be constrained to have a Gaussian behavior by analytical inequalities describing the geometrical
properties of its generator. A simple example will be given below: the Brownian motion in a bounded
potential drift.

In fact for a medium where a CLT takes place, usually, those analytical inequalities give Gaussian
bounds for the behavior diffusion when the time ¢ is small and the CLT gives the precise asymptotic
behavior of the Diffusion for large time by characterizing the convergence towards the limit process.
However if the medium is such that no CLT takes place, those Gaussian bounds remain valid and
allow to control the diffusion.

3.3.1 A simple example: Aronson’s estimates for elliptic operators in potential form

Let {P; : t > 0} be the semigroup associated to the second order partial differential operator:
1 L ovg,—2v
Ly = §A - VUV = 3¢ V(e ="V) (3.22)

With U € C*(R?) bounded, and with derivates bounded at all orders.
Under this assumption {P; : ¢t > 0} is the unique Feller continuous Markov semigroup on Cj(R?)
with the property that

(Po)(z) — b(x) = /0 [P.Lé)(x)ds, (t,) € [0, 00) x RY (3.23)

for all ¢ € C§° (RY). Moreover, under these assumptions, there is a function p € UZO:le)’O([%,n] X
R? x R?) with values in (0, 00) such that

md@%=wﬁ@WWLwa@) (3.24)
with
dmy (y) = e 2V Wdy (3.25)

p¢ is the transition probability density with respect to the measure my which is the invariant mea-
sure associated to the strong symmetric Markov process having for generator L and solution of the
Stochastic Differential Equation :

dyy = dw, — VU () dt
{yt we (v2) (3.26)

Y=
where w is a standard Brownian motion in R?

Now it will be shown that the transition probability densities p; are constrained to have Gaussian
Bounds. The key point leading to those bounds is the fact that U is bounded.

—2U(y) (4+d) Osc(U) L |z — gy
pe(z,y)e "W < Ce —exp (— Tt) (3.27)
t2
and
1 12
pi(z, y)e*QU(y) > e*Z—d exp ( — Zu) (3.28)

13 t
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with
7 — (10(4+d) Osc(U) (3.29)

Initially those bounds called ” Aronson estimates” [Aro67] have been proved for operators in the
divergence form

L=V.(aV) (3.30)

where a : R? — R ® R? is a measurable, symmetric matrix valued function which satisfies the
ellipticity condition

1

for some A € (0,1]. It constitutes a beautiful summary of the results contained in the sequence of
articles starting with those of E. De Giorgi [Gio57] and J. Nash [Nas58] and culminating in the article
by J. Moser. [Mos64].

Since then, several methods are available for the proof of those bounds. The basic ideas of the
adaptation of the method of E.B. Fabes and D. W. Stroock [FS86] to potential form operators
L = 1A — VUV and the method of Davies [Dav87], [Dav89] (which can also be adapted) will be
given below. The adaptation of the method of Fabes-Stroock can be found in [Sei98] (there are
several mistakes in the preprint version cited here but they can easily be corrected)

3.3.1.i The upper bound
The main point is to consider the semigroup {th, t > 0} defined by
PY¢(x) = e’ [Pi(e?)] (3.32)

Where 9 is a function to be optimized (this trick is due to Davies [Dav87]). This semigroup has a
kernel

p?(t,2,y) = e"@p(t, z,y)e W (3.33)

If one expect p to have Gaussian bounds then it is natural to expect that (when ¢ = l.z has a linear
behavior)

| Q

P!t x,y) < —eNW) (3.34)

vl

~+

for some number N(¢) and some C' independent of . It follows immediately that

p(t,z,y) < %e“y)"”(mw @) (3.35)
t2
And an optimization on 1 gives the upper bound (with 1 = l.z for some I € R? the optimization is
made on [). The hard point is to obtain the bound 3.34 and this is where the method of Faber-Stroock
differs with the one of Davies.

The Nash Inequality method The method of E.B. Fabes and D.W. Stroock is based on the following
Nash inequality: there is a constant C; € (0, 00) such that for all ¢ € L*(R%) N H'(R?)

2+4 4
”¢HL2(C&J:) < Cl ”v¢“%2(dm) ”¢“z1 (dz) (336)

This inequality is used to give an upper bound for the L?¢ norm of thgb for ¢ € [1,00) and ¢ €
Cg° (RY*. And for ¢ = l.z, this norm is big when ”the process has good chances of going far” thus
it is natural to find it in the strategy giving the upper bound for p(¢,z,y).
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The Log-Sobolev Inequality The method of Davies is based on the following Log-Sobolev inequal-
ity:
For all € > 0, for all € H' N L' N L*>®

| #mom(da) < [ [9oPm(da) + MOI6 gy

+ WHL?(m(dx)) {9 22 (1 (da))

(3.37)

Where the measure m(dz) is the Lebesgue measure for divergence form operators and the invariant
measure my (dx) for potential form operators.

The Log-Sobolev inequality for my can be deduced by perturbing the Log-Sobolev inequality for m
and noticing that this inequality compares the entropy of a squared function (for which a variational
formula is available and can easily be perturbed) and its Dirichlet form.

This inequality is also a consequence of the ultracontractivity property of P; that is to say

1P]|oc,2 < M® (3.38)

for all t > 0 where M(t) is a monotonically decreasing function of ¢t. The beauty of the proof of
Davies is to notice that the inequality 3.37 can be used and perturbed to obtain the LP Log-Sobolev
inequality for the operator associated to P¥.

P om(dn) < ep) [ (=" Le)o) e m(dn) + DO i)

o (3.39)
18I0 ey 12 191 L2 (a2
for all 2 < p < co. And the equation 3.39 gives an upper bound on the ||.||o 2 norm of th.
1P |loo2 < €M (3.40)
with
< *
t= [Totewdn. M= [Ty re)a (3.41)
2 2

The strategy of Davies is interesting because it is quite robust, allows to obtain sharp estimates and
leaves some flexibility in choice of €(p) and I'(p).

Actually the equivalence between logarithmic Sobolev inequalities and hypercontractivity is due to
L. Gross [Gro75]. Hypercontractivity is a smoothing property introduced in quantum field theory
that roughly describes that P, maps L? in to L* for some ¢t > 0. It actually gives rise to bounds
on the operator norm || P;|, 4 of P; from L7 into LP, 1 < ¢ < p < oo. The equivalence between
logarithmic Sobolev inequality and hypercontractivity is an important issue when studying rates of
convergence to the equilibrium are characterizing the spectral gap of the generator (see [Gro93)).
In fact, Log-Sobolev inequalities have become a major tool in analysis (this is particularly true in
infinite dimension) and a good survey [ABCT99] is available on the subject.

3.3.1.ii The lower bound

To obtain the lower bound, it is sufficient to prove that there exists ¢, co > 0 such that |z —y| < clt%
implies:

plt,z,y) > eat ™3 (3.42)

Then the chain rule says that

p(t,z,y) /B / T zl)...p(%_f_l’zn’y)m(dzl)...m(dzn) (3.43)
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where B ... B, are balls joining x to y and n an integer chosen in an optimal way to give the lower
Gaussian bound 3.28.

The hard and quite technical point is the proof of the inequality 3.42 and in the strategy of Fabes-
Stroock (and its adaptation to potential form operator in [Sei98]) is based on the following Poincaré
inequality: for all ¢ € C’g(Rd)

L (o = [ e oes) g <om [ Vo) Py (3.44)

There are other ways to prove the Gaussian bounds for diffusions associated to second other
elliptic operators.

3.3.2 Resolvent method

P. Auscher, in [Aus96], gives an other proof of Aronson’s upper Gaussian bound on the heat kernel
for parabolic equations with time-independent real measurable coefficients. This approach also gives
Gaussian bounds in the case of a complex perturbation of real coefficients and in the case of uniformly
continuous and complex valued coefficients.

The idea is to proceed from elliptic regularity theory to parabolic theory. The three steps of the
proofs are:

1. An improvement of regularity by iteration of the resolvent, the idea is to proceed from elliptic
regularity theory to parabolic theory.

2. The use of Davies’ method to obtain decay for the kernels by exponential perturbation

3. A contour integral from functional calculus and a rescaling argument

In [AMT98] P. Auscher, A. McIntosh and P. Tchamitchian consider the heat kernels of second
order elliptic operators in divergence form with complex bounded measurable coefficients on R,
difficulties which arise in the complex situation include the failure of the heat semi-group to be
contractive on LP spaces, the absence of symmetry or self-adjointness of the matrix a in 3.31. They
obtain Gaussian bounds (on the modulus of the heat kernel) without further assumption if d < 2.
It is interesting to notice that if d > 5, there exists ([AMT98]) operators with complex measurable
bounded coefficients whose heat kernels do not satisfy Gaussian bounds. However when the principal
part (the matrix a in 3.31) has Hoélder continuous coefficients when d > 3 Gaussian bounds are
proven.

3.3.3 Parabolic Harnack Inequality

An other way to prove Gaussian bounds on the diffusion associated to an uniformly elliptic operator
is through the Parabolic Harnack Inequality.

J. Moser, in [Mos64], proved a Harnack inequality for parabolic equations associated with second
order uniformly elliptic divergence form operators in Euclidean space in [Mos71] he simplifies his
proof. His approach has been used in many other situations because it rests only on two functional
inequalities (Sobolev and Poincaré inequalities).

Let © be an open domain in the Euclidean space R% and set H = T x Q where T is an open interval
on the real line. For (¢,2) € H Moser considers weak positive solutions of the parabolic equation

9 _
ot

where a is a bounded measurable symmetric real matrix satisfying 3.31. Choose a compact and
connected subdomain K of Q. Assume that T is the interval (T7,7%). Choose t1,to,t3,t4 such that

V(a(t,z)Ve) =0 (3.45)

T <t <tag<tyg <ty <y (3.46)
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Then Harnack Parabolic Inequality says that, there exists a constant ¢ > 1 depending only on H, K
and tl, t2, t3, t4 such that

sup p<cx inf ¢ (3.47)
(t1,t2)x K (t3,ta)x K

where the symbols sup and inf stand for the essential supremum and the essential infimum.

The Parabolic Harnack Inequality allows to prove Gaussian bounds in the heat kernel, in fact it
was the historical proof used by Aronson [Aro67]. This inequality is intuitively natural in the sense
that it says that if at time ¢ the supremum value of the heat in a compact set is above v then if
one waits until time the time t 4+ dt the heat would have diffused and lower bound the value of the
heat everywhere in all the compact set by cav. The Gaussian bounds are hidden in the law of power
between the time 6t = R? one have to wait and the size of the compact set (R is its radius when it is
a closed ball) if one wants the ratio ¢z to be independent of the size R (R? is for a Brownian motion
the expectation of the time needed to exit a ball of radius R).

It is interesting to notice that reciprocally Gaussian bounds on the heat kernel are sufficient to
prove the Parabolic Harnack Inequality [FS86]. Since the work of Moser an impressive number of
articles on the Parabolic Harnack Inequality have appeared and it would be foolish to list them all
here (see [SC95] for a good survey on the subject). P. Li and S. T. Yau, in [LY86], proved a sharp
Parabolic Harnack Inequality the Laplacian on complete Riemannian manifold whose Ricci curvature
is bounded below. Their proof are primarily based on the Bochner Weitzenbock formula

—A[V]* +29(Ve, VAG) = 2(| Hess ¢|* + Ric(Ve, Vo)) (3.48)

which partly explains the role played by the Ricci curvature.

In [Nag92] their method has been adapted to potential form operators %A - VU.V.

Actually the parabolic Harnack principle for divergence form second order operators is characterized
by two simple geometric properties:

1. The Poincaré inequality

2. The doubling property

3.4 Connections between geometric properties of the generator and the control on
the diffusion

As it is starting to become clear, there exists deep and fruitful connections between the geometry of
the operator associated to the diffusion and controls on that diffusion (see [Led00], [SC95], [Bak94],
[Var91], [Dav93] for good surveys on the subject).

Consider the Dirichlet form (€, D[£]) associated to a strongly continuous Markov semigroup P; and
assume that this semigroup possesses a nice kernel p(t,z,y) (see [CKS87] and [Var91] for instance
for the properties given here). Then the following uniform estimate on decay of the heat kernel

p(t,z,y) < (3.49)

[V][~%

t

is equivalent to the Nash inequality

374 < CE(¢, 0)||8lI¢ (3.50)

moreover for d > 2 a basic theorem of N. Varopoulos ([Var91]) shows that the Sobolev inequality

16ll5_a_ < C2€ (e, ¢) + Csl613 (3.51)
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is equivalent to the decay 3.49 of the heat kernel for all ¢ > 0 if C5 =0 and 0 < t < tg elsewhere.

It is interesting to notice that Sobolev inequalities such as 3.51 are actually parts of more general
families of inequalities considered by E. Gagliardo and J. Nirenberg in the late fifties (see [Led00] for
this part):

g _

1l < (Allll3 + BE(@,¢)) 2 [0~ (3.52)
where 0 < r,;s < oo, 0 € (0,1]. These families describe in an unified way several inequalities that
appeared in the literature (Nash inequality, logarithmic Sobolev inequality, ... ). Various cases have
to be distinguished according to the value of the parameter p # 0 defined by

1 6 1-0
S =24 (3.53)
rop S

which should be considered as a dimensional parameter (according to examples of R? for which

% = % — é) The choice of r =2,s=1,0 = #‘lQ yields the Nash inequality

2

lel2te < (Allll3 + BE(9, ¢>)||¢H§ (3.54)

used by J. Nash [Nasb8| to prove the Holder regularity of solutions of divergence form uniformly
elliptic equations.

In the subsequent work on the subject [Mos64], J. Moser considers r = 2 + %, s=2and 0 = #‘IQ.

It is interesting that for » = 2 and 0 — 0, 3.52 yields the logarithmic Sobolev inequality

[P i) < §ualol + Be.0) (355)

for all ¢ with ||¢||3 = 1 which is also implied by the Nash inequality 3.54.

3.5 The Dirichlet form revisited

Set for instance &£, D[€] a symmetric strongly local Dirichlet form on a real Hilbert space L?(X,m)
(X is a locally compact separable Hausdorff space and m is a Radon measure with support X)(see
[Stu96] for this paragraph, see also [JKM198], [Stu95]). That is to say (strongly local) &(u,v) = 0
whenever u € D[€] is constant on a neighborhood of the support of v € D[E]. Any such form can be
written

E(U,v):/xdf(u,v) (3.56)

where I' is a positive semidefinite, symmetric bilinear form on D[€] with values in the signed Radon
measure on X (the so-called energy measure). It can be defined by the formulae

/ Gdl (u, u) = E(u, pu) — %5@2, ) (3.57)
X

for every u € D[E(u,u)] N L>°(X,m) and every ¢ € D[E] N Cy(X) For instance for the operator
L= %A — VUV this energy measure is

dl' (u,v) = Vu(z).Vo(z) e V@ dz (3.58)
Define Dyoe[€] = {u € L? (X, m); I'(u,u) is a Radon measure}

loc
The energy measure I' defines in an intrinsic way a pseudo metric p on X by

p(x,y) =sup{u(x) —u(y) : u € Dy [E] N C(X), I'(u,u) < mon X} (3.59)

The condition I'(u,u) < m in 3.59 means that the energy measure I'(u,u) is absolutely continuous
with respect to the reference measure m with Radon-Nikodym derivate %F(u, u) < 1.

Assume also that & is strongly regular that is to say: (£,D[£]) is regular and p is a metric on X
whose topology coincides with the original one.
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3.5.1 Local Properties

Fix arbitrary open subset Z C X. In the sequel it will be shown that local properties (on Z) of the
heat kernel (which is defined on the whole space X) associated to the Dirichlet form (€, D[£]) are
closely connected to local properties (on Z) of the Dirichlet.

Property 3.5.1. Z is said to verify the completeness property if for all balls Be, C Z the closed
balls B,(x) are complete (or, equivalently compact here because of the strong regularity)

Property 3.5.2. m is said to verify the doubling property if there exists a constant d = d(D[£])
such that for all balls By, (z) C Z

m(Bay(x)) < 2%m(B,(x)) (3.60)

The number d (when it is optimized) plays the role of the dimension of the space Z and it can be a
fractional number.

Property 3.5.3. & is said to verify the (weak) Poincaré inequality if there exists a constant Cp =
Cp(Z) such that for all balls By, (x) C Z

/ lu — g |*dm < Cp.r2/ dl(u, u) (3.61)
Br(m) BQr(m)

for all w € D[E] where uy, = m fBr(m) udm.

Write L the negative self-adjoint operator associated to (£, DI[E])

Property 3.5.4. The operator L — % is said to verify the Parabolic Harnack inequality if there
exists a constant Cy = Cy(Z) such that for all balls By, C Z and allt € R

sup u(s,y) <Cgx inf u(s,y) (3.62)
(s:y)€Q™ (s.y)eQ*

whenever u is a nonnegative local (weak) solution of the parabolic equation (L — %)u =0onQ=
(t —4r2,t) x Boy(x). Here Q= = (t — 3r%,t — 2r?) x B.(x) and QT = (t — r?,t) x B.(x)

(to be precise one should replace the extremum by the essential extremum however the Harnack
Parabolic inequality imply the Holder continuity of the local solutions in the equivalence sense).
Consider now {(&;, D[]} er a family of regular, strongly local and symmetric Dirichlet form (with
same domain as £) uniformly parabolic with respect to in the initial Dirichlet form £ in the following
sense: there exists a constant x such that for all u € D[] and all t € R

%S(U,,u) < E(u,u) < KE(u,u) (3.63)

The negative semidefinite selfadjoint operator on L?(X,m) associated with the Dirichlet form & is

denoted by L; and their family defines a parabolic operator L; — %.

Property 3.5.5. The parabolic operator L; — % (defined above) is said to wverify the Parabolic
Harnack inequality if for all kK > 1 and all o, B,7v,0,e ER with0 < a< f<y<dandd<e<2sa
constant Cf; = C(Z) such that for all balls By, C Z and allt € R

sup u(s,y) <Cgx inf u(s,y) (3.64)
(s:y)€Q~ (s.y)eQ*

whenever u is a nonnegative local (weak) solution of the parabolic equation (L; — %)u =0o0on@Q=
(t — 6r2,t) x Bap(x). Here Q= = (t — yr2,t — Br?) x B (z) and QT = (t — ar?,t) x Be.(x).
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3.5.2 Connections between these properties

In [Stu96] it is shown that
Theorem 3.5.1. Under the completeness assumption 3.5.1 the following are equivalent:
1. The doubling property 3.5.2 and the Poincaré inequality 3.5.3 hold true on Z.

2. The parabolic Harnack inequality 3.5.4 for the (time-independent) operator L — % on R x Z
holds true.

3. The parabolic Harnack inequality 3.5.5 holds true for the all (time-dependent) operator L;— %
on R x Z which satisfy 3.63.

The parabolic Harnack constant Cg in 2 can be chosen as Cg(d,Cp), i.e., only to depend on
the doubling constant d and the Poincaré constant Cp. The constant C7}; in addition depends on
the parabolicity constant and the parameters «, 8,7, d,e. In the converse direction, both constants
d and Cp in 1 can be chosen to depend only on the parabolic Harnack constant Cy for L — % (e.g.

d =481 and Cp = C%.29)

It was a general knowledge quite a long time that it suffices to have a doubling property, a Sobolev
inequality and a Weighted Poincaré inequality in order to prove parabolic Harnack inequality (for
sub elliptic operators on R? or for Laplace-Beltrami operators on Riemannian manifolds) using the
method of Moser. Only recently, independently Grigor'yan [Gri92] and Saloff-Coste [SC92] could
prove that (at least in Riemannian geometry), a doubling property and a Poincaré inequality already
imply a Sobolev inequality. Indeed here the following theorem is true ([Stu96])

Theorem 3.5.2. Assume that the completeness 3.5.1, the doubling 3.5.2 properties and the Poincaré
inequality hold true and put d* = max(d,3). Then there exists a constant Cs = Cs(Z) such that for
all balls By, (x) C Z

Jo
Br(x)

for all w € DIE]NCo(By(x)). The constant Cs can be chosen to be f(d).Cp where f(d) depends only
on the doubling constant d.

24* r2
*~Tdm < Cg

—_— U, U r—2uldm .
BLE Joy (T ) a6

Moreover under the completeness assumption 3.5.1 if doubling property 3.5.2 and the Poincaré
inequality 3.5.3 hold true on Z using the parabolic Harnack inequality 3.5.5 one easily derives point-
wise estimates on R x Z for the fundamental solution p(¢,y, s,x) of the parabolic operator L; — %
on R x X satisfying 3.63. [Stu96] For every e > 0 there exists a constant C' depending only on
d=d(Z), Cp = Cp(Z) and € > 0 such that the following estimate holds true for all points (¢1, 1)

and (tg,yg) € RxY with t1 < ¢9.

2
Plta, s t1,0) < Con™ (B (1) exp ( — 0 ergil(tin_) tl)) (3.66)
and
1 -1
P(tQ,QQ,h,yl)ZE-m (B (1))
(3.67)

2
P> (Y1, y2) Ck
. eXp ( — Cﬁ#) exXp ( — ﬁ(tQ — tl))

()

Here ts = inf{ty — t1, R2} and t; = inf{ty — 1, R?} with Ry = inf{p(y1, X \ V), p(y2, X \ Y)} (being
+ooif X =Y) and R; = info<s<1 p(7(s), X \Y) (7 is the geodesic of length p(y1,y2) joining y; to y2).
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If Y = X and Ly = L then p(te,y2,t1,y1) = p(ta — t1,y2,y1) where p(t,y,x) is the heat kernel
associated to L and

2(z
plts.9) < Con™ (B gta) exp - 100 (3.68)
and
2(z
p(t,z,y) > é.m_l(B\/z(:C)).exp ( - C%’y)) (3.69)

3.5.3 Important remarks

e Fabes and Stroock, in [F'S86], have given a strategy (modeled on an argument given by Krylov)
to deduce parabolic Harnack inequality from Gaussian bounds. But here [Stu96] it is shown
that the parabolic Harnack inequality is equivalent to the doubling condition and the Poincaré
inequality . This means that for the range of diffusions for which the strategy of Fabes-Stroock
can be applied, Gaussian bounds on the diffusion with respect to the measure p are equivalent
to the doubling condition for the measure m and the Poincaré inequality for the Dirichlet form

(€, DIED).

e The distance p 3.59 issued from the energy measure appears as the intrinsic object describing
the Gaussian behavior. However if the diffusion takes place on R?. All that is needed on p
is that its topology coincides with the FEuclidean one but this does not necessarily mean that
the two distances are equivalent. This would mean that although the diffusion may have a
Gaussian behavior with respect to the distance p; its behavior with respect to the Euclidean
distance can be not Gaussian (anomalous). In other words if one has doubling condition and
Poincaré inequality and the relation between p and the Euclidean distance is not linear then
the diffusion reflects an anomalous behavior with respect to the Euclidean distance.

e The initial assumptions on m (positive Radon measure) and the Dirichlet form (symmetric,
strongly local and regular) are quite weak in the sense that they allow to consider a wide range
of diffusions.

e The parabolic Harnack inequality is a local property obtained from local estimates (Z is an
open subset of X)) with global consequences (bounds on heat kernel). And when the strategy
of Fabes-Stroock holds, the global consequences give back the local properties.

Now,consider for instance the diffusion 3.26 associated with the operator L = %A — VUV on
L*(R?Y e=2Udx) with U € C®°(R%) (not necessarily bounded). Then it is easy to see that p is the
Fuclidean distance

p(z,y) =2lz —y| (3.70)

This means, that if e72V(*)dz satisfies the doubling condition and £(f, g) = 3 Jga Vf(z)Vg(z)e 2V
satisfies the Poincaré inequality then the diffusion shows Gaussian behavior.

Conversely on every open subset Z of R, U is bounded and it is easy to see that the strategy of
Fabes-Stroock can be applied to obtain a parabolic Harnack inequality.

Thus the Gaussian behavior of the diffusion 3.26 is equivalent to the doubling property of the mea-
sure my(dz) = e 2U(*) dz with the same doubling constant d everywhere and the Poincaré inequality
(with the same constant Cp everywhere.)

Actually in that situation the behavior of the heat kernel p(t,z,x) on its diagonal is governed by the

behavior of ———— which is in - for ¢ small since U is smooth and is controlled by the volume
my (Bt (z)) t2

growth associated to my for ¢ large.
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3.6 Control of the Green function

There exists an other way to characterize the "normality” of a diffusion (remember ”"normality” is
defined with respect to the Brownian motion). This is done through the expectation E;[7(z,r)] of
the time 7(x,r) put by the diffusion starting from x to exit a ball B,.(z) of center x and radius r.
For a Brownian motion this expectation grows like 7% with the radius of the ball, thus it is natural
to set a criterion of normality the following property:

Criterion 3.6.1. for all z there exists C and C5 such that for all » > 0 (or r > 79 >00r 0 < r <m
depending on the range of an observation)

Cir? < E [r(z,7)] < Cor? (3.71)

At the first sight this control might seem weaker than a control on transition probability densities,

however it will be shown that it has strong consequences on those densities (if it holds for a wide
range of radius r and the beginning of the sentence is inverted: "there exists Cy and Cs such that
forall x ... 7).
In the sequel it will be shown through a simple example that the exit times can be obtained from a
control on the Green functions associated to the given diffusion killed when exiting B, (z). In this
process, normality reflects an uniform equivalence in the comparison of the given operator L with
the Laplace operator A in an equilibrium sense.

3.6.1 A simple example

Consider now the usual simple example of the diffusion y; 3.26 associated to potential form operator
Ly = $A = VUV (U € C>®(R%)).

For simplicity of the notations the exit times will be characterized for balls centered on the origin O.
Call G, (z,y) the Green function associated to the divergent form operator —V(e*QUV) on the open
ball B,.(O) with Dirichlet conditions on 0B,(O).

—V(efQUVGr(:c, y)) =6(z —y) (3.72)

Then it is easy to see that the expectation of the exit time 7(O,r) is given by the solution 1 of the
Poisson equation

Ly =—1 (3.73)

with Dirichlet conditions on 0B, (0O). Thus

E.[r(0,7)] = 2/ G (2, y)e 2V Wy (3.74)
-(0)

This means that a control on the Green functions gives a control on the exit times.
Write H,(z,y) the Green function associated to the Laplace operator on B, (0).

G. Stampacchia, in [Sta66] (see also [Sta65], the proof is beautiful), shows that there exists a
constant Cy > 0 depending only on the dimension d > 3 such that (for x # y).

1 Ca0ser(U)y o Gr(@,y) C Oser(U)
J— — T < < d T .
, exp( Cye ) S H(oy) = Cyexp (C’de ) (3.75)
where Osc,(U) = supp, (o) U — infp, 0y U.
Thus
= exp (— CgeCe905cr )2 <o [7(0,7)] < Cyexp (CgeCa OscrU))2 (3.76)

Cq
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And if U is bounded then exit times exhibit necessarily a normal behavior.
Actually there is mainly two ways to obtain such a control on the Green functions. The first one
is through the parabolic Harnack inequality, however the proof is unsatisfactory in the sense that
dynamical properties of the operator L are used to deduce an equilibrium property. The second one
is through the Harnack inequality (see [Sta65], [Anc97], [GW82], [Pin89)).

The Harnack inequality reflects an equilibrium property of harmonic functions: Given a second
order differential operator A, it is said that A satisfies the Harnack inequality in the domain Q C R,
if for each compact K C €2, there exists a constant C' = C'(K,€) such that any positive A-harmonic
function w in 2 satisfies

supu < C'infU (3.77)
K K

Note that the parabolic Harnack inequality implies the Harnack inequality, the idea behind this
implication is that the reproduction at each time of the same harmonic function is a solution of the
heat equation. For long it was conjectured that Harnack inequality should actually be weaker than
its parabolic version but it is only recently that a counter-example has been proposed.

In a sense the parabolic Harnack inequality reflects the comparison between the heat kernel of
the given diffusion with the one of the Brownian motion and the Harnack inequality reflects the
comparison between the given operator L with the Laplacian A in terms of Green functions.



4. ANOMALOUS DIFFUSION

4.1 Anomalous Diffusion

A diffusion said to be anomalous when one of the criterion 3.1.1, 3.1.2 3.1.3 or 3.6.1 given in previous
chapter is not satisfied. Actually, among physicists the breaking of the Fick law is the most popular
criterion of anomaly. More precisely when the square displacement of the diffusion X; grows like a
power of the time.

E[X?] ~ t¥ (4.1)
The diffusion is said to be
e normal for v =1
e sub diffusive for v < 1
e super diffusive for v > 1

The study of anomalous diffusions is an active field of research and each year an important numbers
of articles from applied to theoretical (rigorous and heuristic) sciences appear on the subject. It
would be foolish to give a complete panorama of the subject here, several good surveys are available:
S. Havlin and D. Ben-Avraham [HBAS87]; J.-P. Bouchaud and A. Georges [BG90] and M.B. Isichenko
[Isi92]. An interesting review of recent articles can be found in the XI Max Born Symposium (1998)
[PSW99].

For recent articles in physics, see also [CHS97],[PM96],[GOYK96],[BRCI6],
[BF96],[vBDY5],[KLLQYS],[Zan98], [VZP9S],[VJO98],[Y198],[SDI6], [As196],
[WUS96],[CMMGV99],[Sai00], [YR99],[DJ96],[Art97], [[IA9S],[Leb9s],
[Tom98],[WT99].

The sequel will focus mainly on sub diffusive behavior.

4.2 Some Models

The purpose of this section is to present some models of anomalous diffusion. However those models
do not have a direct and clear link with the diffusions in multi scale media considered in this work.
They are here just to show that other types of causes might generate the anomaly of a diffusion (and
the panorama is far from being complete). That’s why it is strongly advised to avoid this section in
a first lecture in order to not loose the thought path of this thesis.

4.2.1 Trapping Models

Trapping models are an example of anomalous diffusion due to long waiting times. Consider a random
walk on a regular lattice (Z? for instance), such that the particle has to wait a time 7(x) on each site
x before performing the next jump (see [BG90]) on a neighboring site (the size of the jump is of size
1 here but it can chosen at random). This waiting time is a random variable independently chosen
at each new jump according to the same distribution ¥ (7).
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Given N(t), the number of steps performed by the walker during the time ¢; the mean (with respect
to the chosen path) square displacement of the walker is

Epath [th] =d N(t) (42)
Here t is chosen to be the sum of the N waiting times encountered
N
t=> 7(Xn) (4.3)
n=1

When the expectation of the waiting times is finite: E[7] < oo then the diffusions follows the Fick
law
t
E[X?] ~d —— 44
[ t] E[T] ( )
However when (1) is a broad distribution (E[r] = oo) this leads to sub diffusive behavior.
For instance when the tail of 1) behaves like

(1) = ) (1 5 o0) (4.5)
with 0 < ¢ <1 then ¢t behaves as
t~ ToN# (4.6
and
() (0<p<l)
EXH ]~ ™ 4.7
SRS I (4.7

4.2.1.i Comb like structures

Comb like structures constitutes a geometrical example of trapping models and in spite of their ap-
parent simplicity they are reasonable models for disordered media. Imagine on R? ((z,y) coordinates)
a random walk moving on the (0,z) axis. At each point z,, = ne; (n € Z) of this axis is attached
a tooth (parallel to the (0,y) axis) with length L(x,). The teeth length are independent random
variable chosen at site according to the same distribution.

The teeth of this of this comb behave as a trap in which the particle stays for some time before
continuing its random motion and if E[L] = oo then the diffusion shows an anomalous behavior
which can be characterized by the relation between the distribution of the waiting time 7 and the
size of the teeth L.

For infinitely deep teeth (L = oo) the waiting time distribution (1) is simply the waiting time dis-
tribution of the first return time at the origin (the entrance of a tooth) which decays as 773 for a 1d
Brownian motion. And according to the discussion on trapping models 4.2.1 this broad distribution

(1t = % see 4.5) the comb like geometry induces an anomalous diffusion along the (0, z) axis with

E[X2 ~ t3] (4.8)

4.2.1.ii Sub diffusive behavior of random walk on a random cluster

In [Kes86] H. Kesten consider a random walk X,, on the ”incipient infinite cluster” of two-dimensional
bond percolation at criticality and proves that for some e > 0, the family { X, } is tight. This

shows that X, has sub diffusive behavior. The result is obtained by looking at the incipient cluster as
a comb structure: the embedded random walk is analyzed on a sub graph of the percolating cluster
called the backbone. Attached to the backbone are ”dandling ends” (the teeth of the comb) which
are of no help for X, to get far out. If the random walk enters a dandling end it has to return to
the backbone in order to go to infinity. The time spent in the dandling ends is responsible for | X, |

-

. 1
growing slower than n2.
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4.2.1.iii A. Sznitman results

Imagine the following trapping model. A Brownian motion is evolving in R? with random compact
traps (with non-void interior, closed balls for instance with strictly positive radius) distributed ac-
cording to a Poissonian law below criticality. Imagine that the waiting time associated to each trap is
a.s. infinite. Then the Brownian motion will a.s. be trapped in a finite time where the diffusion will
be stuck forever (the Brownian motion is killed). For the moment it is not very interesting indeed,
but imagine now that you observe the Brownian motion conditioned on the fact that it hasn’t been
killed. Then the striking, beautiful and rigorous result of A.-S. Sznitman (see [Szn99]) is that this
conditioned diffusion evolving in the quenched disorder has a ballistic behavior.

The typical image obtained is the following: At time t the particles (associated with the diffusion)
who have survived have traveled a distance W to find clearings of radius (In t)% without any ob-
stacle (created by the Poisson process). Those clearings are very small compared to the distance
traveled and far from each other (pinning effect). Moreover the survival clearings change quickly

with the time (intermittence).

4.2.2 A one dimensional model
4.2.2.i F. Solomon’s results
F. Solomon, in [Sol75], consider a random walk X,, on Z, such that

P[X,p1 = Xp + 1| X0] = ax, (4.9)

]P)[Xn—i—l = Xn - 1‘Xn] =1- ax, (410)

Where {«a,, = € Z} is a sequence of independent, identically distributed random variables with
0 < a, <1 for all z. Then the behavior of the random walk is analyzed on the quenched random
environment ({ay} is fixed). The relevant parameter for the behavior of the walk is

1«

(4.11)

g =
«

indeed

e for E[lno] < 0, lim X,, = co a.s. (with respect to the probability measure on the environment)

e for E[lno] > 0, lim X,, = —oc0 a.s.
e for E[lno] =0, {X,} is recurrent. Moreover liminf X,, = —oco and
limsup X,, = o
Moreover
o Efo] < 1, implies lim 32 = i%m a.s
e Elc7!] < 1, implies lim £z = —}J_FEZ:H a.s

e E[o]™' <1< E[o™], implies lim £2 = 0 a.s.

n

An interesting result of Solomon is the slow approach to infinity. In the case lim X,, = oo a.s. but
lim % = 0 a.s. the problem is simplified by considering the case where o, can take only two possible
value 0, = 0 or 0 (with 0 < # < oo fixed). More precisely a, = 1 with probability v and «, = 11W
with probability 1 — v. The points = such that o, = 0 are barriers reflecting to the right. The
principal advantage of this scheme is that the random walk can be decomposed into independent
excursions from one barrier to the next.

Then
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e If v0 =1 then érfnno X, converges in probability to %
e If 70 > 1 then along a subsequence % (where p = —ﬁ—z < 1) converges in distribution to a
non degenerate random variable.

4.2.2.ii Y.G.Sinai's results

Y. G. Sinai, in [Sin82], consider the previous model analyzed by F. Solomon under the assumption
oz, 1 — ay > const > 0 and

E[lno] =0 (4.12)

It is shown that under these conditions, the random walk has an ultra slow behavior and X, takes
on value of order (Inn)%. Moreover as n — oo, the probability distribution for (h)l(—g)Q becomes
concentrated in an arbitrarily small neighborhood of some point depending on the realization {«, }.
More precisely for given €,§ > 0; for all sufficiently large n there exist a set A, in the space of
configurations of the medium {«,} and a point v, = v, (§) for each £ € A,, such that P(A4,) > 1—a,

and for £ € A,

P(| (151(7:)2 —vp| <d) =1 (4.13)

as n — oo uniformly in £ € A,,. As n — oo the probability distributions for v, converge weakly to
some limit distribution.
This ”ultra slow” diffusion is explained by the fact that randomness generates long barriers of «,
pointing in the direction opposed to the progress of the diffusion and very difficult to cross. Moreover
the longer the distance that the diffusion wants to go is, the longer are the barriers encountered by
the diffusion on his way.

4.3 Fractal Models

Fractals form a tool used by physicists to model the geometrical structure of disordered media. The
most appealing property of fractals is their self-similarity, or scaling, meaning that some parts of
a whole are similar after scaling, to the whole. For fractals involving random element, one speaks
about a statistical self-similarity, meaning equivalent, after the proper rescaling, statistical distribu-
tions characterizing the geometry of a part and of the whole fractal an example of random fractal is
the infinite cluster near the percolation threshold.

It is important ([Isi92]) to note that virtually no physical object in real space qualifies for the formal
definition of a fractal involving a nontrivial Hausdorff dimension, because each physical model has
certain limits of applicability expressed in the length scales involved. Instead, physical fractals are
defined as geometrical objects having sufficiently wide scaling range [lmin, lmax] specifying the length
scales of self-similar behavior. As soon as the ratio lyax/lmin becomes a large parameter, one can
speak about a fractal.

Thus physicists have been interested by the problems such as random walks, diffusions, heat propa-
gation or waves propagation in fractals in order build models of transport problems in geometrically
disordered media [RT83].

This interest grew up with the following observation: Whereas in an Euclidean space the relevant
parameter entering in the scaling law between the energy e and the density of states N'(e¢) on the
substrate is the dimension of the space d.

N(e) ~ ez
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On a fractal substrate the relevant parameter is not its Hausdorff dimension d; but a constant d,
called fracton or spectral dimension.

This constant is different from dy and its nature is analytical. This is translated the mathematical
point of view by the scaling law between the Weyl distribution function associated to the Laplace
operator defined on the fractal. For instance the Laplace operator defined on the Lo functions of the
Sierpinski pyramid is self-adjoint, it has a discrete spectra { A}

O<A S A< <A<

and Kozlov, in [Koz93], shows (we write N(A) = card{\; : Ay < A}) that there exist C,Cy > 0 such
that.

ds ds
CiA2 < N(A) < CoXe
The fracton also enters in the power relation
ds
S(N)~Nz2

between the number of distinct sites S(NN) visited by a random walk on the fractal S(N) et and the
number of steps N.

Moreover from an analytical point of view, ds also plays the role of the relevant parameter which
enters in the study of the heat kernel or the Sobolev Inequality (which is the dimension of the space
if the former is Euclidean).

Indeed the Sobolev inequality which in R? for d > 2, p = 2% fin H'(R?) is

1fllp < el Vfl2

In the Sierpinski sponge [BB97] this inequality is valid with p = %
The Sierpinski Gasket The study of those properties have lead to numerous studies in mathemat-
ics. The first constructions of a diffusion have been given on the Sierpinski Gasket by Goldstein,
Kusuoka and Barlow-Perkins ([Kus87], [Gol87] and [BP88]). The pathwize construction of a diffusion
on the Sierpinski carpet have been given by Barlow-Bass [BB89]; and the Dirichlet form construction
by Kusuoka Zhou [KZ92]. The main difference between those two fractals is that the first finitely
ramified (a removal of only a finite number of points is required to disconnect a subset of the fractal)
and the second not (this makes analysis much more difficult); for instance although the unicity of the
diffusion on finitely ramified fractals has been obtained by C. Sabot, it remains an open problem for
the Sierpinski carpet. Although these objects have strong symmetries and are perfectly self similar
the mathematical tools used are far from being trivial, and they constitutes examples on which a
precise analysis can be undertaken in order to infer properties on more general fractals.

Actually physicists have used numerous parameters to characterize fractals [HBA87]. In addition
to the Hausdorff dimension and the spectral dimension, the ramification can be finite or infinite, the
lacunarity describes the degree of homogeneity of the fractal, the chemical exponent © describes the
scaling law between the number of links connecting two points on a fractal along the chemical path
(minimal path) between them.

One of the important properties of diffusions or random walks on the fractals is their sub-diffusive
behavior: Thus for a random walk on the Sierpinski gasket the mean square displacement < R?V >
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after N steps behaves as N 4 where dy > 2 is called the dimension of the walk (because for the
Sierpinski carpet d,, is really the fractal dimensionality of the path of the random walker).
Thus in [BB97] the Brownian motion X; on the Sierpinski sponge verifies

2 9 2
citdv < E | Xy — z]” < cotdw

And its transition probabilities densities are controlled by :

—d ’dw 1 —d

Cit T exp(—@(w%)m) < p(t,a,y) < Cot T exp(—cz»,(’y%

e

)7

T)

Random Fractals Random fractals constitute the next step in degree of complexity in the field of
constructions of Brownian motion on fractals.

Thus M.B. Hambly, in [Ham97], construct a Brownian motion on a random recursive Sierpinski
gasket; in which the symmetries and self-similarity are preserved only in a statistical sense but the
object is not spatially homogeneous, the object is seen as a Galton-Watson process. The spatial
inhomogeneity in the structure leads to oscillations and logarithmic corrections for the heat kernel.

B.M. Hambly, T. Kumagai, S. Kusuoka and X.Y. Zhou, in [HKKZ98]|, consider construct a Brownian
motion on homogeneous random Sierpinski carpets (those objects have spatial symmetry but their
self similarity is statistical), for fixed environment the process is constructed and anomalous control
on the transition density is obtained. Here a coupling argument plays the key role to obtain an
uniform Harnack inequality. Just as for the random gasket, there are greater oscillations in the heat
kernel than that observed in the exactly self-similar case. It is interesting to note that the natural
distance involved is the chemical path (it interesting to compare this with the notion of intrinsic
metric associated to a Dirichlet form given in the first chapter).

H. Osada, in [Osa98], announce the construction of a diffusion process on a fractal "bubble” like
media, the process lives on the surface of the bubbles and its speed depends on the size of the bubble
so that the limit process has a Gaussian behavior.

Whereas Barlow-Bass have obtained the limit process through a pathwize construction and tightness,
in all those constructions in random fractals the existence of the limit process is obtained by the
existence of a limiting regular Dirichlet form on the fractal (Kusuoka-Zhou [KZ92] approach) which
is also a natural method for constructing processes on finitely ramified fractals.

4.4 The Sierpinski carpet

The Sierpinski carpet is the fractal subset of R? defined as follows. Divide the unit square Fy into
nine identical squares, each with side of length % and remove the central one to obtain Fj. Divide
each of the remaining eight squares into nine identical squares, each with sides of length % and
remove the central one to obtain Fy (see figure 4.1). Call F,, the set which is left when n stages
of the construction have been done. Sierpinski Carpet F' is the fractal subset which remains after
continuing this process indefinitely (n — o0); it is a closed set with zero Lebesgue measure and
Hausdorff dimension {E—g.

M.T. Barlow and R.F. Bass, in [BB89], have given a construction of a Brownian Motion on

the Sierpinski carpet; this important paper was the first example of a rigorous construction of a
Brownian Motion on an infinitely ramified fractal. The properties of this process are analyzed in
[BB90a], [BB90b], [BB92] and [BB93a]. In [BB97], they extend their work to the Sierpinski Sponge
thanks to a beautiful coupling argument that allows them to prove the crucial uniform Harnack
inequality for d > 3.
S. Kusuoka and X.Y. Zhou, in [KZ92], adopt a different approach, they construct a Brownian motion
on a graphical approximation of the Sierpinski carpet through the Dirichlet form (their proof is valid
for superior dimensions) which play the key role for proving the self similarity of the law of the limit
process trough a deterministic time change.
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Fig. 4.2: The Sierpinski sponge

An alternative approach is the one of H. Osada [Osa90], [Osa95], [Osa99]; this point of view is
interesting because the process is constructed and characterized thanks to isoperimetric and analytical
inequalities.

In the sequel the idea of the proofs used by Barlow-Bass will be given as an introduction to the
subject (mainly taken from the above articles of Barlow-Bass and the survey written by R. F. Bass
[Basar]). Basically there are two layers in those proofs, the first layer directly use the very strong
self similarity and strong symmetries of the carpet. The second layer is more abstract and general
(its development has started with the papers about Brownian motion on the Sierpinski Gasket).
Although in the above papers the first layer act as the foundation of the second one, in the sequel,
the second layer shall be focused on since it constitutes the part which might be generalized to other
fractals. Although Barlow-Bass have extended their proofs to the ”generalized Sierpinski carpet”
[BB97](one can have d > 3 and a symmetric ”pixel” pattern taken out from the cube at each stage

of the self-similar construction) the sequel will focus on the standard Sierpinski carpet for simplicity
(d=2).

4.4.1 Construction of the process

It is not hard to constrain the Brownian motion to be in the set F},: more precisely define 9, F), ("a”
for absorbing) to be F,, N{(z,y) : # =1ory = 1}. Let 9, F, ("r” for reflecting) be OF, — 0, F,, (OF
is the boundary of F).

Let W, (t) be a Brownian motion on F), with normal reflection on 9, F,, and absorption on 9,F,.
Thus the process W, is reflecting on the left and lower boundaries of F),, and on all the n scales of
square obstacles inside it and is absorbed on the upper and right boundary of F,.

But as more and more obstructions are introduced, the mean displacement of the Brownian motion
gets smaller and smaller; it the limit one has only a process that moves not at all. If however,
one performs a renormalization at each stage, that is, if at the nth stage one speeds up the process
deterministically and uniformly by an appropriate amount, one gets a nondegenerate limit, a random
process that is called Brownian motion on the Sierpinski carpet.
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More precisely for any process X, let

T=7(X)=inf{t : X; € D Fp} (4.14)
and
an = sup B [r(W,,)] (4.15)
Set
X (t) = Wy(ant) (4.16)

In other words W, is speeded up so that the largest expected time for X, to exit F}, is less than or
equal to 1. The difficulty is that there might be points y for which the time to exit is much less than
1, that is, the process moves almost instantaneously to d,F,. To show that this cannot happen, let

On = inf E.[r(W),)] (4.17)
z€F,N[0,3]2

And it is shown that there exists ¢y, ¢a, c3 independent of n such that

ap < crop—1 < cafn—1 < e3fn < czay, (4.18)

4.4.2 The Sierpinski pre-Carpet

If one doesn’t want to kill the process and consider it on a non compact subset of R%, an alternative
point of view is to construct the Brownian Motion on the object called by H. Osada the ” pre-Sierpinski
carpet” ([Osa90],[BB97]). The pre carpet is the set Fy defined by

Fy = UX 3" F, (4.19)

where 3" F,, is the subset of R%r consisting of points 3"z with =z € F,,.

Thus the pre-Carpet is subset of Ri consisting of l}igger and bigger square holes ~removed.

Let W be the Brownian motion on the pre-carpet Fp, with normal reflection on 0Fy, and let ¢(¢, x,y)

be its transition density with respect to Lebesgue measure on Fy. These transition densities are the
ou __

fundamental solutions to the heat equation g = %Au on Fy with Neumann boundary conditions.

Then there exist dy < d and d,, = 23—’; > 2 such that

Theorem 4.4.1. there exists c1,...cs € (0,00) such that if z,y € Fy and

1. t > max(1l,|z — yl|), then

ly — x|

@)

et exp(—cz(

t
4.20
g ’y _ x‘d“’ 1 ( )
< qlt2,9) < et expl-ea( LIy
2. ift <1, then
= ly —f? 4 ly — |
cst2 exp(—c(jf) <q(t,z,y) < cpt2 exp(—csz) (4.21)
3. Ift>1, |x —y| > t, then
—ds ly —af? —ds ly — zf?
cst 2 exp(—c(jf) <q(t,z,y) < cpt™2 exp(—csf) (4.22)
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Those bounds are explained by the following fact: Fy is locally similar to R? thus for small time
t, q exhibits a Gaussian behavior. When |z — y| > ¢, then the process to move from z to y in time
t, stays with high probability close to the shortest path connecting  and y and has no time to feel
the fractal structure of Fy (this is standard large-deviation theory for Brownian motion). However
for ¢ > max(1, |x — y|), the process feel the global fractal structure of the pre-carpet and exhibit an
anomalous behavior.

Parabolic Harnack Inequality It is important to notice that although the pre-carpet satisfies the
usual volume doubling condition and an uniform global elliptic Harnack inequality; the standard
parabolic Harnack inequality holds locally but not globally (because of the estimates on ¢). However
a different form of parabolic Harnack inequality can be given for the pre-carpet by using the estimates
on ¢ and following the argument of [FS86]; in the parabolic Harnack inequality on compact sets
containing at least a square of side 1; the natural scaling law between the radius of the compact set
r and the time ¢ = 72 (the delay of propagation of the heat to the whole compact set) is modified to
t = o,

4.4.3 The limit process
Write

F, = n

(4.23)
F, can be seen as an extension of F, outside [0,1]? by bigger and bigger self-similar square holes
structure.

Then one can consider the Brownian motion W), reflecting on all the boundaries OF, of the pre-carpet
F, (not killed). As before, to obtain a limit process when n — oo one has to speed up the reflected
Brownian motion on consider the process X,, = W, (ayt). Then the limit process X will live on the
unbounded Sierpinski carpet:

F =Nk, (4.24)

Important Remark It is important to notice that the hard point is not the tightness of the a speeded
up version W,,(a,t) of the Brownian motion W,,. If a,, is too slow one has always tightness and a
degenerate limit process along a subsequent sequence (a process which doesn’t move at all). If ay, is
too fast, then one has not tightness. So the hard point is to obtain a non-void range of acceleration
oy, such that one has tightness and the limit process is non-degenerate. For the Sierpinski-carpet
this is possible, because this object has a very strong isotropy due to very strong global symmetries.
If this isotropy is broken then the limit object might be degenerate and live on the straight line
corresponding to the direction on which W, is the less slow down by the obstacles.

Uniform Harnack inequality The key tool for the construction, the study of the Brownian motion
on the Sierpinski carpet and all the estimates given above is an uniform Harnack Inequality on Fp:

Let B an open set in R2. h is said to be harmonic on B N Fy if Ah(x) =0 for z € BN intFy , and
the normal derivate of h is 0 on B N Fy almost everywhere with respect to surface measure on 0Fj.

Theorem 4.4.2. There exists a constant ¢, (not depending on r) such that ifx € FO, r >0, and h
is positive and harmonic on B(z,2r) N Fy, then writing A = B(x,r) N Fy

sup h(z) < ¢p inf h(y) (4.25)
A A
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Since F} is a Lipschitz domain, for each r a constant ¢ (r) does exit. The point of this theorem is
that ¢; can be taken independent of . It is important to notice that this uniform Harnack inequality
is an expression of the very strong isotropy of the carpet. That is to say if the obstacles are not
squares and the isotropy is broken the Brownian motion might exhibit an anomalous behavior at
large times without the necessity of an uniform Harnack inequality. This inequality would become
useful if one has to pass to the limit by adding smaller and smaller obstacles in order to obtain a non
degenerate limit.

4.4.4 Main results on the limit process

Write 4 (a multiple of) the Hausdorff z%/-measure on F.
Then

Theorem 4.4.3. There exists a no degenerate continuous strong Markov process X; whose state
space is F. Xy has transition densities which have the strong Feller property and which are p-
symmetric. The law of the process (X, t > 0) is locally invariant under local isometries of F'.

Write P; for the semigroup associated with X, and let (L, D(L)) be the infinitesimal generator of
P;; L is called the Laplacian on F. The heat equation on F' then becomes

%(:ﬂ,t) = Lu(z,t), zeF, t>0 (4.26)

The fundamental solutions to the heat equation are given by the transition densities p(¢, z,y) for the
process X; on F'; then

Theorem 4.4.4. p(t,z,y) is symmetric and jointly continuous on (0,00) x F x F, and for each x,y
the function p(t,x,y) is C* in t. There exist c1,ca,c3,cq such that for all x,y € F and t > 0,

ly —a|™ S

_idw
; )dw*)ép(t,ﬂc,y)SC:«:t%eXp(—a;(u ;

c1t 2 exp(—caf ) eT) (4.27)

4.4.5 A non degenerate limit
4.4.5.i Resolvent convergence

Write X, for the speeded up Brownian motion living on F, and killed For f bounded and continuous
on R? let

o0
UL @) =Bl | X (0) (125)
By the uniform Harnack inequality and a modulus of continuity estimates for harmonic functions, it
is possible to show that {U f(x)}%, is equicontinuous on compact sets. By a diagonalization and
limit argument, there exists a there exists a subsequence n’ such that {U;\}' f} converges uniformly
on compacts, to a limit called UM f, for all A > 0 and f bounded and continuous.

This resolvent convergence is enough to get a Markov process, indeed, the limit U?, satisfies the
resolvent identity and ||[U*||o < A™!. Thus the Hille-Yosida theorem can be used to guarantee the
existence of a limit process associated to the limit resolvent (see the previous chapter).

Although, this resolvent convergence is enough to get a Markov process, is not enough to get a

continuous process. For that tightness is used.
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4.4.5.ii Tightness estimate

From the equation 4.18 the exit times from F), are controlled by

1
P, (r(W,) < 8) < ca+ — a€F,N[o, 5/ (4.29)
On
This inequality says that if v is small enough, there is positive probability, say 6 = 0(v), that W,
does not exit F;, before time yay,.

Pu(7(Xp) <7) <196 (4.30)

This is enough to give tightness.here is the idea:
Call D, (x) the square S of side 2.37" consisting of four squares with side length 37" and vertices in
37"Z? such that z is closest to the center of S. Call

oX"(z) = inf{t : X & D,(z)} (4.31)

T

Let € > 0. Choose m such that (1 — )™ < e. The inequality 4.30 and the self-similarity is used to
obtain

P, (o5 < ci(m)y) <1 -6 (4.32)
To exit F,,, X,, must cross at least m squares of the form Ds,,(y). So by the strong Markov property,
Pt <ecr(m)y) <(1—-0)"<e (4.33)

and another scaling leads to

P, (02" (x) < ca(r,m)y) < € (4.34)

r

which is the tightness estimate in the space of cad lag functions from R to Fy (see [EK86] proposi-
tion 3.8.3, Lemma 3.8.1 and theorem 3.7.2). Let P? denote the law of X,,(¢) started at x killed when
exiting F,. Since X is PJ'-a.s. continuous, it follows from [EK86], theorem 10.2, that if Q is any
limit point of {P}', n > 1} then X is Q-a.s. continuous. Thus {P}', n > 1} is tight in the space of
continuous functions from Ry to Fp.

Since {PZ} is tight, for each x, there exist convergent subsequences. Any limit point P, satisfies
E,[[5° e ™ f(X;)dt] = UMf(x) for f bounded and continuous, from which one deduces that P
converges. If one calls the limit P, and lets X; be the canonical process on F', one then can show
that (P,, X;) has the strong Markov property as well as the other required properties. It is then
straightforward to extend (P,, X;) to a process on F. Since the expectation of the exit time of this
process for F' is less or equal to one, the process is not degenerate and since each X, is invariant
under isometries of F),, then so is X; (so X; doesn’t live on a straight line). Moreover by the tightness
estimate, the paths of X; are continuous under each P,.

4.4.5.ii Upper and lower bounds

In the sequel the idea of the proof of the bounds for the reflected Brownian motion on the pre-Carpet
in the theorem 4.4.1 will be given in the case ¢ > max(1, |x — y|).

The upper bound Write

1
S=inf{t >0 : |W,—Wy| > §|:c -y} (4.35)
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then one has by the continuity of ¢

t t
q(t,z,y) < 2sup Py (S < J)supg(3, 2, 2) (4.36)
! z

Thus to prove the upper bound it is sufficient to obtain an estimate on the exit time S of the form

t — g|dw
B.(9 < 1) < exp(—ey( L= ) (437)

and show that for x € Fy and t > 1
g(t,z,y) < et~ 3 (4.38)
The inequality 4.38 for x = y is deduced from the inequality
q(t,x,y) < cltfg

for 0 < ¢t <1 (obtained by dividing the space into cells, proving this local property for the process
living into each cell and using estimate on the exit times of each cell and the strong Markov property)
and extended to x # y by using

1 1
q(t,z,y) < q(t,z,x)z2q(t,y,y)?

The lower bound Using a standard chaining argument the lower bound can be proved once one
has established the estimate

ds 1
q(t,z,y) > cot™ 2, |z —y| <cipptdw, t>1 (4.39)
This estimate is deduced from the upper bound by the following way:
Write
t _ds

A={y : a(gay) >t 7} (4.40)
Then since

q(t,z,y) > clgtfd_;]P’y(W% €A (4.41)

it is sufficient to show that Py(W% € A) is bounded below by a constant. To achieve this call T¢ the

coupling time of a Brownian motion W starting from x with an other WY started from y. Then one
has

t
Py(W% €A > IPI(W% €A —-P(Tc > 5) (4.42)

Thus it is sufficient to show that P,(W: € A) is bounded below by a constant and to control
2

P(To > %), the latter control on the coupling time is the hard point using the strong symmetry and
isotropy of the carpet. The estimate on ]P’x(W% € A) can be obtained by proving

q(t,z,x) > clgt_%s, yeFy, t>1 (4.43)
And this is obtained from the upper bound by using the following inequality

q(t, ,2)po(Dy(2)) = [Po(W: € Dy()))? (4.44)

where g is the Lebesgue measure on Fy and D, (z) is a square set surrounding x whose side is
optimized so that

Po(We € Dy(z)) > = and  puo(Dr(w)) < cr7t T (4.45)

DO | —
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4.4.5.iv  The spectral dimension

It is interesting to notice that the spectral dimension is defined by the behavior of th electrical
resistance of the pre-Carpet. More precisely:
Define the resistance constant R,, by

Rﬁlzinf{/ IVfPPde f =0onay =0, f =1lonz; = 3"} (4.46)
3,

Thus R™ is the resistance between two opposite faces of the set 3""F,,. Then it is shown that there
exists a constant
2_1
pPF > mi (4.47)
(here mp = 32 — 1 = 8 is equal to the number of sub-squares generated minus the number of square
taken out at each iteration of the construction process of the Sierpinski carpet) and constants ¢, co
such that

c1pp < Ry < coplp (4.48)
Then the spectral dimension is defined by
Inm F
dg =2———— 4.49
s Inmp +1npp ( )
and the dimension of the walk by
d
dy =2-L (4.50)
duw

The latter relation between d,, and ds; might seem intriguing, it will be explained in the next section.

4.5 Fractional Diffusions

M.T. Barlow, in [Bar98](section 3), gives a conceptual framework for the study of diffusions on fractal
media through the definition and characterization of fractional diffusions on fractional metric spaces.
This point view is interesting because it allows seeing clearly the relationship between an anomalous
control on the probability densities and the mean time to exit a ball. It also explains the relation
between the spectral dimension d,, the fractal dimension dy and the "walk” dimension d,, (which is
not always the dimension of the paths of the process).

4.5.1 Fractional metric space

A metric space (F, p) has the midpoint property if for each =,y € F there exists z € F' such that

1

pz,2) = plz,y) = 5p(z,y) (4.51)

Definition 4.5.1. Let (F,p) be a complete metric space, and p be a Borel measure on (F,B(F)).
(F, p, ) is called a fractional metric space if (¥, p) has the midpoint property and there exist dy > 0,
and constants c1, co such that if ro = sup{p(z,y) : =,y € F} € (0,00] is the diameter of F' then

crr < p(B(z,r)) < cr¥ for zeF,0<r<rg (4.52)
Here B(z,r) ={y € F : p(z,y) <r}
From this definition it follows that
1. dy is the Hausdorff dimension of F' and the packing dimension of F'
2. F is locally compact.
3.dp>1
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4.5.2 Fractional diffusion

Definition 4.5.2. Let (F,p,u) be a fractional metric space. A Markov process X = (P,,z €
F, X;,t > 0) is a fractional diffusion if

1. X is a conservative Feller diffusion with state space F'.
2. X is pu-symmetric

3. X has a symmetric transition density p(¢,z,y) = p(t,y,z),t > 0,x,y € F, which satisfies, the
Chapman-Kolmogorov equations and is, for each ¢ > 0, jointly continuous.

4. There exist constant «, 3,7,c1 — ¢4, = rg , such that

cit™exp (— cap(,y)Pt77) < p(t, z,y)

(4.53)
< cgt™%exp ( — C4p(x,y)mt_7), r,y € F,0 <t <ty
This fractional diffusion will be written FD(d¢, «, 3,7)

The Brownian motion on the Sierpinski carpet is a fractional diffusion with o = d(SC)/d,,(SC) =
ds(SC) /2, B =dy(SC)and y=1/(8—1)
An important property of a F'D(d¢, o, 3,7) diffusion is that

o % (4.54)

This equation is imposed by the fact that p(t,z,.) is a probability density for all ¢ and the growing
rate of the 4.52 of the measure p. This explains why the general relation

df
ds =2— 4.
» ( 55)

is satisfied for diffusions on fractals.

4.5.3 Connections

The estimates 4.53 have the following consequences on the large deviation properties of the F-D(ds,d¢ /3, 3,7)
process X and its mean time to exit a ball..

1. For t € (0,%p], r > 0

P.(p(z, X;) > 1) < ¢ exp(—cor’t77) (4.56)

2. There exists c3 > 0 such that
cpexp(—csrPt7) < Pu(p(z, Xi) > 1) for r < esrg, t < 7P (4.57)
3. Forx e F,0<r <csrg, if 7(z,7) =inf{s >0 : X, & B(z,r)} then

cer” < Eyplr(z,r)] < erP (4.58)

Now the interesting part is that sufficient conditions for a process to be a fractional diffusion are
isolated in the following theorem.
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Theorem 4.5.1. Let (F, p, ;1) be a fractional metric space of dimension dy. Let (Y, t > 0,P,,x € F')
be a p-symmetric diffusion on F which has a transition density q(t,z,y) with respect to p which is
jointly continuous in x,y for each t > 0. Suppose that there exists a constant 5 > 0, such that

d

4
q(t,z,y) < et 7 forallx,y € F,t € (t,to] (4.59)
_4 1
q(t,z,y) > cot™ B if p(x,y) < cstB b € (t,10) (4.60)
car® <Ep[r(z,r)] < esr?  forxz e F,0 <r < cgro (4.61)

where T(z,7) = inf{s > 0 : Yy, & B(z,7)}. Then 8 > 1 and Y is a fractional diffusion with
parameters dg, ds/3, 3 and 1/(3 — 1)

Thus to obtain a fractional diffusion, it is sufficient to have a sharp pointwise estimate on the
mean exit times and a control of the heat kernel near the diagonal. From the latter theorem one
obtains that if X is a F'D(d¢,ds/f3,3,7) then necessarily # > 1 and

y=@B-1" (4.62)

This means that the behavior a fractional diffusion is determined by only two parameters: the fractal
dimension of the medium d;y and 3 with enters in the scaling between the mean time P to exit a
ball of radius r. Actually

B = du (4.63)

And § will now be written d,,.

4.5.4 Further properties

The estimates 4.53 on the probability densities allow to prove basic analytic and probabilistic prop-
erties of fractional diffusions.

e Forxe F,t>0andp>0
Eo[p(Xt, 2)P] ~ ti (4.64)

dy—1

e (Modulus of continuity). Let ¢(t) = ti(ln(%)) dw . Then a.s.

X, X
Cl S hm Sup p( Sy t)

Pes 2t o (4.65)
010 p<s<t<1;|t—s|<5 ot —s)

e (Law of the iterated logarithm). Let t(t) = t'/% (Inln(1/t))(% ~1/dw  There exist ¢1,cp and
constants c¢(x) € [c1, ¢z such that

p(Xta XO)

ltilr(r)l o0 =c(z) Py—a.s. (4.66)

e (Dimension of range)
dimpg ({X; : 0<t <1}) =dy Ady (4.67)

This result helps to explain the terminology ”walk dimension” for d,,. Provided the space the
diffusion X moves in is large enough, the dimension of the range of the process is d,,.
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4.5.5 Potential theory of Fractional Diffusions

With the strong estimates on the transition densities it is possible to develop a potential theory for
fractional diffusions and obtain a precise description of the diffusion and its associated generator. It
is important to notice that once one has satisfied the conditions of the theorem 4.5.1, then all the
other properties fall as in a domino game; even if sharp estimates are not obtained for the probability
densities some part of the proof might be useful. Conversely for a particular medium an observation
of those properties might give an idea whereas sharp estimates may be obtained on p (for instance,
the Harnack inequality which express an isotropy of the diffusion is an interesting property).

1. If ds < 2 then for each z,y € F
P,(X hitsy) =1 (4.68)

2. If dg > 2 then points are polar for X
3. If d; < 2 then X is set-recurrent: for € > 0

Py({t : Xi € B(y,¢€) is not empty and unbounded}) = 1 (4.69)
4. If dg > 2 and rg = oo then X is transient.
(Polar and non-polar sets). Let A be a Borel set in F'.

1. Px(TA < OO) > 0 if dlmH(A) > df — dy
2. A is polar for X if dimpy(A) < df — dy

X has k-multiple points if and only if ds < 2k/(k — 1)

If ds < 2 then X has jointly measurable local times (Lf,x € F,t > 0) which satisfy the density
occupation formula with respect to u

/t f(Xs)ds = / f(a)L{u(da), f bounded and measurable (4.70)
0 F

write
TA=Tse =inf{t >0 : Xy € A°} (4.71)

Then for ds < 2 and ry = oo, there exist constant ¢; > 1, ¢y such that if x,y € F, r = p(z,y),
to = r% then

P (Ty < to < T7(x,c17)) > €2 (4.72)

(Harnack inequality) If ds < 2, rp = oo; there exist constants ¢; > 1, ¢o > 0 such that if zg € F,
and h > 0 is harmonic in B(zg, c;r) with respect to the generator associated to X then

h(z) > coh(y), =,y € B(zo,c1r) (4.73)

(Spectral property) If ry < oo then there exist continuous functions ¢; and A; with 0 < Xy <
A1 < ... such that for each ¢t > 0

plt,z,y) = e ion(x)pn(y) (4.74)
n=0

and the sum is uniformly convergent in F' x F
Moreover if N(A) = card{\; : Ay < A}) that there exist ¢1,co > 0 such that:

AT SN < e\ ? (4.75)

which explains the term spectral dimension for d.
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4.6 A note on turbulence

4.6.1 Turbulence and anomalous diffusion

It heuristically known that diffusion in a fully developed turbulence in incompressible flows will be
super-diffusive (between given time scales). It is interesting to note that the expected key to this
anomaly is a large number of scales of mixing length and convection rolls. Thus although Brownian
motion in Fractals and diffusion in turbulent incompressible flows give rise to different anomalies, the
heart of those problems might be close and the understanding of one phenomenon might be beneficial
to the other.

Several papers are available on this subject mainly in physics literature (they describe the turbulent
convection phenomenon and the flow is seen as fractal convection cells): see M. Avellaneda and A.
Majda [AM90]; J. Glimm and Al. [FGLP90], [FGL*91], [GLPP92], J. Glimm and Q. Zhang [GZ92],
Q. Zhang [Zha92], M.B. Isichenko and J. Kalda [IK91]. For mathematical literature see A. Fannjiang
and G.C. Papanicolaou [FP94],[FP96]; M. Avellaneda [Ave96]; and A. Fannjiang [Fan99] (note that
the latter papers appeared in a mathematical literature and homogenization is expected to play a
key role).

4.6.2 Navier-Stokes equations

The Naiver-Stokes equations (assume d = 3) for an unknown velocity vector u(z,t) = (u;(z,t))

1<i<d
are given by
e fundamental Newton law of the dynamic:
A \Y 0 + fi(x,t) (4.76)
—u; = vAu; —u.Vu; — — 165 .
ot " ‘ Yo 8:61-10 o
e Incompressibility
Vau=0 (4.77)
e Equation of the internal energy
0 _ - K
—e=—uVe+2vD: D+ —AT (4.78)
ot p
e State equation
e=-e(T) (4.79)

fi(z,t) are the components of a given externally applied force.

v is the viscosity (a positive coefficient) it has the dimension of "lenght? x time”.

p(z,t) is the pressure.

D is the rate of deformation d x d tensor given by Vu. e is the specific internal energy, it has the
dimensions of 7 =817

In the equation 4.78 the term 2vD : D is responsible for the transformation of kinetic energy into
internal energy (heat), more precisely it is the quantity of kinetic energy transformed into heat per
unit time in a unit mass of fluid. This term is usually written € in the literature and called the energy

dissipation rate.
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4.6.3 A brief reminder on the history

This subsection is taken almost verbatim from [Her95] which is a good introduction to turbulence
(this recent PhD thesis is clear and cover the theory from an experimental point of view) see also
[MK99] for a recent survey on the subject.

4.6.3.i Turbulence

In many industrial processes turbulence is a common phenomenon. However, in spite of its familiar
appearance and research for many years, there is still no good description of turbulence. There is
not even a good definition, and researchers try to describe it in one sentence: ”Turbulence is the
disordered behavior of fluid in space and time ”

in [LL84], turbulence is defined as the region where the Navier-Stokes equations become unstable
with respect to small perturbations.

In [Les93], M. Lesieur start with an enumeration of features that a flow has to satisfy in order to be
classified as turbulent. So, a turbulent flow is or exhibits:

e Irregularity or randomness: the turbulent flow is unpredictable.

e Diffusivity, which causes rapid mixing and increased rates of momentum, heat and mass trans-
fer.

e High Reynolds number: turbulent flows always occur at high Reynolds numbers.

e Three-dimensional vorticity fluctuations: turbulence is rotational and three-dimensional.
e Dissipation: turbulent flows are always dissipative.

e Continuum: turbulence is a continuous phenomenon.

e Flows: turbulence is a feature of fluid flows and not of fluids.

Customary, turbulent flows are classified in terms of the Reynolds number, which is a dimensionless
characteristic parameter of the flow. If the Reynolds number is not too large the flow will be lami-
nar, i.e. the variations in the flow are predictable in both space and time. As the Reynolds number
increases, the flow becomes unstable, and at some large enough value of the Reynolds number it
becomes fully turbulent.

Turbulence may well be the last unsolved problem of classical physics. There is still no theory of fully
developed turbulence that is universally valid. Cascades of energy and momentum are key concepts
of turbulence and describe the generation of motion on small scales out of large-scale motion. A
well-known phenomenological theory for the statistics of small-scale motion was formulated in 1941
by Kolmogorov, based on the idea of cascades. Only in recent years it has become clear that this
theory needs essential corrections.

Hence, turbulence is often referred to as the unsolved problem of classical physics and is often the
item of discussions at conferences. Lesieur [Les93] divides the scientists involved with turbulence into
two groups with opposing points of view: The first group, the statistical and oldest one, tries to model
the flow in averaged quantities. This group follows Kolmogorov and believes in the phenomenology
of cascades and (strongly) denies the possibility of any coherence or order in turbulence. The second
group believes in the coherence among chaos and considers turbulence from a purely deterministic
point of view by studying either the behavior of dynamical systems or the stability of flows in various
situations.
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4.6.3.ii Energy cascade modeling

In case of cascade modeling, Richardson [Ric22] was the first who put forward some ideas on the
theory of fully developed turbulence. He assumed a hierarchy of turbulent disturbances on different
scales. ‘Eddies’ of a certain scale would be the result of the instability of larger ‘eddies’ at a larger
scale. In his scenario, Richardson assumed a cascade process of eddies breaking down. In this cascade
process there is a transmission of energy of the flow motion of smaller and smaller eddies down to
the smallest scale, where the fragmentation process is stopped by dissipation. expressed this idea in
the following rhyme ([Her95]), based on Jonathan Swift’s fleas sonnet.

Big whorls have little whorls
Which feed on their velocity

And little whorls have lesser whorls
And so on to viscosity

(In the molecular sense)

Kolmogorov further developed and formulated the ideas of Richardson in his papers in 1941 [Kol41b],
[Kol41la]. He assumed an inertial range in which energy was transported from large eddies to smaller
eddies. This range of scales is bounded from above by the size of the eddies at which energy is
injected and from below by the size of the eddies where flow kinetic energy is dissipated to heat.
Kolmogorov assumed a uniform energy distribution over all eddies.

Since then many researchers proposed ideas and models to describe the statistical (cascade) be-
havior of fully developed turbulence. Landau was the first to point out the presence of intermittency
which leads to a contradiction with the Kolmogorov theory of 1941. Landau stated that the sta-
tistical laws of small eddies have to depend not only on the mean energy dissipation but also on
the fluctuations of this energy: the Kolmogorov model did not take into account intermittency. By
intermittency Landau meant that turbulence is not uniformly distributed in space and there are
regions with less intense and regions with more intense turbulence. In 1962 Kolmogorov [Kol62] and
Oboukhov [Obo62] derived the so called log-normal model. They assumed that the logarithm of the
energy distribution in the inertial range, was Gaussian.

4.6.3.iii Fractal Models

Many measurements were contradicting these assumptions and in 1964 Novikov and Stewart [NS64]
proposed a model called absolute curdling. In this model it was assumed that the energy of an eddy is
distributed over curds of smaller eddies. In 1974 Mandelbrot [Man76] came with an expansion on the
model, his weighted curdling model, where it was assumed that a weighted amount of the energy of a
large (mother) eddy is distributed over the curds of smaller (daughter) eddies. The absolute curdling
model was reformulated by Frisch, stressing its dynamical and fractal aspects, as the S-model. In
this model the daughter eddies occupy a constant fraction of its mother’s space. The multifractal
model (random (B-model) was also introduced by Frisch and Parisi in 1983 [FP85], as a variation on
the weighted curdling model and a possible interpretation of the inertial range. Now it was assumed
that a random fraction of the mother eddy’s space is occupied by its daughter eddies.

In the last years many realizations, interpretations, and variants of the multifractal model have
been developed. In these models the structure function is a significant quantity. It is the equivalent
of the correlation function of fluctuating velocities in two different spatial points. Structure functions
can be measured and their scaling behavior appears to be useful to compare the predictions of these
different models with experimental results. Measurements have shown that the scaling exponents
of the structure function depends on the order of the structure function in a nonlinear way. The
multifractal model seems to give a good description of the turbulence cascade.
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Thus fractal models are an attempt to capture intermittency in a geometric framework. The key idea
is that self-similar cascades do not need to be space filling. Such a process is characterized by a fractal
dimension, even by a continuous dimension function; they provide improved agreement with the
observed scale dependent dispersivities in the field data and the observed geological heterogeneities
on all length scales.

Finally, from an experimental point of view the small-scale structure of turbulence shows a clear
anomalous scaling behavior and multifractal models are useful in attempts to try to understand and
describe the scaling behavior of turbulence. However, no universal model exists yet and turbulence
still remains an unsolved problem.

4.6.4 A brief reminder on the theory of fully developed turbulence

This subsection is almost verbatim taken from the course of Landau-Lifchitz on Fluid mechanics
[LL84] (p. 129). This text has been reproduced here to act as basis of comparison for the physical
interpretation of the supper diffusive model given in this thesis in the chapter 7. Of course it does
not contain the most recent progresses on the subject (for this see [Her95] and [TuS91] for instance)
however it will be sufficient to understand the physical interpretation given in the chapter 7.

4.6.4.i Nature of the irregular motion

The fluid is evolving in a medium with principal (exterior) length scale [. The characteristic variation
of the velocity is written dv, then the Reynolds number is

Re ~ — (4.80)
Turbulent flow at fairly large Reynolds number is characterized by the presence of an extremely
irregular disordered variation of the velocity with time at each point. This is called ”fully developed
turbulence”. The velocity continually fluctuates about some mean value. A similar irregular variation
of the velocity exists between points in the flow at a given distance.
Introduce the concept of the mean velocity, obtained by averaging over long time intervals the actual
velocity at each point. By such averaging, the irregular variation of the velocity is smoothed out, and
the mean velocity varies smoothly from point to point. In what follows, denote the mean velocity by
u, the difference v' = v — u between the true velocity and the mean velocity varies irregularly in the
manner characteristic of turbulence; call it the fluctuating part of the velocity.

Consider in more details the nature of this irregular motion that is superposed on the mean
flow. This motion may in turn be qualitatively regarded as the superposition of ”turbulent eddies”
of different sizes; by the size of an eddy it is meant the order of magnitude of the distances over
which the velocity varies appreciably. As the Reynolds number increases, large eddies appear first;
the smaller the eddies, the later they appear. For very large Reynolds numbers, eddies of every size
from the largest to the smallest are present. An important part in any turbulent flow is played by
the largest eddies, whose size (the fundamental or external scale of turbulence) is of the order of
the dimensions of the region in which the flow takes place; in what follows denote [ this order of
magnitude for any given turbulent flow. These large eddies have the largest amplitudes. The velocity
in them is comparable with the variation of the mean velocity over the distance [; denote by du the
order of magnitude of this variation (the order of magnitude, not of the mean velocity itself, but of
its variation, since it is this variation du which characterizes the velocity of the turbulent flow). The
mean velocity itself can have any magnitude, depending on the frame of reference used (it seems that
in fact the size of the largest eddies is actually somewhat less than [, and their velocity is somewhat
less than du). The frequencies corresponding to these eddies are of order of u/l, the ratio of the mean
velocity w (and not its variation du) to the dimension [. For the frequency determines the period
with which the flow pattern is repeated when observed in some fixed frame of reference. Relative to
such a frame, however, the whole pattern moves with the fluid at a velocity of order w.
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The small eddies, on the other hand, which correspond to large frequencies, participate in the
turbulent flow with much smaller amplitudes. They may be regarded as a fine detailed structure
superposed on the fundamental large turbulent eddies. Only a comparatively small part of the total
kinetic energy of the fluid resides in the small eddies.

From the picture of turbulent flow given above, one can draw a conclusion regarding the manner
of variation of the fluctuating velocity from point to point at any given instant. Over large distances
(comparable with ), the variation of the fluctuating velocity is given by the variation in the velocity
of the large eddies, and is therefore comparable with du. Over small distances (compared with [),
it is determined by the small eddies, and is therefore small compared with du (but large compared
with the variation of the velocity with time at any given point). Over short time intervals (compared
with ¢ ~ [/u), the velocity does not vary appreciably; over long intervals, it varies by a quantity of
the order of du.

4.6.4.ii Energy dissipation

The length [ appears as a characteristic dimension in the Reynolds number Re, which determines the
properties of a given flow. Besides this Reynolds number, one can introduce the qualitative concept
of the Reynolds number for turbulent eddies of various size. If A is the order of magnitude of the
size of a given eddy, and vy the order of magnitude of its velocity, then the corresponding Reynolds
number is defined as Rey ~ vyA/v. This number decreases with the size of the eddy.

For large Reynolds number Re, the Reynolds numbers Rey of the large eddies are also large.
Large Reynolds numbers, however, are equivalent to small viscosities. One therefore concludes that,
for large eddies which are the basis of any turbulent flow, the viscosity is unimportant. It follows
from this that there is no appreciable dissipation of energy in the large eddies.

The viscosity of the fluid becomes important only for the smallest eddies, whose Reynolds number

is comparable with unity. Denote the size of the eddies by Ag,which shall be determined later in this
section. It is in these small eddies, which are unimportant as regards the general pattern of a
turbulent flow, that the energy dissipation occurs.
Thus one is lead to the following conception of energy dissipation in turbulent flow (L. Richardson
1922). The energy passes from the large eddies to smaller ones, practically no dissipation occuring in
this process. One says that there is a continuous flow of energy from large to small eddies,i.e. from
small to large frequencies. This flow of energy is dissipated in the smallest eddies, where the kinetic
energy is transformed into heat. For a steady state to be maintened, it is of course necessary that
external energy sources should be present which continually supply energy to large eddies.

Since the viscosity of the fluid is important only for the smallest eddies, one may say that none of
the quantities pertaining to eddies of size A >> A\g can depend on v (more exactly, these quantities
cannot be changed if v varies but the other condition of the motion are unchanged). These circum-
stances reduces the number of quantities which determine the properties of turbulent flow, and the
result is that similarity arguments, involving the dimensions of the available quantities, become very
important in the investigation of turbulence.

Apply these arguments to determine the order of magnitude of the energy dissipation in turbulent
flow. Let € be the mean dissipation of energy per unit time per unit mass of the fluid. It has been
shown that this energy is derived from the large eddies, whence it is gradually transferred to smaller
eddies until it is dissipated in eddies of size ~ Ag. Hence, although the dissipation is ultimately
due to the viscosity, the order of magnitude of € can be determined only by those quantities which
characterize the large eddies. These are the fluid density p, the dimension [ and the velocity Ju.
From these three quantities one can form only one having the dimensions of €, namely %
Thus one find

(6u)’
I

€ ~

(4.81)

and this determines the order of magnitude of the energy dissipation in turbulent flow.
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In some respects a fluid in a turbulent motion may be qualitatively described as having a ”tur-
bulent viscosity” vy, which differs from the true kinematic viscosity v. Since vy, characterizes the
properties of the turbulent flow, its order of magnitude must be determined by p, du and [. The
only quantity that can be formed from these and has the dimensions of kinematic viscosity ldu, and
therefore

Viurb ~ 10U (4.82)

The ratio of the turbulent viscosity to the ordinary viscosity is consequently

Purd  Re (4.83)
v
i.e. it increases with the Reynolds number (in reality, however, a fairly large numerical coefficient
should be included. This is because, as mentioned above, [ and du may differ quite considerably from
the actual scale and velocity of the turbulent flow. The ratio v4,,,/v may be more accurately written
Vpurb/V ~ Re/Ree,, which formula takes into account the fact that v4,,, and v must in reality be
comparable in magnitude not for Re ~ 1, but for Re ~ Re,,).

4.6.4.iii Kolmogorov-Obukhov’s law

Now determine the order of magnitude vy of the turbulent velocity variation over distances of the
order of A. It must be determined only by € and, of course, the distance X itself. From these two
quantities, one can form only one having the dimensions of velocity, namely (6)\)%. Hence one can
say that the relation

vy o (€A)3 (4.84)

must hold. Thus one found that the velocity variation over a small distance is proportional to the
cube root of the distance (Kolmogorov and Obukhov’s law). The quantity vy may also be regarded
as the velocity of turbulent eddies whose size is of order of A: the variation of the mean velocity over
small distances is small compared with the variation of the fluctuating velocity over those distances,
and may be neglected.

The relation 4.84 may be obtained in another way by expressing a constant quantity, the dis-
sipation €, in terms of quantities characterizing the eddies of size \; ¢ must be proportional to the
squared gradient of velocity vy and to the appropriate turbulent viscosity coefficient vy, ) o< VAA:

€ o Vpurp A (Ua/A)? o 03 /A (4.85)

whence one obtain 4.84.

Now put the problem somewhat differently, and determine the order of magnitude v, of the
velocity variation at a given point over a time interval 7 which is short compared with the time
t ~ l/u characterizing the flow as a whole. To do this, notice that, since there is a net mean flow,
any given portion of the fluid is displaced, during the interval 7, over a distance of order Tu, u being
the mean velocity. Hence the portion of fluid which is at a given point at time 7 will have been at a
distance Tu from that point at the initial instant. One can therefore obtain the required quantity v,
by direct substitution of 7u for A in 4.84:

Uy X (67"11,)% (4.86)

The quantity v, must be distinguished from v, the variation in velocity of a portion of fluid as it
moves about. This variation can evidently depend only on ¢, which determines the local properties
of the turbulence, and of course on 7 itself. Forming the only combination of € and 7 that has the
dimensions of velocity, one obtains

vl o (er)? (4.87)
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Unlike the velocity variation at a given point, it is proportional to the square root of 7, not to the
cube root. It is easy to see that, for 7 small compared with ¢, v/ is always less than v, (the inequality
vl << v7 has in essence been assumed in the derivation of 4.86).
Using the expression 4.81 for €, one can rewrite 4.85 and 4.86 as
vy x ou(7)
vy o du(%)
This form shows clearly this similarity property of local turbulence: the small-scale characteristics of
different turbulent flows are the same apart from the scale of measurement of lengths and velocities
(or, equivalently, lengths and times).
Now find at what distances the fluid viscosity begins to be important. These distances Ay also
determine the order of magnitude of the size of the smallest eddies in the turbulent flow (called
the ”internal scale” of the turbulence, in contradiction to the ”external scale” [). To determine A,
form the local Reynolds number Rey ~ vyA/v ~ 5u.)\%/ul% ~ Re()\/l)%, with the Reynolds number

Re ~ ldu/v for the flow as a whole. The order of magnitude of \g is that for which Rey, ~ 1. Hence
one find

[SIE M [

(4.88)

N~

Ao ~ l/Ret (4.89)

The same expression can be obtained by forming from e and v the only combination having the
dimensions of length, namely

3

Ap ~ (?)

=

(4.90)

Thus the internal scale of the turbulence decreases rapidly with increasing Re. For the corresponding
velocity one have

ou
U)o P (4.91)
this also decreases when Re increases (formulae 4.89-4.91 give the manner of variation of the relevant
quantities with Re. Quantitatively, it would be more correct to replace Re in terms of Re/Re.,).

The range scale A ~ [ is called the energy range; the majority of the kinetic energy of the fluid is
concentrated there. Values A < A\g form the dissipation range, where the kinetic energy is dissipated.
For very large values of Re, these two ranges are quite far apart, and between them lies the inertial
range, in which Ag << A << [; the results derived in this section are valid there.

Kolmogorov and Obukhov’s law can be expressed in an equivalent spatial spectrum form. Replace
the scales A\ by corresponding wave numbers k ~ 1/X of the eddies; let E(k)dk be the kinetic energy
per unit mass of fluid in eddies with & values in the range dk; let E(k)dk be the kinetic energy per
unit mass of fluid in eddies with k values in the range dk. The function F(k) has the dimensions
(lenght)?/(time)?; the combinations of € and k having these dimensions gives

E(k) x e3k™3 (4.92)

The equivalence of this expression and 4.84 is easily seen by noting that v?\ gives the order of magni-
tude of the total energy in eddies with all scales of the order of A or less. The same result is reached
by integration of 4.92:
2
(o) €3 2 )
/ E(k)dk o< — ~ (eX)s ~ vy (4.93)
k k3
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Together with the spatial scales of the turbulent eddies, one can consider their time characteristics
(frequencies). The lower end of the of the frequency spectrum of turbulent motion is at frequencies
~ u/l. The upper end is

wo ~ u/Ag ~ uRe%/l (4.94)
corresponding to the internal scale of turbulence. The inertial range corresponds to frequencies
u/l << w(~u/l)Rel (4.95)

The inequality w >> u/l signifies that as regards the local properties of turbulence the unperturbed
flow may be treated as steady. The energy distribution in the frequency spectrum in the inertial
range is found from 4.92 by substituting k ~ w/u:

E(w) x (ue)%w*% (4.96)

where F(w)dw is the energy in the frequency range dw. The frequency w gives the time repetition
period in the region of space concerned, as observed from a fixed frame of reference. It is to be
distinguished from the frequency w’ which gives the repetition period in a given portion of fluid
moving in space. The energy distribution in this frequency spectrum cannot depend on u, and must
be determined only by € and the frequency «’ itself. Again using dimensional arguments, one finds

€

E(w/) X ?

(4.97)
This is the same relationship to 4.96 as 4.97 is to 4.96.

Turbulence mixing causes a gradual separation of fluid particles that were originally close together.
Consider two particles at a distance A that is small (in the inertial range). Again, by dimensional
arguments, the rate change of this distance with time is

d\ 1

— o (eN)3 4.98

= o (o) (498)
Integration of this shows that the time over which two particles initially at a distance A1, move apart

to a distance Ao >> A1 is in order of magnitude

4

)\E
T~ 2 (4.99)
€

wl

Note that the process is self-accelerating: the rate of separation increases with A. This occurs because
only eddies with scale < X contribute to the separation of particles at a distance A; the large eddies
carry both particles and do not cause them to separate (these results can be applied to particles
suspended in the fluid, which are passively conveyed by its motion).

Finally, consider the properties of the flow in regions whose dimension A is small compared with
Ao. In such regions the flow is regular and its velocity varies smoothly. Hence one can expand w)
in a series of powers of A and retaining only the first term, obtain vy = constant x A\. The order of
magnitude of the constant is vy, /Ao, since for A ~ A\g one must have vy ~ vy,. Thus

U\~ U A/ Ao ~ 5u.Re%)\/l (4.100)

This formula may also be obtained by equating two expressions for the energy dissipation e: the
expression (6u)3 /I, which determines € in terms of quantities characterizing the large eddies, and the
expression v(vy/A)?, which determines ¢ in terms of the velocity gradient for the eddies in which the
energy dissipation actually occurs.
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4.6.5 Super diffusion in Turbulence: the history

See [Isi92] for this part. In 1926, Richardson ([Ric26]) analyzed available experimental data on
diffusion in air. Those data varied about 12 orders of magnitude. On that basis, Richardson phe-
nomenologically conjectured that the diffusion coefficient Dy in turbulent air depend on the scale
length A of the measurement. The Richardson law,

4
Dy x A3 (4.101)

was related to Kolmogorov-Obukhov turbulence spectrum, v o« )\%, by Batchelor [Bat52]. The supper
diffusion law of the root-mean-square relative displacement A(¢) of advected particles

Nl

A(t) o (Dypyt)? o< t (4.102)

was derived by Obukhov [Obu4l] from a dimensional analysis similar to the one that led Kolmogorov
[Kol41b] to the A3 velocity spectrum.






5. HOMOGENIZATION

5.1 A reminder about the theory

This section is mainly based on [BLP78], [JKO91] and [O1194].

5.1.1 The simplest example - Diffusion in a Periodic Potential Field

Let U be a smooth function on RY, periodic of period one. So U € C®(T{), where T{) is the d
dimensional torus of side 1.
Let my(dz) be the measure

—2U)d
my(de) = SPE20)dz (5.1)
fo exp(—2U)
This measure is the invariant measure associated to the operator
1 L ou —2U
Ly = §A - VUV = 3¢ V(e " V) (5.2)

which is symmetric with respect to the probability measure my on T; fl. The Stochastic Differential
Equation associated to this operator (generator) is:

{dyt = dw; — VU (y)dt (5.3)

Y=

where w is a standard Brownian motion in R?

One can wonder what is the behavior of y; for large t 7

The answer is a Central Limit Theorem given by homogenization.
Define for € > 0

Then y¢ converges in law to a Brownian with Effective Diffusivity D(U) (for which a formula will be
given).

The proof of this fact is interesting because it will allows to introduce the fundamental tools that
will be useful in the following chapters.

5.1.2 Spectral Gap

The analytical tool that will allow homogenization to take place is the existence of a spectral gap for
the operator Ly defined on the torus T (in the sense of its closure in L?(my)).

Indeed the self-adjoint (with respect to myr) form 5.1.1 of the operator Ly shows that defined as an
evolution operator it is contractive. Since Ly is contractive it has a real negative spectrum.

Define A as the gap in the spectrum of L,

A =inf {A>0: —\€spec(L)}
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then Poincaré inequality shows that this gap is strictly positive.
, 1 Jra (Vo) dmy
Ao = inf e
Because of the strict positivity of the spectral gap the convergence of the transition density probability
associated to the diffusion y; seen as a diffusion on the torus towards the equilibrium measure is

exponential and its speed is controlled by Ag.
Indeed there exist C' > 0 such that for any function f € L?(my) on the torus and ¢t > 1

supcrylBalfn)) = [ Famu] < Coxp(-rat)fIE:

This exponential speed of convergence shows that, given a bounded function ¢ on the torus such that
its mean value with respect to the invariant measure is 0:

odmy =0
T

there exists a bounded function v on the torus (periodic) unique up to a constant solution of
Luyp=¢
The idea of the probabilistic proof is to write ¢ as the limit of a sequence of functions ¥“ solution
of (Ly —a) =¢
o
vt = [ expl-at)Eso(un) i
0

and this sequence remains bounded as « converges towards 0 (because of the spectral gap).

5.1.3 The Cell problem
For [ unit vector in R%, define x; by the Poisson equation (on the Torus)
Lyx; = —-L.VU (5.4)

xi € C(T{) (x is periodic) is called "the solution of the Cell Problem” and is here smooth and
bounded.

The important fact to notice is that a periodic solution to the Poisson equation 5.4 can be found
because the average of the drift VU with regards to the invariant measure my is null.

VU dmy =0
i

X: is defined up to a constant, so it will often be assumed that x;(0) = 0 to ensure its unicity. It is
also important to notice the x; depends linearly on the unit vector [

d
Xt=  Xeli (5.5)
=1

Where (e;) is an orthonormal basis of R? and (I;) are the coordinates of I on this basis. This linear
dependence allows to define the vector x. and the matrix V. as intrinsic objects whose components
on this basis are

(X.)j = Xe; (VX.)ij = OiXe, (5.6)

This will allow to use the following intrinsic notation:

Xt = Xl (5.7)
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5.1.3.i Utilization of the cell problem

The solution of the cell problem allows to replace the drift of y; and express it as the sum of a
martingale and a bounded term. Indeed by Ito calculus (Here y(0) = 0)

t

ye(t).l = —6/62 I.VU (ys)ds + €wt
0 €

Xl(yt)_Xl(yO):/O VXz(ys)dws—/O 1.VU (ys)ds

So that:

t
&2
Yol = 6/0 (1= Vxu) (ys)dws + e[xaly 1) = x(0)]
= eMlL2 + ¢(bounded term)

When e converges towards 0 the e(bounded term) disappears and the martingale eM, is characterized
2

by the convergence of its quadratic variation. Indeed

t

-2
M! :2/6 L= Vxil*(ys)d
<6 €i2> € 0 | Xl| (y) S (58)
281Dy (U)

The last limit is obtained by ergodicity with
Dy(U) = / Il — Vxi[2dmy
T

Dy(U) is a quadratic form in [ Define D(U) the effective diffusivity (or homogenized matrix) associated
to the potential U by

1.D(U).l = Dy :/ Il — Vxi|?dmy (5.9)
T

5.1.4 Convergence of the quadratic variation, towards equilibrium

In the sub-section 5.4 the limit 5.1.3.i of the quadratic variation has been obtained trough ergodicity;
it is interesting to give an alternative and more precise proof of the existence of this limit in order
to be able to control the speed of convergence.

The key tool here is still the spectral gap. Indeed, since the mean of the function |l — Vy;|> — D;
with respect to my is zero. A periodic solution ®; to the following Poisson equation can be found.

Ly® = |l — Vx> — D, (5.10)

Here ®; is smooth and bounded and to ensure its unicity it will be assumed that ®(0) =0
Then by Ito formula

/ 1= Voul2(y2)dz = Dyt — 5) + Bi(ye) — Bilys) — / Vi (y. ) (5.11)

This expression allows to prove that the quadratic variation of the difference martingale associated
to the cell problem

Mg, = eM!, —eM
bl ? €
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converges a.e. towards (¢t — s)D;

This convergence for all t and s and the Markov property of My are sufficient to prove that the

finite dimensional distributions of the continuous martingale eM!, converges to those of a Brownian
2

motion with effective diffusivity D;. And the continuity of the pz;th of the limit process is proven by
the following compactness criterion

lim lim sup P( sup M| > R) =0
=0 -0 [t—s|<6 0<s<t<T

which can be satisfied because the quadratic variation of the martingale M, are bounded by
Constant.(t — s)

Thus y¢ converges in law to a Brownian Motion b with Effective Diffusivity D(U) and transition
probability density given by:

1 'z —y) D U)(= —y)
z,Y) = exp ( — 5.12
pi{o) @midet D) ( 2t ) (5.12)
and mean square displacement in the direction [
E[(b:.1)?] = DUl t (5.13)

5.1.5 The Effective Diffusivity

A lots of efforts have been spent, in several fields of applied sciences (such as composite materials)
to characterize the effective matrix associated to an homogenization problem. Here the effective
diffusivity will be controlled by known variational principles (see [JKO91], Homogenization of Second
Order Elliptic Operators).

5.1.5.i Decrease of the Diffusion

By the Green Formula and the periodicity of the solution to the Cell Problem,

dzx
Vyi|2dmy = — | V(e v —
/Tfl| xi2dmy /Tld (e X1) Xi e W0
dzx
= — 1.V (e ?Y _
/Tld e led =T (5.14)
=/ l.VXl de
Ty
thus the formula 5.9 can be written.
z.D(U).z:F—/ Vx> dmy (5.15)
Ty
SO
1.D(U).I <12 (5.16)

and an homogenization on a potential field causes a decrease of the diffusivity. If [.VU is not the
null function then x; which is smooth here, is not a constant function, and the diffusion is strictly
decreased by the homogenization.

I.VU #0=1.DU).l < I? (5.17)
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Notice also the effective diffusivity D(U) is symmetric and its matrix can be written
D) = [ = V) la = Ty (518)
1
Moreover, since .z — x; with respect to Ly if g € C>°(T¢) then by the Green formula
/Td(l - Vx1).-Vgdmy =0 (5.19)
1
Thus

DUV = /T (1= Vxpydmy (5.20)

1

5.1.5.ii Upper Bound
By the equation 5.19, if g € C*(T¢) then

/ 1=V + g)Pdmy = Di(U) + / VglPdmy + / V.l — Vxi)dmy
e e e

= DU) + [ | VoPdmy = D)

Ty

This gives us a nice variational formula acting as an upper bound, the point where this formulation
reaches its minimum D;(U) is unique up to constant functions and the solution to the cell problem
is a minimizer.

UD(U)l = inf /u—VdemU (5.21)
fec=(ri) Jrg

This formulation is also often used as a definition of the effective diffusivity because it has a sense
even if U is not smooth, all we need is a well defined probability measure my on the torus.

5.1.5.iii Lower Bound
First notice that, D(U) is elliptic.Indeed, by the equation 5.9

UD(U) > eQO“(U)/ Il — Vx| dx
i

> 2 Osc(U)ZQ

Thus D(U) has an inverse that will be written D(U)™!
In order to prove the lower bound, define the set of smooth divergence free periodic vector field as:

Qua() = {p € (€™ (2| div(p) = 0and | pa)dz =0}

T
and write m_gy the probability measure on the torus associated to —U
_ drexp(2U)

led exp(2U)

Then the Lower Bound of D; is given by a variational formula for the inverse matrix of the effective
diffusivity. Indeed let £ € RY be a unit vector |¢| = 1, then

m_y(dz)

'€DW) "¢ . )
Jpg exp(=2U (2))dz [rq exp(2U (x))da o /Tf € —pl"dm-u (5.22)
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Indeed the above problem admits a unique solution ps which can be easily expressed in terms of the
solution of the Cell problem.

—2U

i (la = VX)DO) )¢ (5.23)

e I B —
23 ( d led e—2U(z)q

Notice that div(pg) = 0 and by the equation 5.20, pg satisfies de pe(x)dr = 0. Moreover, if v € Qqq,
1
then

t -1
: £D(U) ¢ [

e — v2dm_;r = dm._
/Td € —pe —v[7dmy led e—QU(m)dxfol e2U (@) dy * TldM v

1
- 2/ (& — pe).vdm_y
T
D) '¢ / 2
= + vi“dm_y
Jro e 2@ [y 2@ T1d| |
€DU)"'E
—led e—2U(z) dg led e2U(z) dr

For p = 0 this variational formulation gives the Voigt-Reiss’ Inequality:

1

> Jpa exp(=2U (2))da [0 exp(2U (z))dz (5.24)

D(U)

The lower bound of this inequality is the effective diffusivity in dimension one but for d > 2 the lower
bound is not reached in general.

5.1.6 Tighter bounds and wider class of homogenized matrices

The bounds specified by the Voigt-Reiss inequality are usually to wide and give little information
about the homogenized matrix associated to a second order elliptic operator. The problem of tighter
bounds has been the subject of intensive research in physics and continuum mechanics, especially in
the theory of dispersion of electromagnetic waves on small particles and the theory of elasticity for
microscopically non-homogenous media.

For instance in any dimension an example of stratified media shows that the above bounds are precise
in any dimension, but they are too general to be sharp for more particular media, such as a two-phase
composite medium for which the Hashin-Shtrickman Bounds are more precise. The Chapter 6 of the
book of S:M. Kozlov, V.V. Jikov and O.A. Oleinik [JKO91] is a good introduction to the subject;
see also [MB97].

It is also important to notice that the variational formulae obtained above are nice, simple and

local because the matrix fldexpﬂ describing the inhomogeneous medium, is real, symmetric,

rd exp(—2U)
definite, positive; elsewhere Efor instance when the inhomogeneous medium is associated to a non-
symmetric matrix which can even be complex in conductivity problems in presence of a magnetic
field) the effective matrix would be associated to non local variational formulae or to a pair of saddle-
point variational principles. Here the articles of G.W. Milton [Mil88];[Mil90]; A. Fannjiang, G.C.
Papanicolaou [FP94]; J. R. Norris [Nor97] are a good source of information.

5.1.7 A note on convection enhanced diffusion

If the homogenization takes place on a period free divergence drift then the homogenization is en-
hanced. An interesting series of papers by A. Fannjiang and G. Papanicolaou is available on the
subject (see [FP94] for periodic flows and [FP96] for random flows). In this subsection some basic
results will be given.
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Let T be a smooth skew-symmetric d x d matrix on R?, periodic of period T{.

SoT € (C“(T{j))d(d_l)/ ? and is the stream function of an incompressible flow *V.T; this notation
designate the horizontal vector

d
¢
(‘VI), = > oiny (5.25)
i=1
Let Lt be the operator associated to this flow:
1 ¢ 14
Lp:§A+ VFV:V(g—i—I‘)V (5.26)

which has for invariant measure the Lebesgue measure. The Stochastic Differential Equation associ-
ated to this operator (generator) is:

dys = d VI (ye)dt
Yo ==

where w is a standard Brownian motion in R¢

The behavior of y; for large t is a Central Limit Theorem given by homogenization:

Define for e > 0

€

Y = ey(

)

[
No| =+

Then y¢ converges in law to a Brownian with Effective Diffusivity D(I") which is positive, definite
and symmetric.

The cell problem associated to the homogenization phenomenon is for [ € R? the solution y; €
C>®(T%) (normalized with x;(0) = 0)

Lr(xi—1) =0 (5.28)

Effective diffusivity The effective diffusivity is then given by
D) = / Il — Vxi|?de = 1% + / \Vxi|*dx (5.29)
T T

Note that 5.29 shows clearly the enhancement of the diffusion by an homogenization on a periodic
free divergence drift.

The effective diffusivity (which is defined by the behavior of yx(t).y;(t)/t for large ¢, see section 2.4
of [JKO91] and 4. of [O1194)) is given by:

For k,l € R4

'k.D.l = / fk — Vxi)( — Vx)dx (5.30)
T
This explains why the effective diffusivity D is symmetric.

Flow effective diffusivity One must be careful to not confuse D(I") with the ”flow effective diffusiv-
ity” o(I") which is a non-symmetric matrix relating the gradient of the heat intensity with the flux
[FP94].

More precisely write,

F(2) = Lo — (@) (5.31)
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and
I
FLUXi(z) = (5 +T)VE (5.32)

then V Fj represents the gradient of the heat intensity and FLUX; represents the flux induced by the
gradient of heat intensity .

The relation between the mean of the gradient of heat intensity and the mean flux is given by the
"flow effective diffusivity ”(this relation is used to define o(I"))

o(T) VE(z)dx = / FLUX,(z)dz (5.33)
T T
Thus for k,1 € R?
1,
oo (D).l = / (24T~ V) (5.34)
T

Note that the symmetric part of the "flow effective diffusivity” ogym(I") gives the effective diffusivity
by the following relation:

D = 204m(T) (5.35)

The following variational formulations are proven by J.R. Norris in [Nor97]

General variational characterization for all [,¢ € R¢
(€ = (D)) Dy (T) (€ = o (D))

. Iq 2
= inf —HV - (—=+4+1D)(l - d
P e Y - (G AT VP

(5.36)

Where the minimum is taken on f € C°°(T{), H varies in the set of smooth skew-symmetric d x d

periodic matrices in C°(T¢)H4=1/2 HV is the vertical vector
d
(HV), =Y 0;H; (5.37)
j=1
Lower bound For ¢ € R?
1
teD(r) ¢ = inf/ € = HY(2) + (5 + D(2))V/ (2) e (5.38)
va Tld 2

Where the minimum is taken on f € C°°(T{), H varies in the set of smooth skew-symmetric d x d
periodic matrices.
Note that homogenization on a free divergence drift enhance the diffusion (D(I") > 1).

Upper bound For [ € R?
UD(T)l = 4 inf / € = HY(2) — (% + T(2))(I = Vf(2))|%dz (5.39)
£7f7H Tld 2

Where the minimum is taken on f € C°°(T{), H varies in the set of smooth skew-symmetric d x d
periodic matrices. And ¢ € R? such that £.1 =0
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5.2 Multi-scale Homogenization

In this section, the method of asymptotic expansion will be introduced as an introduction to multi-
scale homogenization. Consider for instance a medium characterized by two scales of inhomogeneities
and assume that the ratio between those two scales is big. Now there are three description of such a
medium:

e The first one is microscopical: it means that the mathematical equations associated to the
medium reflect all the inhomogeneities with their distinctive features.

e The second one is macroscopic: it means that those mathematical equations only reflect an
effective medium without any inhomogeneity.

e The third one is mesoscopic: it means that those mathematical equations reflect the large scale
of inhomogeneities but the smaller scale is seen trough an effective medium.

The definition of microscopic, mesoscopic and macroscopic scale depends on a particular observation
of a physical system and the kind of properties to be analyzed. The mesoscopical scale acts as a link
between the extreme scales, and to understand the properties reflected in the macroscopic scale by
the microscopic one, this link is essential.

Notice that this kind of description is as old as Statistical Physics (but the mathematical models of
multi-scale homogenization that will be discussed here are more recent). In fact, most of the quantities
of physical interest, accessible to experience and necessary to applications, are macroscopic: volume,
pressure, temperature, heat capacity, viscosity, refraction value, magnetic susceptibility, resistivity,
... To compute them from microscopic properties, one has to link them with statical means on the set
of particles, whose individual characteristics are inaccessible and not interesting. The explanation of
the macroscopic properties from microscopic components requires the use of probabilistic concepts
and methods, even if the elementary laws are perfectly known and the subjacent were deterministic.

Here the mesoscopic description will be obtained from the microscopic one, in the latter the
mathematical equations are characterized by ”"slow” and ”fast” variables according associated to the
different scales of inhomogeneities and the mesoscopic scale is obtained through an homogenization
of the equations on the ”fast” variables.

5.2.1 The Method of Asymptotic Expansion

To illustrate the method of asymptotic expansion, a mesoscopic description of the cell problem
associated to a periodic potential, characterized by a slow and a fast period, will be given here. In
addition to the enormous heuristic importance of this method, it opens up new possibilities for the
mathematical justification of various homogenization phenomena.

Let V,T € C®(T%), R € N/{0,1} and
U(x) =V(Rz)+ T(x) (5.40)

Let XZU’R be the solution of the cell problem 5.4 associated to U

The method in question is based upon the concepts of asymptotic analysis, the aim is to find an
approximation for this solution that take into account the rapid oscillation of the coefficients of the
equation.

Thus, it is natural to seek the first approximation in the form:

1

U,R

X, () = X (x) + Exl(w, Rx) +1'(x) (5.41)
where X? does not depend on the ratio R between scales and is periodic of period one and the function

of two variables x!(z,y) does not depend on R and is periodic of period one in z (slow variable)
and in y (fast variable.) Moreover it is assumed that those two functions are two times continuously
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differentiable on the torus.

The method of asymptotic expansion allows to find x° and y'; here, since V and T are smooth, those
two functions will be smooth.

Here the function n' is assumed to act as an error term. This method brings up several problems
of justification according to the utilization of the approximation one has in mind. For instance, the
justification of the asymptotic expansion at order 0 means to show that x is indeed asymptotically
an approximation of XlU’R(x); then one has to show that the function %Xl(a@,Rx) + 0! does act
as an error term, and tends towards 0 as R tends towards oo in a norm which choice depends on
the regularity of the coefficients of the equations. In general this norm is equivalent to ||.|| L2714}
assuming all coefficients and all functions to be smooth enough then the convergence will be in the
uniform topology.

Moreover, as it will be shown, it will be important to notice that to be able to find the proper
candidate for x° and prove this convergence, one has to seek the expansion of XlU’R up to order %.

1 1
X (@) = X, Re) + 5 x (@, Re) + 5P (a, Re) + 0 (x) (5.42)

Notice also that, the justification of the asymptotic expansion at order 1 means to show that the

function R(% X (x, Rz) + 172) does act as an error term, and tends towards 0 as R tends towards oo.
75

Usually, what is sought is an approximation of leU,R; in this case, because of the dependence of !
on the fast variable; one needs to show that Vn! tends towards 0 as R tends towards co. In general,

the norm associated to this convergence is equivalent to ||[Vn!|| L2(rd)- Moreover, for wide range of

And to find the right candidate for x! it is needed to seek the expansion of XZU’R up to order

boundary value problems (on a domain €2, notice that here, since the problem takes place on the torus,
this difficulty is not present) the speed of convergence of this norm is in ﬁ and to be able to improve

it one has to add a ”"boundary corrector term” Cr(z) so that VXlU’R—XO(:c, Rz)+ %X (2, Rx)—Cg(z)
belongs to the Sobolev space H}(£2) and the speed of convergence in the norm ||.|| (0 becomes in
1

R
However, those justifications are not always needed. That is to say, sometimes, all that is useful

is to know the dependence of x° and x' in the slow and the fast variables and some information
about their formulae in order to use them as candidates for a variational formula. In those cases the
method allows to find those formulae and this shall be sufficient.

5.2.1.i Computation Rules of the Solution of the Cell Problem

Here, several basic computation rules associated to the solution of the cell problem will be presented.

Those rules will be useful to evaluate the components of the asymptotic expansion of XlU’R

Let x} (y) be the solution of the cell problem 5.4 associated to a periodic potential V (y), then by
the computation 5.14

| Vox! @dmy (y) = Lo = D(V) (5.43)
1
This implies that for all (b, h) € R? x R?
/Td .V xy, (y)dmy (y) = 'b(1; — D(V))h (5.44)
1

Moreover, for all f € (Cl(Rd))d

/T T\ )y () = (1~ DOV)) f(2) (5.45)

1
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Finally, the Green formula shows that
t v L
| OV 0oy iy () = 5192 (1 = D) £ (5.46)
1

5.2.1.ii The Method

As it was mentioned, to be able to find the proper term x° we seek the asymptotic expansion up to
order 2.

1 1

The slow variables will be written x and the fast ones y. Then the operator Ly decomposes onto a
sum of three operators acting on those variables:

Ly =R*L,+ RL,, + L, (5.48)
With
1
Ly = 50 = VTV,

Luy=VaVy— V., TV, —V,VV,

1
Ly =50, = V,VV,

The basic method is simply to identify on each side of the following equation the terms of the same
order n in R™

Luxy™ = —RLV,V (y) — 1.V, T(z) (5.49)
e Term of order R?
Lyx°(z,y) =0 & x(z,y) = X*(2) (5.50)
So at it was expected, x° does not depend on the fast variable.

e Term of order R

Lyxl(x,y) + LLyXO(:c) =-1.V,V(y)
A Lyxl(x,y) =—(- VzXO(x))-vyV(y)

So
xX'z,y) = xV (). - VX’ (2) + xo(2) (5.51)

Notice, that the equation associated to the term of order 0 does not give us the evaluation of
x" but a mesoscopic relation between y! and x°. This relation is interesting in itself because
it suggests that at the order 0, the matrix I; — VxV'® acts like (I; — VXV (Rz)) (1o — VX°(z))

e Term of order R

LyX2(:Ca y) + Lx,yxl(x, y) + szo(x) = —leT(x)
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This Poisson equation relative to the operator L, has a periodic solution X%(z,y) if and only if
its mean with respect to the measure dmy (y) is equal to 0, thus the following equation must
be fulfilled in order to ensure the existence of x2(z,):

| L@ g)dmy () + Lox"(@) = -1V, T(2)

i

Now, by the computation rules 5.2.1.i

| Lo iy ()

- /T (929, = 9TV, = V) (W ) (- Vax (@) )dmy (y)

= (Ve = VaT(@) — ~2) (I~ D(V)) (1 ~ Vax(e))
\Y%

= —(55 = VuT (@) (I = DOV)) (Vax"(@) — )

Thus the condition for the existence of x? fix the value of y°

\Y

(75” — V. T(2))D(V)(Vax’(z) = 1) =0 (5.52)
Notice that, although x° is the solution of a cell problem associated to the slow potential T';
the influence of the fast potential on x° is felt trough a mean behavior characterized by its

associated effective diffusivity.

These results are sufficient to understand the following chapters, however in what follows, the terms
UR . . .
of x;"" will be computed up to order 3 to satisfy our curiosity.

5.2.1.iii Further terms

Since the general method is always the same (equals the terms of the same order in R™ in 5.49 and
satisfy the conditions for the existence of a periodic solution), only the results will be given here. We
seek to characterize the remaining terms in the following asymptotic expansion. Those remaining
terms will not directly be useful because x°, x' and the solutions of the cell problems associated
to them contain all the information that we need. However the remaining terms will put into light
new intrinsic objects (different from the solutions to the cell problems) associated to this mesoscopic
relation between the slow and the fast potential. Those objects would become useful and would be
given a name if one would like to answer to more subtile questions about the mesoscopic relation.

1 1 1
X (@) = XP (@, Re) 4+ 55xi (@, Re) + 55 (@, Re) + 2ol (e, Re) +0°(a) - (5.53)
Define the matrices HZVJ and BZV] by
L. HY — 8_Zy_ayv Vv 5.54
Yty ( 2 3 (y))Xej (y) ( . )
LyB}; = 9!x:,(y) — (1la— D(V)), (5.55)

Then x?(z,y) is given by

X*(@,y) = —x" ) Vaxo(@) + Vo HY () Vaxo(z)

5.56
+ (% — Vo T(2)) BY (y)Vax’(z) + Vo T(x)BY (y).1 + x5 (x) o
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Define the tensors Lﬁj(x), Mf](x) and NF¥(z) by
\Y 0

(55 = VaT(@)) D(V)VaLij(2) = (5 = i T(2)) 5" (x) (5.57)

(% — V. T(2)) D(V)V M (2) = (? — T () (% — OFT(2)) 07X () (5.58)
Ve k alf b z ., 0

(5 = VeT (@) D(V)VaN; () = (57 = 5 T(2)) 97X () (5.59)

Then x}(z) is given by

W) == L) [ ormimy ) - @) [ orBYamy )

(5.60)
- NE@)( ] Bl wdmy )i
Define the tensors h;(y), ﬁﬁj(y),éfj(y), ﬁfj(y) and Bf](y) by
Lyh;(y) = x¢,(y) — /Td Xe, (y)dmy (y) (5.61)
- ay
Lyl (y) = (5 = 4V () Hij(v) (5.62)
- ay
LyBy;(y) = (5 — 9V (1)) B;() (5.63)
Lyftly) = H W) ~ [ B w)my () (5.64
LyB(y) = 0B,y / 0 By (y)dmy (y) (5.65)
Then x3(z,y) is given by
X (2, y) =L 07X (@)hi(y) + Hy ()95 x0(x)
— 1) xo(e) — B ) (E - a@T(sc))a@‘ @) + FT(2)L)
— (% — VT () BY (y) Vo L 4 / o H) (y)dmy (y))
5.66
- (% - VxT(:c))BV(y)Vx((ij( + Nfi(z / OBy (y)dmy (y ))) (569
— i w)(% - b7 (@) o5 ()
= B - ob1@) (% - 0T @) @) + T @), ) + i)
And n(x) is a solution of
LU773(SC) = —% (Lxxz(:c, Rzx) + vayxg(x, Rz) + %Xg(:c, Rx)) (5.67)

The expansion will be stopped here, notice that the complexity of the formulae grows quickly with
the order in the expansion; this is a general phenomenon.
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5.2.1.iv Justification

Let’s show that n'(z) = XlU’R —x(x) — %Xl(a@, Rz) strongly converges towards 0 in H'(T{):

lim |Vt (x)]? dmy(z) =0 (5.68)
R—+o00 T

This is an easy task here, since everything is smooth and periodic. Indeed,
1
n'(z) = 25X (2, Ra) + 17 (x)

Obviously %XQ(x,Rx) strongly converges towards 0 in H'(T¢) like % by the Green Formula and
the Poincaré inequality

| o dmyta) = - [ Loi@Pa - [ owdno) o)

d
1 Tl Tl

<cf [ (o) amo@] [ [ [9rtR dmo)]

Where C' is a constant bounded by Cje?©0s¢(V)+20sc(T)
Thus

[ vP@P dmyte) < € [ (Lop @) dmo(a)
T Tt

And since

Lyn? = —% [Lxxl + (Lyy + %)XQ] (z, Rx)
whose L?(T{) norm converges to 0 like ; this proves the result.
Moreover, notice that the term y3(x) in x! is not relevant here since %Xé(x) converges strongly to
0 in H}(T{) (the same phenomenon applies to %szl(a@,y), the gradient of ! with respect to the
slow variable).
This proves that

lim

Ll V() = Vax’(2) = VyxV (Rz) (1 — V() ‘Qde(a@) =0 (5.69)

When the problem has a boundary, and the coefficients are less regular, several methods have
been developed to deal with the justification problem; they will be briefly introduced in the next sub
subsection (it is not necessary to read it understand the following chapters).

5.2.1.v  Further topics on the justification of asymptotic expansion

Define 2 a bounded open set in R?. Let f be a function in L?(Q) and A(z,y) a matrix with bounded,
measurable, elements, periodic and of period T in 3. Assume that there exists two positive constants
0 < a < /3 such that for all £ € R?

ag? <'EAL < pe? (5.70)
The latter condition on the matrix A ensure the existence in Hg () of the solution of the following

equation.

{—v.(A(:c, 2)Vue) = f inQ (5.71)

ue =0 on 0f?
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Here € acts as a small parameter reflecting the period of the inhomogeneities. The problem of
asymptotic analysis of periodic structures with boundary value is to seek the asymptotic behavior of
ue as € tends towards 0. Moreover the uniform coercivity of the matrix A allows to show that all the
solutions u. are uniformly bounded (for all €)

[uell 1) < COL )| flr2(0) (5.72)

Thus by compactness in the weak topology, as € goes to 0 there exists a limit u such that, up to a
subsequence u. converges weakly to u in H&(Q) The method of asymptotic expansion allows to guess
a good candidate for the limit u; by postulating the following ansatz.

ue(x) = up(z, %) + euq (z, %) + 2y (1, %) + - (5.73)

By satisfying the equations imposed by the terms of same order in €" in the equation 5.71 up to
order 2. One finds that ug(z,y) = u(z) does not depend on the fast variable and is characterized by
the following equation.

(5.74)
ue =0 on 0f?

{—V.(A*Vu) —f nQ
Where A* is an effective, coercive matrix whose formula is given by the cell problem associated to A.
Now wu is the good candidate and the problem of justification is to prove the convergence of the
sequence u. to u. Many methods are available or have been developed to this end, some of them are
briefly given here. Define A° = A(z, %):

The G-convergence (developed by S. Spagnolo; see [Spa76], [ZKON79], [JKO91])

The sequence of matrices A€ is called G-convergent to the matrix A* in the domain €, if for any
f € H71(Q) the solution wu, of the Dirichlet problem 5.71 converges towards u (defined by the
equation 5.74) in H}(Q2) and A°Vu, converges towards A*Vu in L?(Q).

This notion of convergence is wide in the sense that homogenization is a particular og G-convergence,
thus it allows to develop a large range of abstract theorems characterizing the topology associated
to this convergence and others that ensure this kind of convergence to take place.

For instance, if those matrices are seen as abstract self-adjoint, uniformly coercive and bounded
operators on a separable Hilbert space V' with V* as its dual. Then the abstract energy criterion
says that A¢ G-converge to A* if and only if

iy if {5000 = (0} = i {gav) - () 75
Which means that, G-convergence of self adjoint operators is equivalent to pointwise convergence of
the quadratic forms associated with the corresponding inverse operators.

This convergence imply the I'-convergence of the quadratic forms (A.v,v) to the form (A*v,v) (see
below)

One of the significant properties of G-convergence is the fact that the G-limit operator depends only
on the original sequence of operators but neither on the type of boundary conditions, nor on the
domain. Moreover the property of GG-convergence is local in the sense that if A, G-converge towards
A in a domain 2, then A. G-converge towards A in any sub domain €2y C. This local property
is sometimes [AB96] used to justify the fact that one does not loose in generality to suppose that
inhomogeneities of a problem are periodic (which is stronger that ergodic).

The I'-convergence The I'-convergence is a notion of functional convergence which has been intro-
duced by E. De Giorgi; see [Gio75], [JKO91].

The forms (Acv,v) I'-converge to the form (A*v,v) if and only if the two following properties are
satisfied:
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e For any u € V and any sequence u. € V which converges weakly to it, the following inequality
is valid

lim (Actie, ue) > (Aou, u) (5.76)

e—0
e for any v € V there exist a sequence u. € V' converging weakly to it and

lin%(Aeue,ue) = (Aou,u) (5.77)

The energy method (developed by L. Tartar; see [Tar77], [Def93], [Mur78])
The main ingredient is a clever choice of test functions in the variational formulation of the equation
5.71

/ AE)Vu(z). V() de = / f@)d(z)de Yo € HA(Q) (5.78)
Q € Q

The goal of this method is to pass in the limit in the above equation; but the left hand side in-
volves the product of two weakly convergent sequences. However one can do so by replacing the
fixed test function ¢ by a chosen sequence ¢, (whose formula is given by the solution of the cell
problem associated to 'A) which permits to pass to the limit thanks to a compensated compactness
phenomenon ([Tar79],[JKO91]): indeed consider p¢, v¢ vector fields in (L2(2))¢ converging in the
weak topology to p® and v?. The lack of strong convergence does not allow to pass to the limit in
the scalar product p©.v¢, however by adding additional properties to those sequences one can ”com-
pensate” this lack. For instance if in addition divp® and curlv® are compact sequences in H~1(£2)
(where curlv is a skew-symmetric matrix whose elements belong to H~1(Q2) and are defined by
(curlv, @)ij = [q (vj(2)9p(x) — vi(x)0jp(x))dx for all ¢ € HG(S2)) then p°.v¢ remains bounded in
LY(Q) and the following weak convergence is established: for all ¢ € C§°(€2)

tim [ (@)t @it = [ @) @)p(e)ds

This method proves rigorously the convergence of the homogenization process.

The two-scale convergence method (developed by G. Allaire [All92], [All94], and Nguetseng
[Ngu90))

A sequence of functions u. in L?(f2) is said to two-scale converge to a limit ug(z,y) belonging to
L2(Qx Ty if, for any function ¢ (z,y) in D(Q, C>®(T{)) (the space of infinitely smooth and compactly
supported functions in Q with values in the space C*°(T{)), we have

lm [ we(x)y(z, E)d:c = //Qde uo(x,y)Y(x,y) dr dy (5.79)

e—0 Jo €
Here are some properties of this kind of convergence:

e For each bounded sequence u. in L?(€2) one can extract a subsequence two-scale converging to
a limit ug(z,y) in L2(Q x T{).

e If a sequence u. in L?(Q) two-scale converge to ug(x,y) in L?(Q x T¢) then u. also weakly
converges to u(z) = [auo(z,y)dy in L(Q).
1

e Ifasequence u. is bounded in H'(f2) then there exists u(x) € H'(Q) and uy (z,y) € L2[Q; H (T{)]
such that, up to a subsequence, u, two-scale converges to u(x), and Vu, two-scale converges to
Veu(z) + Vyur(z,y).

This two-scale convergence framework allows to show that the entire sequences u. of the solutions
of 5.71 and Vue converge to u(x) and Vu(z) + Vyui(x,y) (where u; is the first of order 1 in the
asymptotic expansion 5.73). It also allows to obtain corrector results and to show for instance that
ue(z) — u(x) — euy (x, L) strongly converges to 0 in H*(12)
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5.2.2 Differential Effective Medium Theory

Polycrystalline metals, porous rocks, colloidal suspensions, epitaxial thin films, rubber, fiber rein-
forced composites, gels, foams, granular aggregates, sea, ice, shape-memory metals, magnetic ma-
terials, electro-rheological fluids, and catalytic materials are all examples of materials where an
understanding of the mathematics on the different length scales is a key to interpreting their physical
behavior [GGJT98]; for instance the hydrologists distinguish at least seven different scales ([Zim93]).
Thus in many field of physics and engineering some phenomena can not be explained in terms of a
model of one scale stochastically homogenous random media. One of the heuristic theory (among
others, such as the Self Consistent Approximations, [Bud65], [Hil65], [Wu66]) developed to fill this
gap is the Differential Effective Medium Theory (D-EMT). This theory models a two phase compos-
ite by incrementally adding inclusions of one phase to a background matrix of the other and then
recomputing the new effective background material at each increment ([Bou97], [McL97], [CCL80)).
This theory was first proposed by Bruggeman to calculate the conductivity of a two-component com-
posite structure formed by successive substitutions ([Bru35] and [AIP77]) and generalized by Norris
([Nor85]) to materials with more than two phases. This method is also implemented numerically.
Here the utilization of this theory to evaluate the conductivity of a two phase material (matrix with
aggregates grains) will be reproduced (see the paper of Garboczi and Berryman [GB99], this material
is the concrete) as an introduction to the heuristic DEM Theory though process.

5.2.2.i The heuristic process

The structure is build up by starting from a homogeneous component and using the following iterative
process: replace the a small amount of this homogeneous component by the second component, and
then regard the resulting ”effective” material as the homogeneous component for the succeeding
substitution step.

Thus, in the usual D-EMT ([McL97]), when a particle with conductivity o, is embedded in a matrix
with conductivity opyx, the dilute limit is used to generate an approximate equation that can be
solved for the effective conductivity: in the dilute limit, the value of ¢, the volume fraction of
aggregates, is small enough so that the aggregate grains do not influence each other. The effective
conductivity, o, is then given exactly (heuristical for a mathematician) by ([Tor91],[SGB95]):

0 = Opuik + Opueme + O(c?) (5.80)

where m is a dimensionless coefficient often called the dilute limit slope or intrinsic conductivity
[DGY5] that is a function of the shape of the particle, and the ratio % The higher order terms
in the ¢ expansion come from interactions between aggregate particles, and so are negligible in the
dilute limit.
The dilute limit is now used to generate a differential equation for the conductivity when an arbitrary
amount of aggregates is placed in the matrix. Suppose that a non-dilute volume fraction ¢ of aggre-
gates (of conductivity o,) have been placed in the matrix. The effective conductivity of the entire
composite system is now o. This system of matrix (volume fraction = ¢ = 1 — ¢ ) plus aggregates
(volume fraction = ¢) is treated as being a homogeneous material. Suppose then that additional ag-
gregates are added by removing a differential volume element, dV, from the homogeneous material,
and replacing it by an equivalent volume of aggregates. The new conductivity, o + do , is assumed
to be given by the dilute limit

o+do = 0+0m(0)g (5.81)
where V is the total volume and is the same as that in equation 5.80, but with the replacement
Opuik — 0. This is the key approximation that is made in order to generate the DEM Theory. When
the volume element dV was removed, only a fraction ¢ was matrix material so that the actual change
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in the matrix volume fraction, d¢, is given by

av
dé — — 5.82
6=—6% (552)
Equation 5.81 then reduces to
do do
- _ 5.83
) om(o) (5:83)

which can be integrated to yield
7 do /¢ d¢
/O'bulk m(UI)UI 1 ¢/ ( ) ( )

For spherical aggregates of only one size, with conductivity o,, and embedded in a matrix of con-
ductivity o [Tor91],

Op — 0O

=3_F - 5.85
mio) =350 (5.85)
The integral in equation 5.84 can be done exactly, using equation 5.85, with the result
— 1
7% (T yso1-¢ (5.86)

Obulk — Op Obulk

This result shows the heuristic efficiency of D-EMT. Notice also that in the generalization of D-EMT
to multi-phases materials, grains with n different shapes and conductivity are added to the backbone
material, and the equation 5.80 becomes (a sort of "n dimensional heuristic Taylor expansion”).

n n
0 = Obulk T Obulk Z mi i + Z o(c}) (5.87)
i=1 i=1

Where the m; are the intrinsic conductivity of the different phases and the ¢; their volume fraction.

5.2.2.ii Some Applications

Electrical and acoustic properties of fluid-saturated sedimentary rocks For sedimentary rocks,
the Archie’s law: o = o¢¢™ (which is an approximate empirical rule) links o, the dc electrical
conductivity, o, the fluid conductivity, ¢ the porosity, and m ~ 2 is a constant. By applying the
D-EMT iterative picture to rocks, in [SSC81] it has been observed that the form of Archie’s law with
m = % can be exactly reproduced. In a later work, [MC82], it has been shown that the value of
the exponent m is in fact dependent on the shape of the substitution unit, with m = 2 indicating a
general preponderance of randomly oriented platelike solid grains.

In [SC84], calculations based on the differential effective medium of rock microstructure yield pre-
diction of sonic travel times and acoustic attenuation in good agreement with experimental data.
In particular, the theory shows that the large frequency peak and its associated velocity dispersion
observed in sandstones are characteristic of a composite system containing fluid-filled microcracks.

Elastic properties of a composite material consisting of melt (fluid) and crystals (solid) D-
EMT has been used to develop a theoretical model for the elastic properties of a composite material
consisting of melt (fluid) and crystals (solid) (see [TS99b] and [TS99a]). Indeed, the quantification
of melt properties within a magma reservoir is extremely important in predicting and monitoring of
volcanic eruptions. The volcano will erupt when the amount and supply of melt (low density and
high viscosity material) in the magma reservoir is large. As the melt cools, crystals are formed,
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and the density and viscosity of the melt change. Seismic tomography provide information about
the wave velocities, and also attenuation and anisotropy of these regions: the size of the magma
reservoir(s) can be inferred from seismic methods. That’s why a theory to quantify the amount of
melt in the magma reservoir has been developed. More precisely DEM theory is used to examine the
effect of introducing inclusions of melt into a solid matrix on the elastic constants (and hence shear
and compressional velocities), attenuation, and anisotropy of the resulting medium.

Rock elastic properties The DEM theory is used to show that microstructure plays a significant
role in determining the effective elastic properties of porous materials such as porous foam composed
of glass [BB93b], quite good agreement is obtained with experimental data.

The effective conductivity of concrete The effective conductivity of concrete in its representation
as a composite material, with its three phases: matrix, aggregates, and the interfacial transition zone
(a thin shell of altered matrix material surrounding each aggregate grain). Assigning each of these
phases a different transport parameter, diffusivity or conductivity, results in a complicated composite
transport problem. To evaluate the conductivity of concrete, in [GB99] an aggregate particle with a
surrounding interfacial transition zone is mapped onto an effective particle of uniform conductivity,
which is then treated in usual differential effective medium theory.

5.2.3 Reiterated homogenization and Rigorous D-EMT

5.2.3.i Reiterated Homogenization

The method of Reiterated homogenization was introduced in Bensoussan-Lions-Papanicolaou [BLP78],
used, discussed and developed by Avellaneda [Ave87] and Kozlov [Ko0z95]; by Allaire, Briane [AB96]
and Jikov, Kozlov [JK99].

The typical problem solved by reiterated homogenization is the following is the one discussed the in
sub subsection 5.2.1.v:

{_v(Aamv%)zf in O (5.88)

ue =0 on 9

But now the conductivity matrix A, has n different ordered microstructure length scales €; > €3 >
-++ > €, (which depends on a parameter €) and is written

Ae(x) :A('T’_"" ’_) (5.89)

2
where A(z,y1,... ,yn) € (LOO(Q))(RH) is T¢ periodic with respect to each variable y; and respect
the coercivity condition 5.70. Each of these scales is microscopic in the sense that for 0 < k <n

lim e, = 0 (5.90)
e—0

And the ratio between scales very small: the scales are well separated and can be distinguished from
each other.

lim 2L = (5.91)
e—0 €f

This is a very strong and yet fundamental assumption for the method used in these works.

The key process in the reiterated homogenization of the operator associated to A(x,y1,...,yn) is
to homogenizes first with respect to the faster variable y,,, considering z,¥y1,... ,yn_1 as a parame-
ter to obtain an operator associated with an homogenized matrix A, _1(z,y1,... ,Yn—1) Where the

dependence on the faster variable has vanished and been replaced by an effective behavior. The
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next step is to homogenize with respect to y,—1 considering x,¥y1,... ,yn—o as a parameter and this
inductive process goes on until one has homogenized on all the fast variables y1,... ,y, to obtain
an effective operator associated to an effective matrix Ag(x). The justification of this procedure is
obtained thanks to the separations of scales 5.91.

In Bensoussan-Lions-Papanicolaou [BLP78], €, = € thus this separation is clear. And this justifica-
tion is done for A continuous in yq,... ,¥y, in two steps: First approximate A by As smooth in all
the variables and justify the reiterated homogenization for As through asymptotic expansion over
the scales € and the energy method (see sub subsection 5.2.1.v). Next control the difference A — A;
in LP norm thanks to a generalization of a analytical theorem ([Mey63]) on the LP estimate for the
gradient of solutions of second order elliptic divergence equations.

In Allaire-Briane [AB96] this justification is done for less regular conditions:

A, ym) € (L2(2) "7 (5.92)

The main tool is the extension of the notion of two scale convergence 5.2.1.v to the notion of n + 1
scale convergence. One of the main theorems obtained is the following:

if the scales are microscopic 5.90 and separated 5.91, A is coercive 5.70 and bounded 5.92; if the
following mixing condition is satisfied (called n + 1-scale convergence):

for all functions ¢ € L2(Q,C(y1 € T, ... ,yn € T{)) (where C(y; € T, ... |y, € T{) is the space of
continuous functions on (T{)")

X

lim [ Ac(z)p(e,2,..., 2)dz =
=0Jq € €n
(5.93)
/ A(xvylv--- 7yn)90($,y1,--- ,yn)d.%'dyldyn
Qx(Td)n
and if lim,._,g H(Ae)ijnm(g) = HAZ']'HLQ(QX(TId)n) then, the solution u. of the equation 5.88 converges

weakly to a function u of HJ () and its gradient Vu, (n + 1)-scale converge to a limit

VU(CC) + Z vkak(IE, Y1, .- 7yk‘)
k=1

where (u,uq,... ,uy) is the unique solution in the space
n
Hg(Q) x [T 2292 x (1) H oe(T1)]
k=1

of the (n + 1)-scale homogenized system

~V, (A(Vule) + X0y Vy5)) =0
V. |:f(Tld)”—k A(Vu(z) + > i1 VU5 dypg - - - dyn} =0 1<k<n-1 (5.94)
V. [f(Tld)n A(Vu(z) + > i1 Vy,us)dy ... dyn] =f

This system of equations reflects the inductive process in the reiterated homogenization of the oper-

ator associated to A (u is also the solution of 5.88 with A, replaced by Ag(z) obtained from A after
n successive steps of reiterated homogenization)

5.2.3.ii Multi-scale Dilution of Phases

In [Ave87], M. Avellaneda proposed a mathematical interpretation of the heuristic D-EMT proce-
dure. To this end he uses the techniques of iterated Homogenization (of Bensoussan, Lions and
Papanicolaou since this work is anterior to [AB96]) and G-convergence to construct a material which
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reflect a D-EMT property (the analytical tool for the study of G-convergence in this paper is the
theorem of Meyers-Elcrat [ME75] on the higher integrability of the gradient of H! solutions of elliptic
systems of partial differential equations).

This is done in the framework of linear elastostatics equations:

divC(z)Du =0 (5.95)

Where Du(x) = %[Vu + 'Vu] is the second order tensor of linearized deformations and appears as
the symmetric part of the gradient of the displacement u(x) (which is a vector). C(z) = Cjjp is
fourth-order tensor field, which links deformations with constraints (symmetric in the permutation
of the indices), measurable in z € R? and satisfying for fixed 7,75 > 0, all z € R? and all symmetric
d x d matrix 7.

mn:n<C(x)n:n<mn:n (5.96)

(: is the contraction procedure 7 : & = 1;;&;;)

The DEM material associated to the tensor of elasticity I'j. is built by adding m different
phases and m.j different periodic scales (its elastic properties are varying in periodic length scales
€,€2,--- €M, --- €™, where € is a small parameter) to a backbone structure associated to the con-
stant tensor field Cy
The phase k appears at scales k + m.p with p varying between 0 and j — 1. Thus, when the number
m of phases remains fixed and j the number of different scales associated to each phase grows large,
each phase is present in a "homogeneous” way at all scales. However, it is important to notice that
the ratio (here:small scale divided by big scale) between two scales associated to two different phases
is at least in e. This means that, although each phase is present at ”all” scales, they do not "see”
or ”interact” with each other; this is true at least in the limit when e goes to 0 and the tensor of
elasticity I'j . G-converge towards C; which reflects an effective media issued from the previous one
by m.j successive steps of iterated homogenization.

Now, imagine that in the first material I'; . the microscopic influence of each phase on the macro-
scopic structure is very small; this is reflected by an integer parameter n and the mathematical image
to have in mind is that when the phase k appears at the scale k +m.p (0 < p < j — 1) it does so
with a concentration 1+ (2) where t — ~;(t) is a continuous function reflecting the fact that the
concentration at which each phase appears might change with the phase but also with the scale at
which it appears.

Write I', j . for the tensor field associated to this material, as it was done before, let € goes to 0; you
obtain through the m.j successive steps of iterated homogenization an effective tensor C, ;.

Now imagine that the number of scales j at which each phase appears in I';, j . goes to infinity and
the microscopic influence % of each scale goes to 0 but the macroscopic influence of each phase %
tends towards a constant ¢. (% — t). Then Avellaneda proves that C,, ; converges to a tensor C(t)
satisfying the ordinary differential equation:

o) _ S we(cw)  CO=Cy (5.97)

where @i is an application from the space of all periodic elastic tensor fields to that same space;
reflecting the following procedure: Consider a backbone material with constant tensor field C', add
to this material the phase k at concentration p with the periodic scale € (this step is reflected with
e = 1 trough the operator T}, ,) then let € goes to 0, you obtain the effective tensor HT}, ,(C) (the
operator H reflects the homogenization step). Avellaneda proves that the new tensor HT} ,(C) is
differentiable at the concentration 0 and its differential is given by the formula:

d

Qr(C) = 2o

HT}, ,(C) (5.98)
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Which reflects the linearized influence on the backbone C' of the addition of the phase k at low
concentration .
The equation 5.97 is to put into relation with the heuristic D-EMT equation

Crerr(n) = C+ pQr(C) + o(u) (5.99)

which gives the effective linear elasticity of the new configuration Cj cs¢(p) after addition of the
inclusion phase k (whose geometry and linear elasticity are reflected in the operator Q) to the back-
bone material with linear elasticity C. (this also to put into relation with the equation 5.87)

In resume, this mathematical model, says that the equations appearing in DEM Theory and asso-
ciated with m different phase inclusions are homogeneous limit equations” reflecting the following
limit image: each phase is present at an infinite number of scales in a homogeneous way. Yet two
different phases never interact because they always appear at scales whose ratio is 0. Moreover the
macroscopic influence of each phase is totally (but non uniformly) diluted in the infinite number of
scales at which it appears (so its influence is 0 at the microscopic level but the total influence=infinite
times 0 is finite and non null).

5.2.3.iii Multi-scale control of the Homogenized Matrix

The work of Jikov-Kozlov [JK99] is interesting as the most recent result on the subject. This works
develops the ideas which were first appeared in S. Kozlov’s paper [Koz95] and follows the paper of
Avellaneda [Ave87] since it can also be seen as the asymptotic Justification of DEM theory as limit
equations.

Consider the divergent operator,

V. (KN(x)V> (5.100)
Where the matrix Ky is equal to
x x x
Kn(z) = I; a (Z)a (Z) -V (&) (5.101)
€1 €2 EN

The operator associated to this matrix reflects a multi-scale medium with decreasing scale factors
€1,€9,...€y. Notice also that the macroscopic influence of each microscopic scale is self similar in
the sense that K has a product form and the influence of each scale is translated by a rescaling of
the same function a'v.

Just as in the paper of Avellaneda [Ave87]; it is assumed that the microscopic influence a” of each

scale is diluted in the number N of scales: this is translated by following controls

1
N : 1,00 (nd
a'(r)=14+0(—=) in W >(T; 5.102
(1) =1+0() (19 (5102
1 p
N
a” (z)dz / ———dr <1+ — (5.103)
/Tld e N
The scales €1, €9, ... are assumed rationally independent in the sense that for n; € Z, Zle en; =0
if and only if ny = --- = ng = 0. This technical assumption is issued to obtain the functional mixing

result: for f; € L?(T¢)

k - k T
/Td' fi(e—i)dx = E/Tfl fi(e—i)dx (5.104)

1 =1



5. Homogenization 87

Moreover as in [AB96] it is assumed that the scales separate quickly:

ik( <k )2 < (5.105)
k=2

€k—1

For a real symmetric definite positive matrix, K (z), the constant homogenized matrix Kp,, associ-
ated to it is defined by the variational formulation: for n € R?

'n.Kn= inf / “(n+ Vu(z))K (n+ Vu(z)) do (5.106)
weHY(TE) T

In the asymptotic limit where the ratio between scales 6’:;1 is equal to 0, the homogenized operator
associated to 5.100 is characterized by a homogenized matrix Ay computed inductively by reiterated
homogenization:

Ao =14, Ar=(alg)hom; A2 = (0A1)hom> - Ak = (@ Ar_1)hom, - - - (5.107)

€
Here —2£L

is not equal to 0 and the separation between scales in the reiterated homogenization
procedure is not complete. However, under the assumptions of dilution 5.102, 5.103 and quick
separation between scales 5.105, it is proven that the complete homogenization procedure associated

to Ay control the homogenized matrix (Kn)pom associated to the multi-scale media K:

Ay = 0(5) < (K)hom < Ax +0(+) (5.108)

The general technique used to obtain this is to replace the solution of the cell problem by its first
order approximation in the method of asymptotic expansion and use it as a test function in the two
variational formulations (5.106 for the upper bound and a formulation similar to 5.22 for the lower
bound). But the error one makes by this way is of order of the ratio between scales 5’2—“ multiplied
by a constant which tends to grow with the number k of scales. Thats way the quick separation of
scales 5.105 is needed for this technique so that quick decrease of % ”compensate” the growing
error term with k.

In order to calculate Ay, an additional control is added to aV: the differentiability of the homoge-
nization procedure with respect to the dilution factor (also called concentration in DEM-T) % That
is to say, for any positive definite matrix C' obeying the inequalities v~'I; < C' < vI; with v > 0

M@©) 1

hom:C—’—T—*—O(ﬁ)

(a™0) (5.109)
where the remainder is uniformly small with respect to C' and M (C') is some symmetric matrix which
depends continuously on C' (this matrix function is assumed to be of class C*)

Then just as in the paper of Avellaneda [Ave87], when the number of scales N grows towards infinity
and the concentration % towards 0, the asymptotic behavior of the effective medium (Kn)pom, is
given by the solution of the following equation, which is a rigorous form of the heuristic equations

found in DEM theory.

%ﬁ’f) = M(A), A(0)=1I4 (5.110)
A}ilnoo(KN)hom = A1) (5.111)

5.3 Rate of Convergence Towards the limit process

When homogenization takes place, two natural problems appear, the first one is to identify and
characterize the limit object; the second one and generally harder one is to control the speed of
Convergence towards equilibrium. In general much less work has been done in the latter field.
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5.3.1 From short time estimates to long time behavior

Consider the self adjoint operator H € L?(R?) given formally by (see [Dav93] for the introduction of
this section).

Hf=- Z Oi{ Aij()0; f } (5.112)

where A(.) lies in the space F of measurable functions on R? with values in the set of real symmetric
matrices, and satisfying

A< A@@) < A (5.113)

for almost all z € R?, where 0 < A\ < co. As it has been shown in the chapter 3 many bounds on the
heat kernel p can be written in the form

d(Amaacv x? y)2

Ty ] (5.114)

p(tv x, y) S Clﬁt—g exp[—

d(Ame) Z, y)2
-0

valid for all § > 0 and ¢t > 0, where A,,;;, and A4, lie in F. In the above, d(B,z,y) denote the
Riemannian distance between z and y for the Riemannian metric B! given B € F. Explicitly

p(t,z,y) = cagt™? exp|— ] (5.115)

d(b,z,y) = sup{e(x) — ¥(y) : ¥ € Dp} (5.116)
where Dp is the set of 1) € C*°(R?) such that
ZBij($)8i¢aj¢ <1 (5.117)
,J

for almost = € RY.
Aronson type estimates In [Aro67] Aronson proved the existence of the estimates of the form 5.114
and 5.115 with

Amingj(x) = adij,  Amaz,ij = B0 (5.118)

for some positive constants o and § independent of ¢t and =x.
In [Dav87], E.B. Davies proved the upper bound with A, = A.
In is also interesting to note that in [DP89], E.B. Davies and M.M.H. Pang prove that

0<pt,z,y) < cat2(1+ M)% eXp[—W] (5.119)
and in one dimension the following explicit formula is available for x <y
d(a,z,y) = /y A(z)_%dz (5.120)
Short time behavior When A is continuous it is known that
lgﬁ)ltlnp(t,x,y) = _M (5.121)

which gives the short time behavior; this limit reflects a large deviation principle which says that for
x,y fixed and t | 0 the paths of the process concentrate on the geodesics minimizing the distance
between z and y.
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5.3.1.i Long time behavior in periodic medium

Now imagine that A is periodic of period T for instance. Fix the points z,y; for ¢ small (if A is
continuous) the behavior of the heat kernel is governed by the large deviation principle 5.121, the
process remains close to the geodesics. For intermediate t; the process feel the particular form of
A the heat kernel is controlled by Aronson type estimates 5.118. For ¢ large the process only sees
an effective medium and it has been conjectured by E.B. Davies in [Dav93] its heat kernel satisfies
bounds of the form 5.114 and 5.115 where for all z € R?

lim Apin(z) = Im Apes(x) = Acsy (5.122)
t—o0 t—o0
Where A.f¢ is the homogenized matrix associated to the effective medium (see the sub subsection
5.2.1.v).
This conjecture concerns the following important question: At what speed, the heat kernel pass from
the Aronson estimates behavior to the effective medium behavior ?

J.R. Norris and D.W. Stroock result In dimension one; the lower bound is a corollary of J.R.
Norris and D.W. Stroock’s result [NS89]. More precisely Norris Stroock proved the lower bound in
dimension d with

A—l

min

=g x A1 (5.123)

where * denotes convolution,

H(z) =173 5.124
) = 4o s) (5-124)

and g is a positive function on R? which satisfies

/g =1, /gl|Vg|2 < 00 (5.125)
Then the Norris-Stroock lower bound satisfies
lim Apin(z) = K (5.126)
t—o0
where the constant matrix K is given by

K'= [ A@x)™! (5.127)
T

E.B. Davies result In [Dav93], E.B. Davies obtain the upper bound in the general non-periodic
one-dimensional case, which completes the proof of the conjecture in one dimension. .
More precisely, it is proven in [Dav93] (dimension one) that

|z —y|®
4A 55t

p(t,z,y) < 05()\)1‘,_% exp|— ] (5.128)

provided

e =y
4Aefft

N

t72 < exp| (5.129)
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Norris result In [Nor92], J.R. Norris proves that

{ Int? + Inp(t, z, y)}
d(Aeffvxvy)Q
4t

— 1 (5.130)

lim
le—y|2/t—o00
lz—y|?/t(Int)T—0

Thus precise asymptotic are obtained for |x — y|?/t — oco:

e if at the same time |z — y|/t — oo then the paths of the process concentrate on the geodesics
and the behavior of the heat kernel is controlled by the Riemannian distance d(A4, z,y)

e if at the same time |z —y|?/t(Int)™ — 0, the process has the time to feel the periodic structure
and the behavior is controlled by the homogenized metric d(Acf¢, x,y)

5.3.2 Generalized Aronson estimates
In [Nor97] (see this article for this subsection), J.R. Norris consider the operator L on L?(R9) given
by
/ fLgdm = —/ Vf(A+T)Vgdm +/ fbVgdx (5.131)
R4 R4 R4

where m is a Borel measure on R? uniformly equivalent to Lebesgue measure with density s,
A:R' - RI@R?Y T:R?— RI@R? (5.132)

are measurable, respectively symmetric and anti-symmetric and where b € R¢ is a constant vector.
There exists a constant A € (0,00) so that for all z,1 € R?

2

l
— <'LA(z).l < NP,

3 <p(z) <A (5.133)

>| =

IT(z)| <A (5.134)

In the case b # 0, it is also assumed that for some bounded measurable vector field ¢ on R? all
test-functions f verify

/Rd fdm = /Rd fdz = /Rd &V fdr (5.135)

with
b]|€ (@) < A (5.136)

Formally
b
Lg = div,, (A+T)Vg) + ;.Vg (5.137)

where div,,, denotes the divergence associated with m

Theorem 5.3.1. There exist a constant C' < 0o, depending only on A\ and the dimension, such that
for all z,y € RY and t > 0

|z — gy

|Q

exp (= 122 y|2) (5.138)

1
—exp(—C o

Ctz t

) <pt,z,y+bt) <

~~
TN
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5.3.2.i Long time estimates in periodic bounded medium
Now assume in addition, that A, ', u are periodic of period Tld and
m(TH =1, |b] <A\ (5.139)

then one can characterize an effective conductivity o by the following variational formulation (oym,
is its symmetric part):
for all [,&€ € R®

L& = ol)ogm (& — ol)

_ [ N v I
—}?é/Tld‘M HY = (A+ )1 = V) = (b)E + b7

Where the minimum is taken on f € C°°(T{) such that Jpaddm =0, H varies in the set of smooth
1

skew-symmetric d x d periodic matrices in C*°(T¢)4=1/2 HV,, is the divergence of H with respect
to m that is to say; the vector field characterized by

(5.140)

/ (HV,w)dm = —/ (H,dw)dm (5.141)
T T
for all one-forms w.
d
(HV),=> 0;H; (5.142)
=1

J
Theorem 5.3.2. There exist are constants o € (0,1) and C < oo, depending only on A and the
dimension, such that for all z,y € R* and t > 0

|z —y|? 1

1 e z—y2 1 e —yogm(r—y)
— —C — o 2 _ ym )
2 P ( to (1+=—) At

< p(t,z,y + bt) (5.143)

(L4 lp)s O eyt e —y)
<C L exp (C - SUT )
t2 A 4t

Thus precise homogenized asymptotic are obtained in the regime |r — y|?/t — oo and |z —
y|?/t(lnt)T — 0.
5.3.2.ii Long time estimates in periodic bounded differentiable medium

Now assume in addition, that A,T, u are weakly differentiable and for all 7, j; 2 € R¢

|V < A (5.145)
then

Theorem 5.3.3. There exist are constants o € (0,1) and C < oo, depending only on A and the
dimension, such that for all z,y € R* and t > 0
-1

1 7C(VE+E%) t(x - y)asym(x - y)
—e exp | — I
t2
< p(t,x,y + bt) (5.146)
E3¢CVE Ha —y)ogm(z —y)
P ( - At )
2

t

where V = ‘x;y‘ and E =1+ @
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Thus precise homogenized asymptotic are obtained in the regime |z —y|?/t — oo and |z—y|/t — 0.

5.3.3 Further results
5.3.3.i Speed of convergence to equilibrium in medium with two distinct periodic scales

Rabi Bhattacharya (in [Bha99], see also [BDG99] by Bhattacharya - Denker and Goswami), analyze
the large-time behavior of a class of time-homogeneous diffusion processes in R% whose medium is
characterized by a small scale Tld and a large scale RT 1d.

dyr = o (ys)dwi + (b(yz) + ﬁ(%))dt (5.147)

where b and 3 are divergence-free drifts of period T.
This leads to phase changes in the behavior of the process as time increase through different time
zones. In [Bha99] two distinct Gaussian phases (homogenized) occurs:

e The initial Gaussian phase is exhibited over 1 << t << R%; where b has been replaced by an
homogenized drift and homogenization is realized on the smaller scale and the fluctuation of 3
is not felt

e Depending on geometric conditions on the velocity field § the final Gaussian phase occurs
for times t >> R?2(InR)?, t >> R?’InR or t >> R*(In R)?; where b and 3 are replaced by
homogenized drifts and homogenization is realized on both scales.

e Particular examples of b and  show the existence of non Gaussian intermediate phases when
R — oo and the time stays in the intermediate phase given by R.

This interesting article was motivated in part by the ”scale effect” in the dispersion of solute mat-
ter such as a chemical pollutant injected at a point in an underground water system in which the
increase of dispersivity is explained by existence of multi-scale heterogeneities in the medium. It
shows the dynamical image of the scales separation phenomenon. Indeed the divergence free drifts b,
and (0 manifest there influence at well separated scales in time and space and above a certain scale
their uniting creates a Gaussian diffusion but with greater diffusivity than in the molecular diffusion
coefficient of the solute.

It is interesting to observe that the crucial key leading to results of this article is the control of the
speed of convergence towards equilibrium (one of the means is to control of the spectral gap).

An other interesting observation of this article lies in the particular shear flow example b = ej ¢ sin(27z9)
and 3 = ejcy cos(2mze). Indeed between the two Gaussian regime, when Rs <<t<<Rlortn~ cR?,
this diffusion shows a non Gaussian behavior.

5.3.3.ii Competition between large deviation and homogenization

In [FS99] Mark I. Freidlin and Richard B. Sowers consider in R¢ the following kind of stochastic
differential equation

dyy = veo(L)dw, + b(LL)at (5.148)
Oe Oe
Where ¢ and b are periodic of period Tld.
It is shown that there are three regimes depending on the relative rates at which the small viscosity
parameter € and the homogenization parameter § tend to 0.

e lim. 0. /e = 0. Homogenization dominates, the large deviation of y; are the same as those of a
constant-coefficient system.
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e lim.d./e = ¢ € (0,00). The generator tends to an operator characterized by large deviation
and homogenization

e lim.d./e = co. The large deviation principle for y; is given by first finding the large deviation
principle with § fixed and then letting the period § tend to zero.

See also [FX98], [KP91], [Bal95], [Mak93] for more results of this kind.






Part IlI

COMMENTS, MORE RESULTS AND INSIGHT






6. SUB-DIFFUSIVE MODEL

6.1 Insight

6.1.1 General set up

The purpose of this chapter is to give to the reader an insight of the variety of phenomena manifested
by the solution of the stochastic differential equation (corresponding to 1.1)

{dyt = dw; — VV (y)dt (6.1)

yo =0

First observe that this SDE is a model of transport associated to the following partial differential
equation
0

1

Of course one could consider a greater variety of PDE such as

d
% f=> aij(@)00;f +b.Vf (6.3)

1,j=1

but the ideas and tools given here would remain the same (however as it will be shown in the next
chapter the behavior might change). Moreover the model 6.2 allows to dissociate the influence of the
variation of the local diffusivity a;; (which is fixed to be 1/2 here) from the influence of variation of
the local drift b (which, here, is the gradient of a potential V).

Thus this chapter focus on the richness of phenomena manifested by the diffusion associated to the
invariant measure e =2V, For a physicist VV would represent the potential energy landscape on which a
system y; is evolving under the influence of a thermal noise dw; and the force —VV which reflects the
propensity of the system to minimize the potential energy, V will be assumed to be time independent
(the next step of exploration would be to make it time dependent).

First observe that if V' is periodic or ergodic (and bounded) ey, /.2 converges (as € — 0) to a Gaussian
process with diffusivity matrix D(V') for which one has a beautiful variational formulation.

Next observe that by the Aronson’s estimates that if V' is bounded then y; exhibits a Gaussian
behavior. This is well known, so now let’s look a little bit beyond this picture and assume that V is
unbounded.

If one knows the particular shape of V' one might be able to say something on the particular behavior
of y; (particular to the shape) but this is not the case considered here. Now decompose the fluctuations
of V into a infinite sum V =Y 72 1.5} /R, Ur where Ry stands for the fluctuations of typical size Ry,
(Ry, growing with k) and Uy (whose typical fluctuations are of size 1) stands for the shape of those
fluctuations and Sg is the scaling operator Si : f(z) — Srf = f(Rx). Of course if one knows
nothing about the Uy one can not say anything, in a real physical system it is reasonable to assume
that the Uy are spatially ergodic, it would reflect the spatial homogeneity of the system for each
typical scale, this would be the ideal picture to analyze but it will not be described in here because
it constitutes the next step of exploration. Thus the first step is to analyze a simpler model where
the ergodicity of the U}, is replaced by a periodicity condition (each Uy is periodic of period T¢) in
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a physical system this would mean that the medium on which is evolving the system can be seen as
the manifestation of a large number of scales with crystalline structures.

Moreover it is assumed that the norms || VU ||« are uniformly bounded (by K7, actually in dimension
one, an uniform bound on the Holder continuity is sufficient), this bounds means that the drift
generated by the scale n is bounded by Kj/R,, and converges towards 0 with the scale (the bigger
the scale, the longer one has to wait to feel its drift). Actually this condition is not absolutely
necessary to have a well defined diffusion, however it will be shown that without this condition the
diffusion can be not governed by the holistic influence of all the scales but by the influence of a single
one that might change drastically with the scale (this case is interesting but not studied here.)
Observe that this medium is characterized by a smaller scale Ry (which is physical) but it has no
upper bound on the larger scales, of course one could say the size of the known universe is finite
and this model is just a mathematician’s fantasy and one would be right however one always observe
physical systems over an interval of time which is finite, and it will be shown that to each spacial scale
Ry corresponds a temporal scale £, and if the system has only a finite number of scales Ry, ... , R,
then between the times (to,¢,) and the spacial scales (R, R,) one will not see the difference (one
has to wait for the time ¢,, or observe the system over distances R,, to see that the system has only
a finite number of scales). Thus for those real physical systems it is important to keep in mind
that the strange behavior of the diffusion y; exhibited in this chapter will manifest itself between
corresponding time and space scales.

Ry, is assumed to grow to infinity as k — oo at least geometrically: the ratio r,, = R, /R,—1 between
two successive scales is assumed be lower bounded by pmin > 2 to represent the different orders of
magnitude (of course an other approach would be to decompose V' on a continuum of scales but
actually it will be shown that this approach is in a sense similar in the sense of overlapping ratios),
the greater r,, is, the more separated the scales R,,_1 and R,, are.

Thus R,, > p;,, now a useful assumption is made: Each ratio r, is an integer, with this assumption
each R, is an integer and each aggregation of scales V(' is periodic of period T Pd')«n. Of course this
assumption is artificial in the sense that it is made to simplify the computations and the proofs (if
one wants absolutely to translate this assumption into a physical scheme one would say that the
crystalline structure of the scale n is a sub-crystalline structure of the scale n + 1), nevertheless the
ideas given here remain valid without this assumption even in the ergodic case (U, are ergodic), what
does change is the difficulty to translate them into mathematical proofs (actually in dimension one
it is easy to get rid of this assumption, but it will not be done here because it will only makes the
presentation less clear without bringing any new idea).

6.1.2 Heuristic analysis of the mean squared displacement

The purpose of this subsection is to give a short heuristic analysis of the model given in the subsection
1.1.1, more precisely the objective here is to introduce the though process, the philosophy and the
basic concepts which will allow to obtain rigorous results on the solution of the SDE 6.1.

Observe that

t t
Yt =T+ wy — / VVii(ys)ds — / VV 51 (ys) ds (6.4)
0 0

Observe that the term f(f VV,21(ys) ds in 6.4 is bounded by 2Kt/ R;, {1, thus for ¢ fixed as n T oo,
the global influence of the scales n+1,... ,00 is less and less felt by the diffusion, this is interesting
! but one has to be careful: observe that although bounded by 2K;/R,+1, VV,4+1 may vary over
very small scales (since only the first derivatives of the U, are uniformly bounded), thus one can not
say that fot VV,%1(ys) ds behaves as the uniform drift £V,9, (x) whose value is fixed by the starting
point z of the diffusion; fg VV, %1 (ys) ds is a small drift but not uniform !

Thus it is natural to seek for a critical scale n sy, (flu stands for fluctuating scale) above which the
influence of the term f(f V,21(ys) ds can be neglected in front of the term fg Vi"(ys) ds. These brings
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to the important question: how to determine ny,,? The answer is: it depends on which property of
the diffusion one is looking at.

Actually since the name of this thesis begins with anomalous one will not be surprised that this
chapter will focus on the properties which underline the anomaly of a diffusion:

e The mean squared displacement E|[y?]
e The mean time to exit from a ball of radius r: E[r(B(0,r))]

e The tail of the transition probability densities P[y;.l > h] (I € S where S? is the unit sphere of
R?)

Consider for instance the mean squared displacement E[y?], write for [ € S%, 7 the solution of the
cell problem associated to V[ (which is periodic of period R,: now one understands why it is useful
to assume the ratios to be integers, this ensures the existence of a periodic solution to cell problem
associated with an aggregation of finite number of scales). Then one can deduce from 6.4 that for
I € S* (from now, assume to simplify the equations that the starting point z of the diffusion is 0 and
choose x7'(0) = 0)

gl = X3 yn) + /O (1= Vo () ooy — /0 TV () (1 — V() ds (6.5)

and after a basic computation

t
Efly:1*] < 3E[/0 1= VX7 (ys) ] (14 IV Visal5et) + 3l 5
(6.6)

t
1
> B[ [ 1= V) (5 - 19V - a1

Now let’s stop a while to have a close look at 6.6, this equation suggests that the influence of the
larger scales can be neglected if |VV,2%;||2,¢ < 1/6 which is implied by

6Kt < R2., (6.7)

Thus it is natural to fix the value of ny;, to be the first integer such that 6Kt < R%szﬁl’ thus
for the mean squared displacement nyy, is fixed by the time ¢ and it is natural to call the scales
nf +1,... ,00 the drift scales since their influence appear to be limited by |[VV50 ||co-

Now observe the term ||x}'||,, [|x]'[lcc reflects the typical distance put by a diffusion generated by Ly

so that the drift fg VVi'(ys) ds produced by the smaller scales 0, ... ,n, behaves like a martingale.
Observe that for

t
E[ /0 1= Oxp(we)?] > 121012 (6.8)

the error term |x7||%, can be neglected in front of the leading term E[fg Il = Vx["(ys)|?], and the
inequality 6.8 is valid for ¢t big enough:

t> th (6'9)

Now observe the term E| fot Il — Vx7(ys)|?], if the generator of y, were Ly, homogenization theory
tells that this term would be equal to

“UD(VIE + 6] (30)] (6.10)

where ¢7' is the periodic solution of the ergodicity problem 5.10 associated to V{*, but here the
generator of the diffusion is Lygpvee , nevertheless the larger scales constitute a very small drift and
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it is reasonable to think that their perturbation of the generator will perturb a little bit but will not
destroy the homogenization picture 6.10 (this is an heuristic hocus pocus for the moment).
Thus it is reasonable to think that for

DVt > Clléf o (6.11)
E[fg I — VX7 (ys)|?] will be of order of UD (V") t. Let’s see now what has been obtained: for
ton <t < RZ., (6.12)
one has
Blly 2] o LDVt (6.13)

Thus, a priori, to obtain the behavior of the mean squared displacement, one has to estimate the
behavior of the effective diffusivity associated to an homogenization over the smaller scales 0,... ,n
and also to estimate ¢, which reflects the typical time put by the diffusion to homogenize on those
smaller scales.

One might wonder how this will give the anomalous behavior of the diffusion: assume that the ratio
between scales is constant pmax = pmin = p, and the effective diffusivity associated to each scale is
constant and isotropic D(U, ) = Alz, homogenization theory says that if the fluctuations U, of the
medium are not constant functions then 0 < A < 1. Observe now the effective diffusivity associated
to an aggregation of two scales V;} for instance, then the asymptotic expansion method allows to
see that as p T oo, D(Vol) — A2, thus if p is very large, for each scale that one adds, the effective
diffusivity decreases by a factor A < 1 and D(V') o< \"*!. Now assume that the typical time to
homogenize on those scales t3,, behaves like R2?; then the condition 6.12 fix the value of the cut-off
scale nyy, to be

Int
— .14
1y O 3 (6.14)
And it follows from 6.13 that
Ef|ye.1|%] oc t'7 (6.15)
with
In A
_ 1
v Y >0 (6.16)

Which says that the y; is sub-diffusive. Of course this short analysis of the mean squared displacement
was heuristic in the sense that the hard point is to make it rigorous, however it has allowed to
introduce some basic concepts and ideas which will be discussed in the next subsection.

6.1.3 The strategy

Consider U € C°°(T'4), thus U reflects a periodic medium of period ¢ (R > 0), the patterns formed
by the particular shape of U in its period are called soft obstacles. Consider now a Brownian motion
evolving in this medium and submitted to the drift —VU, the generator of this diffusion is Ly7. From
a heuristic point of view which can be justified through the Dirichlet form if U takes only values
equal to 0 +oo (then the forms shaped by U are called hard obstacles) where the boundary of the
region with 400 is smooth, then y; is a Brownian motion moving in the 0 value region and with
normal reflection against the boundary of the +o0o value region.

Then one can associate U with characteristic mixing length (correlation length) &,,(U) and a char-
acteristic mixing time 7,,,(U). They represent the "size” of the spatial correlation and the temporal
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correlation of a diffusion evolving among the obstacles shaped by U.

In other words, &,,,(U) represents the typical length after which the diffusion has homogenized on
the inhomogeneities of U and ”sees” only an effective medium characterized by D(U) , the effective
diffusivity of U (one might think that &,,(U) is of order of the period length R, in general one will be
right but it will be shown that this is not always the case); and 7,,,(U) reflects the typical time needed
by the diffusion to mean the inhomogeneities of U and ”feel” only an effective medium. (note that
&m(U) and 7,,(U) depends on molecular diffusivity of the medium which is 1 here since the diffusive
transport is represented by a Brownian motion)

Now since U is smooth VU is also characterized by a visibility time 7,(U) and a visibility length
&(U). In other words, &,(U) represents the length (and 7, the delay) below which the diffusion
starting from any point, is not too much influenced by the drift VU or it feels only a reflection
against an infinite d — 1 dimensional wall if U represents a hard obstacle with smooth boundary (the
wall is then the tangent hyper-plane to the obstacle at x). If U is smooth it is natural to expect that
Tv(U) x 1/||VU]|» and in the case of hard obstacle it is natural to expect that &,(U) is of order of
the inverse of the typical curvature of the boundaries of the obstacles. Let’s remember the previous
example on the mean squared displacement, when U is smooth 7,(U) does not necessarily represent
the time below which VU (y;) is very close to VU (x) where z is the starting point of the diffusion
(in a sense here there is a conceptual difference between hard and soft obstacles).

How this is translated in the framework of a process evolving among an infinite number of scales:
For instance for the mean squared displacement: It is clear that the only parameter here is ¢, for
an aggregation of scales V{ if 7,,(V') < t then V" is felt by the diffusion only through its effective
diffusivity D(V{') and for the larger scales if t < 7,(V°) then the drift associated to V> can be
neglected. Now assume that

ra(V) <t < (Vi) (6.17)
Then it follows that for this value of ¢ the mean squared displacement behaves as if the diffusion had
homogenized on the scales 0, ... ,n without feeling the scales n + 1,... ,00. Which leads to

E[y7] o< t Trace (D(Vy")) (6.18)

and if D(Vj") decreases geometrically to 0 with n as in the previous example, the diffusion shows an
anomalous behavior. One might think that the parameters &, &y, T, T» associated to each aggre-
gation of obstacles are no more than conceptual tools, this is not the case: they appear everywhere
in the computations for each property than one tries to characterize; now one might think that if
they appear everywhere it is because of the method used in this work, this is an other point but
those parameters are hidden in the results which characterize the behavior of a IHPD which are
independent from the strategy used to prove them.

6.1.4 Working plan for the application of the strategy

Now it has become clear that to characterize the behavior of an ITHPD one has to find estimates (the
sharper, the better) of the mixing and visibility times and scales associated to each aggregation of
scales. Moreover to prove the sub-diffusive behavior of the IHPD one has also to obtain an estimate
of the speed of convergence towards 0 of the effective diffusivity associated with the aggregation of
the first n + 1 smaller scales.

One might think that this will be sufficient, unfortunately this is not as simple as that, indeed if
the ratio between scales is bounded ppmax < 00, although one can obtain very sharp estimates for
Ems T Ev, Tv and D(V?) one find oneself in front of the following inequalities

(V') > 7u( nO-T—l) (6.19)
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and

En(V0') > & (Vi) (6.20)

Which means that one can never find a time ¢ such that

Tm(Vg') <t < 1u(Vit1) (6.21)

n

because the scales n+1,... ,00 become visible before homogenization on the smaller scales 0,... ,n
has ended and those larger scales perturb this homogenization process. One might think, that this
pathology is just an artefact created by the fact that the parameters &,,, 7, &, v are not sharp, but
this is not the case; indeed simple examples shows that they are sharp. In fact this pathology is
the reflection of an underlying overlap and interaction between scales, the smaller the ratio between
scales and the stronger and deeper this interaction.

How to get rid of this pathology? One can not because it is inherent one has to do with it !

How to control it? to find the answer observe the following simple example: Consider U € C* (Tld)
and the diffusion y; with generator Ly evolving in the periodic medium associated to U. For ¢t <
Tv(U), y¢ will behave like a Brownian motion plus a small drift, for ¢ > 7,,,(U), y; will behave like a
Gaussian process with effective diffusivity D(U). It follows that 7,(U) < 7,,(U), then what happens
between 7,(U) and 7,,(U)? Nobody knows because it depends on U, between those two times the
particular shape of U manifests itself in the behavior of the diffusion; homogenization theory does not
control the influence of U between those two times but hide it in the solution of the cell problem y;
associated to U. Can the influence of U be controlled between those two times? Yes, by the Aronson
estimates (which are a control of the transition probability densities) and the control on the Green
functions (which leads to control on the exit times), in those controls U appears as a perturbation
of the Laplace operator.

Now let’s return to the IHPD, and let ¢ > 0, write

nef(t) =sup{p € N : 7,,,(V¥) < t} (6.22)
and
npw(t) = inf{p € N : 7,(V¥1) >t} (6.23)
Nper = N fly — Nef Ndri = Nfly +1 (624)
Then the scales 0,... ,n.¢ are effective scales (ef for effective) in the sense that at the time ¢
those scales are seen by the diffusion as an effective medium with effective diffusivity D(V").
The scales ngy, . .. ,00 are drift scales (dri for the drift) in the sense that at the time ¢ their influence
is limited by the norm [[VV,> ||.
What about the remaining nype, scales ney + 1,... ,n¢f + Nper = Ngr; — 17 One can not consider

those scales as effective scales since the mixing time associated to each of them is bigger than ¢,
neither can one consider them as drift scales since their visibility time is smaller than ¢. In fact those
scales are perturbation scales (per for perturbation) in the sense that the particular shape of each of
those scales is manifesting itself in the behavior of the diffusion at the time ¢. In fact ”interacting
scales” would have been a better name in the sense that it would have reflected the underlying
phenomenon however it has been chosen to call them ”perturbation” scales because they will enter in
the computations and the proofs as a perturbation of the effective scales (if one has no information
about the particular shape of those scales, a priori the only thing that one can do with them is to
consider them as perturbation scales, however with a precise knowledge of their shapes and internal
symmetries one would be able to make them enter into computations as particular scales and keep
their specifities).
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The scales 0, ... ,ng, (note that nyy,, > nes) are fluctuating scales in the sense that at the time
t the fluctuation of the medium at those scales is felt by the diffusion and one can consider none of
them as a drift scale.
If the medium has only a finite number of scales and thus a maximal scale nyay, this makes no
difference in the behavior of the diffusion if ng.; < nmax and to the scale n,. corresponds a time
and length scales Tax, {max. Thus in the time interval (0, Tyax) and length interval (0,&pax) the
results given in this chapter for a process evolving on a medium characterized by an infinite number
of scales remain valid. After m,.¢ standard homogenization on the scales 0, ... ,nnmax will take place

giving a standard Gaussian process with effective diffusivity D(Vj"™*).

Now one can see the additional work that has to be undertaken: control the influence of the
perturbation scales. Moreover observe that Aronson estimates and comparison of Green functions
reflects a perturbation of the Laplace operator, here the object which is perturbed is the operator
%A — VV()nef V and one can not use the strategy used to obtain the Aronson estimates or to compare
Green functions because they will give back an estimate of the influence of Vnoff 41 which will totally
destroy the slow down of the diffusion due to the effective scales. (one can use Aronson estimates and
Harnack inequality to perturb the Laplace operator but not the operator associated to the effective
scales | a new strategy has to be found).

How these perturbation scales will manifest themselves in the behavior of the mean squared displace-
ment? Assume that D(Vj') o A\"I; with 0 < XA < 1, observe that if their influence were null one
would have

E[y?] o tAmes®) (6.25)
The scales ney +1,... ,ncf + nper will perturb this relation into
1
Clm&f(t)m < E[y7] < CotA"es O pyrtwers) (6.26)

with g > 1, now one can guess that if the perturbation is too strong it might destroy the sub-diffusive
behavior, assume that this is not the case then one would obtain when the ratio between scales is
bounded that

Ner () rper(t) o V2 (6.27)
Aot (D) rper(t) o =41 (6.28)

with 11 > 9 > 0 and
Cit'™" < E[y7] < Cyt' ™™ (6.29)

Which gives the sub-diffusive behavior of the mean squared displacement, the lower bound an the
upper bound are not because E[y?] can really oscillate between those two values if the medium is not
self similar.

Now one might wonder what happens in the case of fast separation between scales that is to say
R, ~ p™" with a > 1?7 Indeed, with this fast separation between scales the diffusion has more and
more time to homogenize on the smaller scales before feeling the large ones, and in fact one obtains
that

Tm (V") < 70(Vit1) (6.30)
Thus there exists times ¢ such that there exists n € N with

Tm(Vy') <t < 1u(Vit1) (6.31)

n
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and there is no perturbation scales, thus one will be able to prove sub-diffusivity in a simple way for
those times however a closer look shows that there also exist intervals (¢7,t5) such that for ¢ € (¢7,t5)
no n € N does verify the inequalities 6.31 and those intervals correspond to the manifestation of the
particular shape of the fluctuation of the media at each scale n. For those time intervals the number
of perturbation scales will be equal to 1, one can not get rid of them, they are inherent.

In resume here is the list of the main tasks that will be undertaken in this work:
e Estimate D(V")

e Estimate the mixing times and lengths 7, (V{"), & (V") (actually the estimation of the visibility

o0 o0

times and lengths 7,(V, %), &0(V,571) is a trivial task)
e Obtain a sharp control of the influence of the perturbation scales (this is the hardest part)
e Explore the anomalous behavior of the mean squared displacement

e Explore the anomalous behavior of the hitting times (for each property both cases: ppax < 00
and pmax = 00 will be considered)

e Explore the anomalous behavior of the tail of the probability densities P[y; < h] (here it will be
necessary to improve results on the speed of convergence towards the asymptotic process in a
periodic medium by taking into account the perturbation and improving the speed, one might
wonder how ny;,, will be fixed here since there are two parameters ¢ and h, it will be shown
that it is fixed by the ratio ¢/h and this fact has important consequences)

e Explore the pathologies which might appear.

6.2 Anomalous behavior of an IHPD through a simple example

In this section a simple example of anomalous behavior of an one-dimensional IHPD will be given as
an introduction to more general results. Since everything can be computed in this simple example it
will allow to see that a condition pmin > po(Ko, K1, d, Amin, Amax) 1S indispensable to guarantee the
geometric decrease towards O of the effective diffusivity of Vj* and the sub-diffusive behavior of the
IHPD.

Thus consider a self similar THPD in dimension one: for all n, U, = U and r, = p.

Then (the following corollary is the corollary 8.3.2 of chapter 8).

Corollary 6.2.1. Let y; be a self similar infinitely homogenized potential diffusion. Then
Eo[r(0,r)] = r?+ (") (6.32)
with

P,(2U) + P,(—2U)
Inp

v(r) = +¢e(r) (6.33)

with e(r) — 0 as r — oo.

Where P, is the topological pressure associated to the shift s, (see section C.1) and since it
is convex one has P,(2U) + P,(—2U) > 0. From this corollary it is easy to see that y; shows a
clear anomalous behavior (clear anomalous meaning E[7(0,7)] ~ r2*7 with v > 0) if and only if
P,(2U) + P,(—2U) > 0. Now the theorem C.1.2 says that this happens if and only if U does not
belong to the closed subspace of C(T{) generated the elements F(x) — F(p*z) with F € C(T¢) and
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k € N. Moreover it is easy to see from the corollary 8.2.2 that there exists po(K7, D(U)) such that if
U is not the constant function, for p > po(K1, D(U)) one has P,(2U) + P,(—2U) > 0 and as p — o0

P,(2U) + Pp(—2U) — In /

e2Vdx + ln/ e 2Ydx >0 (6.34)
T

d
Tl

In resume if U is not a constant function, there exists a constant po(K7, D(U)) such that for p > po,
and r big enough Eq[7(0,7)] ~ 72T with v > 0. The interval (pg, +00) is called ”separating ratios”.
What happens in the region (1, pg]? the corollary 6.2.1 and the proposition 9.5.1 say that In Eq[7(0,7)] =
2Inr(1 + €(r)) if and only if

im ~ > U — x)dx = .
lim szo(SpU /T{iU( )az)| =0 (6.35)

n—oo N

Can this phenomenon happen? The section 9.5 answers yes with the simple example
U(z) = sin(x) — sin(81x) (6.36)

for this particular shape of fluctuation of the medium V, for p = 3,27 or 81. Thus for this simple
example, E[7(0,7)] is anomalous (sub-diffusive ~ r2t¥ with v > 0) for p € {2} U {4,...,26} U
{28,...80} U{82,... ,+0oc} and normal (~ r2) for p = 3,27, 81.

This is interesting. In the interval (1, pg] an ITHPD may show a normal or an anomalous behavior
according to the value of the ratio between scales p and the regions of normal behavior can be
separated by regions of anomalous behavior !

What creates this phenomenon is a strong overlap or interaction between scales that’s why the region
(1, po) will be called ”overlapping ratios”. More precisely what does it mean interaction or overlap
between scales? If one look at the example 6.36 with p = 3 one would see that U(z) which is supposed
the represent the fluctuation of the medium V' at each scale 3™ by U(x/3") is itself characterized by
fluctuation over at least two scales 1 and 1/81 and for p € (1,81] a fluctuation of size £ is decomposed
over at least three successive U,. Thus overlap between scales means that for all length scale £ big
enough in the decomposition

V)= Y Un() (6.37)
n=0 n

the fluctuation of V' at the size § is not represented by a single S/, Uy, but by several ones. Now
one could say, may be there is something wrong with the decomposition of V' indeed in the example
6.36 with p = 3,

Viz) =Y (sin(gﬁn) ~sin(2Ey) (6.38)

n
n=0 3

is a rather strange way to write V(x) = sin(z) + sin(3z) + sin(9z) + sin(27x) From where does come
this pathology?

It seems to come from the point of view which has been chosen in this model in the sense that in
this model the shapes U, and the ratios r,, are given arbritrary to build a medium V through the
formula 6.37. An other point of view would have been: one knows V, find a decomposition of the
form 6.38 in which the fluctuation of V' at each scale ¢ is decomposed over at most two U, and at
each scale R, over a single one. But this is not the point of view considered here, because before
considering this point of view one must be able to characterize an IHPD where the fluctuations U,
would be ergodic and not periodic.

Which point of view is better? it depends on the application. It is clear that if one knows V the
point of view of decomposing V' in the best way is more adapted. However if one do not know V' and
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Subdiffusive behavior

Po

Overlapping ratios Separating ratios

Normal behavior

Fig. 6.2: Ratios and behavior.

only the shapes of the fluctuations and one wants to explore the properties which might appear with
different choices of ratios 7, it is clear that the point of view considered here is more adapted but it
is important to keep in mind that since the summation 6.37 is over an infinite number of elements, in
the overlapping ratios interval V' might be very ”sensitive to” or ”unstable under” a slight fluctuation
of the ratios which would be reflected in the instability of the anomaly under a fluctuation of those
ratios. Of course this opens new areas to explore: in the example 6.36 the regions of normality are
only points separated by intervals, imagine now that the ratios can be real numbers and not only
integers, what are the regions of normality? Can they be intervals? Can they be dense in the region
of anomaly? What is their Hausdorff dimension? Moreover in the particular example 6.36 the regions
where the IHPD is not strongly sub-diffusive are quite trivial in the sense that in those regions V is
bounded, but one can imagine that for other examples V' could be unbounded the IHPD could have
a weak sub-diffusive behavior in those regions in the sense that E[7(0,7)] ~ r2g(r) with g(r) — oo
as r — oo but (Ing(r))/Inr — 0. This exploration is postponed to a sequel work.

In this work results will be given for a general IHPD underlying its sub-diffusive behavior for
Pmin > pPo, one might say that this condition on pui, is artificial in the sense that with a better
strategy one would be able to prove the sub-diffusivity for all the ratios 7, > 2, but this is not the
case, if the only knowledge that one has on the fluctuations is Ko, K1, Amin and Apax one can not get
rid of this condition.

Indeed assume that U € C°°(T}) (non constant) is given, consider the self-similar ITHPD such that
for all n, U, = U and 7, = p. Imagine that one wants to know when this IHPD is clearly sub-
diffusive, then the answer is given by the formula 6.33: this IHPD is clearly sub-diffusive when
P2U) + P(—2U) > 0 but to give this answer one must have a precise information on the shape
of U, imagine now that one does not have this information and the only thing one knows is D(U)
and that Osc(U) < Kp and |[|[VU|le < K then the only way to be sure that this IHPD is sub-
diffusive is that p belongs to the separating scale ratios region (pg,00) (the counter example has
been given above if p belongs to the overlapping ratios) and the only way to evaluate pg is trough
Ky, K; and D(U) (note that the presence of K is natural in the sense that it ensures that U can
not have fluctuations over both scales 1 and 1/p). Thus pg the boundary between the overlapping
scales and the separating scales is computed according to the knowledge that one can have on U.
If one knows only Ky, K1, Amax, Amin and the dimension d then it will computed according to these
parameters; if one knows the precise shape of U then pg is the first ratio above which the IHPD is
sub-diffusive. In other words, through all this chapter, results will be given showing that a general
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IHPD is sub-diffusive for pmin > po(d, Ko, K1, Amax, Amin) and it is important to remember that the
presence of this pg is indispensable (to avoid the overlapping ratios), if one wants to obtain the
sub-diffusive behavior of a general IHPD with ratios fixed below py then one is obliged to introduce
new parameters describing the particular shapes of the fluctuations U,. In the overlapping ratios
domain, the influence of the perturbation scales is larger than the influence of the effective scales
and increasing the ratios between scales in this domain can make the IHPD pass from sub-diffusive
behavior to a normal behavior.

In fact the proper question to ask is :”is constant pg given through this chapter the optimal one 7” and
the answer is no because the clarity of the presentation and the proofs has been privileged however
the proofs are constructive and one can follow them to compute the optimal constant (but one would
obtain very heavy expressions), this question is interesting because once one has the optimal constant,
one sees which class of medium V one can decompose in order to obtain a sub-diffusive behavior.

In resume it has been obtained that

Theorem 6.2.1. For a self similar IHPD in dimension one, if U is not a constant function, there
exists a constant po(K1, D(U)) such that for p > po,

Eo[r(0,r)] = r2+¥+el) (6.39)
with v > 0 given by the topological pressure

L P,(2U) + P,(—2U) (6.40)
Inp '

and €(r) — 0 as r — oo. Moreover there are examples of U such that there exists ratios pi, p2
(p1 + 10 < pa) in the interval (1, po] such that if p = p1 or pa then Cir? < E[r(0,7)] < Cor? and if
p € (p1,p2) NN, E[7(0,r)] follows the anomalous behavior given in the equation 6.39 with v > 0 as
above.

6.3 Effective diffusivities

The key point leading to the sub-diffusive behavior of an IHPD is the geometric decrease towards 0
of the effective diffusivities of the aggregation of scales D(V{"). From a heuristic point of view it can
be understood in the following sense: the farther the IHPD travels, the more numerous the felt scales
are, the more it is slown down. In a heuristic mathematical formulation, this sentence becomes: if
t ~ p*esr and D(VJ) ~ A" with A < 1 then (with v > 0)

Efy?] ~ tD(Vy' ) ~ 1177 (6.41)

6.3.1 Dimension One

The one-dimensional case is particular because the effective diffusivities can be explicitely computed.
Indeed the following formula is available:

2
D(Vg') = G (x)deszn I, (6.42)
6.3.1.i General IHPD
The following theorem is the theorem 8.2.2 of chapter 8.
Theorem 6.3.1. For pyi, > 2K e*f0
ﬁ : — . = <DV (6.43)
i Jps 206 @ g [ e 20k @ dz (1 4 TELE
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and

1 1

D(anl) S ﬁ

(6.44)
o le1 e2Uk (@) dx le1 e~ 2Uk@)da (1 — %)2
Remark 6.3.1. If Apax < 1, this theorem imply that for pmin > po(Ko, K1, Amax)
X< DY) < 4 (6.45)
with
)\min )\max
Al = W Ay = W <1 (6.46)
Pmin Pmin
Observe that if Apin = Amax then as ppin T oo
1
~ DV 1) — In A (6.47)

uniformly in n

The following corollary is the corollary 8.2.1, it allows to see that the influence of the overlap
between scales disappear in the fast separation between scales regime.

Corollary 6.3.1. Assume that for all k, Uy = U and

pr
Ry, = kal[Rk_l]
with p,a > 1 then
lim l1nD(V”—1) = L (6.48)
n—oo n lel e2U (@) dy le1 e~ 2U (@) dy

6.3.1.ii Self similar IHPD

Assume that the IHPD is self-similar with ratio between scales p € N/{0,1} and periodic potential
U e C(T}).
The following theorem is the theorem 8.2.1

Theorem 6.3.2.

: 1 n—1 _
Jim ——1In (D(V™ 1) = P,(2U) 4+ P,(—2U) (6.49)
where P, is the topological pressure associated to the shift s, (see section C.1).
The theorem C.1.2 says that P,(2U) + P,(—2U) > 0 if and only U does not belong to the closed
subspace of C(T{!) generated the elements F(z) — F(p*z) with F € C(T{) and k € N; the proposition
9.5.1 says that this is equivalent to
1 n—1
lim inf | kzospkUnoo >0 (6.50)

Moreover it is easy to see that as p — oo

PU) + Py(—2U) — m/

Vdr + ln/ e Vdx (6.51)
T

T

which is strictly positive if U is not constant.

Thus when the THPD is self similar, then the behavior of D(VJ"™!) can be exactly computed thanks
to a simple application of the thermodynamic formalism and the theory of level 3-large deviations
(see section C.1).
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6.3.2 All dimensions

This sub subsection gives some of the results proven in the chapter 9.

In dimension greater than 1 no explicit formula is generally available (in dimension 2, one has an
explicit formula under the assumption D(U,) = D(—U,)). Moreover DEM theories can not be used
because first the influence of each scale is not completely diluted in their numbers, next the ratio
between scales is not infinite but is finite and fixed independently from the number of scales and for
the same reason standard multi-scaled (or reiterated) homogenization is powerless.

Nevertheless variational formulation giving an upper bound and lower bound for D(Vonfl) are avail-
able, and the general technique used to obtain multi-scale homogenization results for those multi-scale
media is to replace the solution of the cell problem by its first order approximation in the method of
asymptotic expansion and use it as a test function in a variational formula. But the error made by
this way is of order of the ratio between scales multiplied by a constant that tends to grow with the
number of scales.

That’s why this method is also powerless to describe materials for which the ratio between scales is
fixed in dependently from the number of scales and this is the situation of an IHPD with bounded
ratios pmax < 00. One might think that if this method is powerless it is because the one has plugged
in the variational formulation only the first order approximation in the asymptotic expansion of the
cell problem y; and may be by using the second, third or n — th order approximation one would be
able to obtain a control of D(VJ"!). This is not the case, and the computation of sub subsection
5.2.1.iii is here to show that things will get only worse (expressions more heavy and headaches more
frequent).

An alternative strategy must be sought for, the following theorem (which is the theorem 9.2.2 of
chapter 9) is one of the results of this alternative strategy:

Theorem 6.3.3. If ppmin > C1 4.K,.K, then for alln > 1

C n—1
Amax(D(V 1) < (1 + 22550 80n TT A (D(UR)) (6.52)
pmin k=0
and
n Caq KO,K1
pmln
Ol KoKy = Cye®dt10Ko (1 | )3 (6.54)
and
Co,d ki, = CaePHOK0 (1 4 Ky)z (6.55)

Of course for the clarity of the presentation the constants C gk, i, C2,4,K,,K, given above are
not the optimal ones. Actually this theorem is a corollary of more general results which allow to
control the whole matrix D(V]""!) (see propositions 9.3.5 and 9.4.1)

Before giving the alternative strategy observe some simple consequences of this theorem :

Corollary 6.3.2. if one has for all n, )\maX(D(Un)) < Amax < 1, then if for all n
Trn > Pmas,d, Ko, K1 (6.56)
then
CiAT < D(V"™) < Coy (6.57)

with 0 < A1 < Xy <1 and

C(d, Ky, Kl))\maxr

6.58
1-— )\max ( )

pAmaxydyK07Kl - |:
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This corollary (which corresponds to corollary 9.2.2) gives the boundary pg = pi,....d.e, KoK
of the separating scales region. Observe that in this region D(V(]”_l) decreases towards 0 with a
geometric speed. Below this boundary, in the overlapping ratios region the particular shape of the
fluctuations U, starts to manifest themselves in the holistic behavior of D(VO”_l) which can lead to
the lower boundedness of D(V'™ ).
Without giving additional information on the particular shape of the fluctuations, one can not guess
the precise behavior of D(Vonfl) in the overlapping region, however by the Voigt’ Reiss inequality
one can show that the geometric speed of convergence of D(VO”_l) towards 0 imply

lim inf [V _R—%/Td Vi (@) det]| o > 0 (6.59)

Rn

which gives a criterion to check whether the ratios r, belongs to a region of weak anomaly (or nor-
mality).

Now observe an other simple consequence of the theorem 6.3.3 is the behavior of the multi-scale
effective diffusivities of a self similar THPD:
Let R € N/{0,1} and U € C*°(T{). Write

n—1

Vit =Y (Sp)'U (6.60)
k=0

then one has the following theorem (corresponding to 9.2.1):

Theorem 6.3.4. If R > C} g then for alln > 1

n C
Amax(DVy 1) < (Amas (D)) )" (14 245 (6.61)
R2
_ )\mln(D(U)) n
. n 1 > .
Aoin (DO 2 [S55 | (662
R2
with
Chay = Cge8H16 0 (1 1 V1| o) (6.63)
and
Coap = Cge®iH8)0c) (1 1 |V ||)2 (6.64)

As a first reaction to this theorem, it is interesting to deduce the following corollary (corresponding
to 9.2.1)

Corollary 6.3.3. If in all the directions | € S* of the space 1.NU is not the null function then
D(U) < 1 and for

C sc Amax (D(U
4,056(U) | VU o Amax (D ))]2 (6.65)

R > pauv = [ 11— )\max(D(U))

D(V™) tends geometrically towards 0 with an explicit control of the speed of convergence given by the
theorem 9.2.1.

This is the key leading to the sub-diffusive behavior in a smooth periodic pre fractal. It is
interesting also to observe that when U is isotropic that is to say the minimal and maximal eigenvalues
of D(U) are equal then the multi-scale effective diffusivity D(V"™) behaves like A\(D(U))"(1 + %)”

2

but one must be careful this does not mean that D(V"™) is isotropic.
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6.3.2.i Alternative strategy

The proof of the main result allowing to homogenize on an arbitrary large number of scales with
bounded ratios is mainly based on three ideas and observations.

1. When homogenization takes place on two scales separated by a ratio R, a translation of the first
one with respect to the second one does not change much the effective diffusivity (see lemma
9.3.2, the perturbation can easily be controlled).

2. The distance between the solution of the cell problem and itself translated by er/R is small
with respect to the effective diffusivity of the medium (see lemma 9.3.3).

3. The effective diffusivity of n different scales is obtained by recurrence by adding the smaller
scale to the n — 1 bigger ones (here the point of view is technically different from the one of
DEM theory where at each step a bigger scale is added to a matrix of smaller ones).

Consider V,T € C®(T¢) and R € N/{0,1}. Thanks to the first observation, one can see that (for
1 € SHYUD(SRV +T)l is close to led YID(SrO®,V +T)ldy which corresponds to the effective diffusivity
of the sum of the two scales, meaned with respect to a relative translation between them (see the
equation C.5 for the definition of the shift operator Sg and the equation C.20 for the translation
operator ©,). Thus what one needs to evaluate is for the upper bound

[ L= Vs, (6.66)
z,yeTIx Ty

where z — x_(z,y) is the solution of the cell problem associated to Sg©,V +T. Now this integration

in y allows to see that [, ‘lD(SgrO©,V +T)ldy is close to D(V,T, R = oc) (corresponding to complete
1

separation between the scales) in the sense that the error is of the order of

NI

— X e—k 2m X
([ (0000 = Vi + 5.0 () oon

% (tlD(T)l)%eCd Osc(V)

419 Tl

and now, thanks to the second observation the first term is of the order of 'UD(SgV +T)i(e* &  —1)
and since in the recurrence the 7' contains n — 1 scales and V only one, the term €4 95¢(V) does not
explode and the term *ID(T)! is close to “ID(V,T, R = co)l.

The idea to add smaller and smaller scales (contrary to DEM theories) might appear a tautology
but this is not the case. In iterative homogenization, the smaller scales are homogenized first, next
the bigger ones. Here it is shown that reversing this iteration allows to obtain sharp estimates in this
homogenization procedure.

6.3.2.ii Connection between cohomology and homogenization, dimension two

In higher dimensions, the constant pg associated to the corollary 9.2.1 appears as an upper bound
to the regions of normal behavior, when U is characterized only by Amax (D(U)), | VU || and Osc(U).
Moreover by the Voigt Reiss’s inequality

lim inf —1In (Amin(DO™) ) < Pr(20) + Pr(~20) (6.68)

n—oo n

Thus if U belongs to the closed subspace of C(T¢) generated the elements T'(z) — T'(R*z), then

lim L In ()\min (D(V”))) ~0 (6.69)

n—oo N
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And the diffusion does not show a clear anomaly, this suggests that regions of normality separated
by regions of anomaly exists (they can be built on simple examples).

Now an interesting question arises: if R < pg.p and is bounded above by a region of normality
(are normal region only points? or can they be open an non void 7) then what is the mechanism
behind this the geometric decrease of D(V"™) towards 0, what kinds of large deviations are hidden
behind this sort of transition of phase? This question will be investigated here in dimension, two.
Indeed there is a strong connection between homogenization and cohomology which allows to obtain
the following result (which corresponds to the theorem 9.3.1):

Theorem 6.3.5. For d =2 one has

Amax (D(U)) Amin (D(=U)) = Amin (D(U)) Amax (D(=U))
_ 1 (6.70)
Jrg exp(2U)dx [ exp(—2U)dx

from which one deduces that if D(U) = D(—U) then

1
Amax (D(U)) = Ain (D(U)) = (6.71)
\/led exp(2U)dx led exp(—2U)dz
Moreover
Theorem 6.3.6. In the self-similar case, if d =2 and for all n, D(Vy') = D(=Vy") then
1 2U —2U
lim —=In (A(D(V™1))) = Pr(2U) + Pr(—2U) (6.72)

n—~o0 n 2

where Pp is the topological pressure associated to the shift sg.
As an example of medium satisfying the condition of the previous theorem one can give the following
corollary

Corollary 6.3.4. In the self-similar case , if d =2 and for all n, Uy(—x) = —U,(x) then

lim 1 In ()\(D(Von—l))) _ Pr(2U) + Pr(—20)

n—oo N 2

(6.73)

6.3.2.iii Perspectives

These statements show clearly that when the scales are not self-similar and non symmetric (can
be chosen at random) the geometric speed of convergence of D(V"™) towards 0 can be controlled
without the necessity to use large deviations techniques, however it is interesting to wonder how this
is translated in the theory of shifts dynamical systems. For instance note that V°? = Uy and

Vil =8, (V™4 Upya) (6.74)

and the latter inductive definition will be interesting to explore in the shift spaces, what notion will
replace the pressure? What kind of large deviations might be hidden behind the behavior of the
eigenvalues of the matrix D(V™) in any dimension? Those questions will be postponed to a future
work.

All the aspects of the connections between the geometry of homogenization, scaling and cohomology
have not been explored here (in dimension d > 3), this investigation is postponed to a future work.

6.4 Sub-diffusive behavior

The sub-diffusive behavior of an IHPD is a consequence of the decrease towards 0 of the effective
diffusivities.
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6.4.1 Dimension one

(see chapter 8) In dimension one, the mixing length £ associated to a periodic potential of period T}{
is of the size of the period R (the mixing length corresponds to norm of the solution of the associated
cell problem 5.10 and the associated ergodicity problem 5.4 which can be exactly computed). Thus
for each aggregation of scales V', £(V') = Ry,

6.4.1.i Exit times

Since {(Vy") = R, the effective scale corresponding to the exit time from the ball B(0,r) is fixed by
nep(r) =sup{n >0 : R, <r} (6.75)

This is clear, but now one can wonder how to determine the drift scale since the drift is not apparent
in the expression of 7(0,7). This is done by observing how the presence of the scales ne¢+1,... ,00
perturb the value of the value of the exit time Eg[7(0,7)]. This is done by the following corollary:

Perturbation of the exit times (see sub subsection 13.5.2.ii) Let © be an open set of R. for
U € C*(Q) write EV the expectation associated to the diffusion generated by the operator and 7 its
exit time from €.

1
Ly = 5A = VUV (6.76)

The following corollary corresponds to the corollary 13.5.2.

Corollary 6.4.1. For U,P € C*®(), z €

e 4 Osc(P) w < €4OSC(P) (677)
- Ef[f T

This corollary says that the exit times EU[7] is stable under a perturbation of the operator L by

the drift —V P, what is important is that this perturbation is completely controlled by Osc(P) what-

ever U might be. In fact this control comes from a sharp control on the perturbation of the Green func-

tions Go—2v (x,y) and G, _aw+p) (z,y) associated to the operators —V (e 2UV) and —V (e 2U+P)y)

with Dirichlet conditions on the boundary of 2. (the following corollary corresponds to the corollary
6.4.2)

Corollary 6.4.2. For d =1 and U, P € C*®(Q) one has

e 61Ploe < Ge2wem (T:Y) _ g (6.78)
G o2y (2, 9)

and this corollary is implied by a new analytical inequality (the following theorem is deduced
from the theorem 13.5.1)

Theorem 6.4.1. For d =1, Q an open set of R, U € C%(Q) and ¢ and ¢ two C?(Q) functions with
Dirichlet conditions on 92 and both sub harmonic with respect to the operator —V (e 2YV) one has

/Q ‘ng(:c)vw(:ﬂ)‘e_mj(x) dzx < 3/QV¢(30)V¢(30)6_2U(95) dz (6.79)
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Determination of the perturbation scales Now let’s go back to the determination of the drift scale,
in B(0,r), it follows by the corollary 6.4.1 that E[r(0,r)] behaves like r2/D(Vy'*/) multiplied by a
perturbation term which is of order of the exponential of Osc B(O,r)(vno:f +1) (where Oscp(g,,)stands
for the supremum minus the minium taken in the ball B(0,r)); thus the drift scale is determined
by the minimization of this term (Vrf:f 11 is the sum of an infinite number of fluctuations U,, the
first npe, will be bounded by the infinite norm Konyp., and the remaining ng, ... ,00 by an uniform
bound on their gradient 2K7). And it is easy to see that the number of perturbation scales can here
be limited to be equal to one (this is a direct consequence of the fact that the mixing length are of

the order of the periodicities in dimension one).

These considerations lead to the sub-diffusive behavior of the exit times but one can see that the
sub-diffusive behavior is weaker when the ratios between scales are not bounded, this is due to the
fact that the diffusion must travel longer and longer distances to feel the slow down created by larger
and larger scales.

Sub-diffusivity with bounded ratios The following theorem corresponds to the corollary 8.3.3 of

chapter 8.
Theorem 6.4.2. Let y; be an infinitely homogenized potential diffusion such that, pmin > 4K;e250,
Pmax < 00 and Amax < 1. Then

Cyr2 ) < Eolr(0,7)] < Cor?tr™) (6.80)
where C1,Co depends only on Ko, K1 and pyin and

In Apax 8Ky Ko In Amin 4K, e2Ko

— — <v(r) <
In Pmax Pmin In Pmax ( ) ~ In Pmin Pmin In Pmin

0<

(6.81)

This theorem is the generalization of the corollary 6.2.1 when the IHPD is not self similar. Here
the value given for v(r) can really depend on r (it is generally not constant), this explains why one
can give only bounds of the form 6.81. Observe that in those bounds the term K1e25° /(puin In prax)
acts as an error term and is small in front of — In Apax/ 10 pmax and — In Apin/ In prin. Observe also
that when pmin = Pmax = Ay Amin = Amax = A (which does not mean that the IHPD is self similar
because for that one needs the additional condition for all n U,, = U) one has

In A

In fact the corollary 6.4.2 is deduced from a more general theorem 8.3.1 which allow to control
the exit times of an IHPD in very general situations. For instance one could choose the soft obstacles
and ratios U, r, with a strong dependence on the scale n and at the end one would obtain a strong
variation of v with r.

Sub-diffusivity with unbounded ratios The following theorem is the corollary 8.3.4 of chapter 8.3.4

Theorem 6.4.3. Assume that for all k, U, = U and

pr* |
Ry—q

Ry, = Ri—1]

with p,a > 1 then

Cyr2edn) < Eo[7(0,7)] < Cor2ed(r) (6.83)
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where C1,Co depends only on Ky, K1, p,a and
In ( le1 2V (@) dyg lel efo(x)dx)

(Inp)=

Observe that this theorem says how by a fine tuning of the parameter « (which reflects the speed
of the separation between scales) the IHPD behavior changes from weakly sub-diffusive to strongly
sub-diffusive.

Q=

g(r) = (Inr)

(6.84)

6.4.1.ii Mean squared displacement

Bounded ratios The following theorem corresponds to the theorem 8.5.3.

Theorem 6.4.4. Assume Apax < 1, pmin > 10e” A (K1+4KO) t > Rg and pmax < 00 then
Ely;] = '~ (6.85)
2K1e250 In prin
I\ == Pmin 4 16K 111(15/\ -)
v(t) < ——"12 finin +e(t 6.86
( ) 2In Pmin (ln pmin)2 ( ) ( )
2K1e2%0 In Pmin
In )\ Se———Pmin 4+ 8K In(g
(t) > ——olmaX __ Pmin ) _ €(t) (6.87)
21n Pmax In Pmin In Pmax
where €(t) — 0 as t — oo and
2K, e2Ko In prmin 9
1IN Apax =218 Pmin 4 RKIn(o2—)
n a _ Pmin SAm1n > O (688)

a 21n Pmax In Pmin In Pmax

Observe that this theorem gives the sub-diffusive behavior of the IHPD, Note also that the terms

2K1e2K0 mp 0 16K In( 15)\ ) 2K1e2K0 np i 8K In(od— 8)\ ) .
Pmin > and Pmin min— are error terms (small) in front of —A
(In pmin) In pmin In pmax 21n ppin
and —2111111’\%. The upper bound and the lower bound for v(t) in 6.86 are not equal because it does
max

really fluctuate between those bounds (this is due to the fact that the IHPD is not self similar).
Observe also that if Apjax = Amin = A and ppax = Pmin = p then

In A
2lnp

1—v(t) ~1+ (6.89)

In fact the theorem 6.4.4 is deduced from more general theorems 8.5.1 and 8.5.2 which allow to
control the mean squared displacement of an THPD in very general cases. For instance one could
choose the ratios and ratios U, r, with a strong dependence on the scale n and at the end one would
obtain from this theorem a strong variation of v with ¢.

Unbounded ratios The following theorem corresponds to the theorem 8.5.4

Theorem 6.4.5. Assume that for all k, U, = U and

p™
Ry = kal[Rk X

]

with p,a > 1 then

Cite™ 9 < Eoly?] < Cote 9D (6.90)
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where C1,Co depends only on Ky, K1, p,a and

In (lel 2V (@) 4y lel e*QU(z)dx)

2 p)é (1+€(?)) (6.91)

g(t) = (Int)=

with €(t) — 0 as t — oo.

Observe that E[y?]/t — 0 as t — oo but for all 1 > 3 > 0, E[y?]/t'=? — oco. Moreover this
theorem shows how the behavior of the diffusion passes from a slightly anomalous one to a strongly
anomalous one.

t

E[y7] ~ (6.92)

L (lnt)&

( lel 02U () e lel =20 () ) @Inp)a

Perturbation scales The heuristic proof of the mean squared displacement has been given above,
however the essential point was missing: how is it possible to take into account the perturbation
scales in the mean square displacement? The answer to this question will allow to look closer at the
significance of the cell problem.

Consider U € C* (Tld), in homogenization theory the solution of the cell problem y; seems to play an
essential role in the sense that it contains all the information on the homogenization over a periodic
medium U but if one look closer, one would see that the essential point to obtain homogenization is
not the existence of a periodic solution x; to the cell problem, but the existence of linear harmonic
(with respect L) functions F; = l.x — y;, of course when U is periodic those point of views are
equivalent, but this is not the case when U is only ergodic or contains an infinite number of scales.
Moreover observe that when U is periodic, the corresponding effective diffusivity is given by D(U) =
my ("VFEVF), and the solution of ergodic problem is given by ¢; = |F|? — {{D(U)lyy; which allows
to introduce v the solution of the Poisson equation Ly = 1 in R?, observe the importance of Fj
in those equations.

When U is only ergodic, one can still find harmonic functions F; growing linearly as l.x (this is
clear in dimension one, in greater dimensions this will be shown in a sequel work) but the difference
l.x — Fy(x) is not bounded that’s why the solution of the cell problem does not exit, nevertheless Fj
exists on contains all the information that lead to homogenization results. What about the solution
to the ergodic problem Ly ¢; = |VE |2 —*D(U)I? Again when U is periodic, one can find ¢; periodic
solution of that equation and this is used to say that E[ fot |V F(ys)|? ds] behaves like YI/D(U)It plus
a bounded term E[¢;(y:)] — ¢(y0), but when U is ergodic but not periodic such a solution periodic
solution does not exist. Nevertheless one can find solutions to Poisson equation Ly, = 1 growing
like (1.z)? (plus something growing less quickly in the transverse directions for d > 2, this is the
subject of a sequel work). Now write for ¢ > 0, ¢¢ = (F})? — 'lD(U)lyy, for ¢ = 1, ¢} is generally not
bounded however one can see that for ¢ > 1, ¢; is upper bounded and for ¢ < 1 ¢f is lower bounded,
this is interesting ! because it means that for all € > 0, E[ f(f |V E(ys)|? ds] is upper bounded by
(1+€)'ID(U)lt + C. and lower bounded by (1 — €)!ID(U)lt — C.. Now one understands how to do
homogenization without cell problem and without the necessity to sit on the particle (and see the
medium moving).

Note that the level lines of those linear harmonic functions F; can be seen as corresponding to
the equipotentials of a capacitor with parallel plates perpendicular to the direction [ with distance
and tension 2L (L is very large) between them and permittivity e 2V, saying that homogenization
operates is equivalent to say that those equipotentials behave as those of a linear harmonic function
(F; has a clear physical signification, y; is just here to evaluate how close is F} from [.x).

What about the case when U = V contains an infinite number of scales? In dimension one F; exists
and can be exactly computed Fy(x) = foz e2VW) dy, it is harmonic with respect to Ly but it does not
behave linearly with xz, this is due to the fact that homogenization operates at all the scales. Let’s
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remember the purpose of this sub subsection, it is to control the mean square displacement, and it
has been shown above that the drift scale is fixed by

nagri =sup{n €N : R2 <t} +2 (6.93)
if R, = p" is behaves like Int/(21n p). The visibility time of the scales V,>° = behaves like

TU(V’I’LO;TZ) R’IQ’LdTZ (694)
and the mixing time corresponding to the scales V"d”'*1 behaves like
(Ve ~ RY L/ DV (6.95)

and when the ratios are bounded one has Tm(%"drrl) > 7,(V,ro ) which makes error terms larger
than effective terms in the computations. To find how to determine the perturbation scales and
bypass this difficulty one must look at the origin of Tm(‘/()"drfl), if one tries to compute Eq[y?] for

t~R2 ..o and if one assumes that homogenization has fully operated on V”"’”_1 then one would ob-

nd'ri
tain that Eo[y?] ~ D(V]""~")t+error, where "error” is of the order of HXZVO H2 +lilloe ~ RZ 4
which represents the error created by the ”distance” between y; and its martingale behav1or fixed by
1

Ndri
FlvO (y¢) at the scale Ry,

behave like D(V"drﬁl)t In resume if one tries to compare E[y?] to effective behavior of the scale
Ry,,..—1: D(Vy" i~ Yt one makes an error which is bigger than the latter term. The solution is to
compare E[y?] to D (Vg )t hoping that for u big enough E[y?] < uD(Vy"ri~ )t +C,, Where C,is
an error smaller than the main term D(V{"""" ")t and for y small enough E[y7] > MD(V”"’m Yt — C

with the error term C), smaller than the main term. This is done by decomposing V'™ ! as a sum

. n . Ne f+M . . . .
over effective scales V, */ and perturbation scales V, ‘;f 1" and observing their respective analytical
€

_1 and the error one makes by assuming that fo ]VF " (y,g)\2 ds

Ndp;—1
. . . . . . pp—
influence on the linear harmonic function Fj ° associated to the medium Vond”

Deformation of the linear harmonic functions Consider W € C*®(T}') and T € C*(T}) (of period
R € N). Consider FU the linear harmonic function associated to the medium U = W + T which
is periodic of period R. This medium is characterized by two scales 1 and R. The purpose of
this paragraph is to determine the influence of each scale on FU. Observe that the cell problem
xV = — FY(x) associated to Ly is periodic of period R and since ||xV ||« = R one makes an error
of order R by assuming that the diffusion y; generated by Ly behaves like its associated martingale
behavior fg VFY(ys)ds. Moreover by assuming that E[fg |VEY (y,)|? ds behaves like D(U)t one
makes an error of the size of R? which corresponds to the norm of the ergodicity problem. Thus
when one assumes that E[y?] behaves like its homogenized behavior D(U)t, one makes an error of
order R? which becomes negligible for D(U)t >> R2.

But now one is interested on what happens for 1/D(W) < t < R?/D(U), in this interval it is natural
to think that homogenization on the smaller scale W is complete but the scale T acts as a perturbation
scale, how is this translated in the behavior of FU the linear harmonic function containing all the
information about the homogenization on U?

As one can decompose FU into l.x a linear term corresponding to a flat medium minus xY the
solution of the cell problem of period R corresponding to the fluctuations over the scale R, one can
also decompose FY into

FY(z) = FT(2) + x""'T(z) (6.96)

where FT(z) is the linear harmonic function associated to the medium 7' (of period R) and xT-W
which is close to the solution of the cell problem associated to W but perturbed by 7. x7*W is not
of period 1 but R however

I lloo < 262 ML+ 4| VT o] (6.97)
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In other words if one compares FU to l.z which is equivalent to say that one has homogenized on
both scales of U, one makes an error of the order of R, however if one compares FV to FT which
is equivalent to say that one has homogenized only on the smaller scale W one makes an error of
order of €205¢(T) << R and this is the key to obtain the multi-scale behavior of the mean squared
displacement. Then one has to control the influence of T' on the mean squared displacement and this
is done thanks to the following inequality

674OSC(T):C2 < |FT($) _ SC|2 < 64OSC(T)x2 (698)

6.4.1.iii Heat kernel tail

There are mainly two ways to prove the anomalous behavior of the transition probability densities
tail, the first one is trough the control on the exit times (this is the strategy used by Barlow-Bass for
the Sierpinski carpet), the second one is trough an improvement of the speed of convergence towards
the asymptotic process in homogenization theory (see sub subsection 5.3.1.i). The latter strategy
will be used and developed in the section 6.5.

J. R. Norris in an interesting paper [Nor97] has shown that the homogenized behavior of the heat
kernel p(t, z,y) corresponding to a periodic operator of period T starts at least for tInt >> |z —y|?
(one must have also |z — y|?> << t to be far from the heat kernel diagonal regime); in this chapter it
will be shown that it starts for ¢t >> |« — y| (and that boundary is sharp) in any dimension and this
is the key leading to the multi-scale control of the tail of the heat kernel. Since the there is much
to say about it, the multi-scale results will be given first but let’s remember that if one wants to
understand the deep origin of those results one must look at the section 6.5.

In short, one is in front of an IHPD, and one wants to show that the heat kernel tail

Po(y: =2 h) (6.99)

manifests a sub-diffusive behavior for ¢ and h in a region to be determined. How to do this? How to
fix the drift scale and the effective scales since here there are two parameters ¢ and h?

One knows that to give an anomalous upper bound to the heat kernel tail 6.99 it is sufficient to
evaluate the Laplace transform of the IHPD E[e*t] for A > 0 and then optimize on X in the following
inequality

Poly: > h] < E[eMve=h)] (6.100)

Then how to evaluate the Laplace transform E[e?¥t]? Observe that one can decompose y; into a
fluctuating scales and drift scales by

y=x"%" (yt)+/ vER" (ys)dws—/ Vo VF' ™ (ys)ds (6.101)
0 0

In this equation one sees that the fluctuating scales act trough their martingale behavior (generat-

ing the error term x'o - (y¢)) and the drift scales trough their drift behavior, now just plug this
decomposition in the exponential in 6.100 to obtain (by playing with the deformation of the linear
harmonic functions) from which it follows that

Nflu
Poly, > h] < CeMeT O Bney =h) IV It/ 4R 83 J3 IVFY0 T () Pds) (6.102)

(the drift scales and effective scales have not been specified yet). Now things start to become serious,
indeed one must evaluate

nflu
E[68>\2 fot IvEY (?JS)‘QdS] (6103)
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how to do this?
Observe that if homogenization were complete on the fluctuating scales one would have

" flu n
B[S Jo IVFY0 wo)Pds]  (8ND(V /") (6.104)

but homogenization is never complete over fluctuating scales however if one separates those scales
into effective scales n.; and perturbation scales npe, and call F; the filtration generated by the IHPD
one can show that for z < ¢t one can homogenize on the effective scales by paying the price of an
error created by the perturbation scales

t _— "
IE[/ IVFY " (o) 2ds|Fy) < e?Komper DV (t — 2) + CR?, (6.105)

Neff
Can one deduce from the conditional expectations 6.105 a sharp control on the Laplace transform
6.1037 The answer is yes and this is a result which is far from being trivial whose explanation is
postponed to the section 6.5, one of the consequences of this result is that the homogenized behavior
of the heat kernel p(¢,x,y) in a perturbed periodic medium starts for ¢ >> |x — y|. In short this
result says that for A small enough

A< CR (6.106)

Nef

the Laplace transform can be upper bounded by the behavior of the conditional expectations 6.105
and

"flu n
2 rt V. 2 24 2Kqgnper flu
E[e8" Jo V70" (ws)lds) < C)\,Ref€8)\ temromrer D(Vy ) (6.107)

finally one obtains after an optimization on A oc h/(tD(Vy' /™).

2
oo (2 4y —CETOTPE —Tr—
Poly; > h] < small terms x el ¥ Vrarlot/4¢ Dy e (6.108)

Now one sees how to determine the drift scales: it is fixed so that
h2

o0 2 2Kon er
[VViro l5et/2 < Ce*ftome DO

(6.109)

Thus it is fixed by the value of ¢/h, in other words, the greater t/h, the greater the number of
fluctuating and effective scales. This fact is important because it explains the anomalous shape of
the tail of the heat kernel. To understand this fact observe the following example with this value of
ngri: assume Ry, ~ p™ and D(Vy') ~ A" with A < 1, then one has

Ini
h
Rari ~ (6.110)
A2
and
h2
Poly: > h] < 11t X e el
olyt > h] < small terms x e ¢ (6.111)
n2 (tyw
<e )
with
In A
Yoo —l (6.112)

Inp
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What about the condition A small enough 6.1067 one must not forget it ! in fact this condition says
one must have ¢t > Cg, i, r,h. This is interesting ! it means that even in a multi-scale medium,
multi-scale homogenizations starts for ¢ >> h (the presence of an infinite number of scales does not
perturb this fact).

Actually there is an other condition which has been put under the carpet in the above computation,
one can find it in the equation 6.102. One must have h > ZeCKO"P”Rne ;» in other words h must
be greater than the mixing length associated to the effective scales, it is easy to understand this
necessity because if try to evaluate Ply; > h| for h smaller than this mixing length then one has to
take into account the particular shape of those scales (thus one can not say that homogenization has
operated on those scales). But now observe that the size of the mixing length of the effective scales
grow with n.; which is in the first approximation proportional to ¢/(hD (V" )%) this lead to the
condition

h2 In A

— > Crp(5)77 (6.113)

This is interesting ! indeed if the medium were periodic a condition h?/t >> 1 would mean that one
is far from the heat kernel diagonal regime, here in a medium with an infinite number of scales one
finds again this condition that one must be far from the heat kernel diagonal regime but h2/t can be
allowed to be very small in front of one (observe that 2111111/\,; < 0) this additional flexibility is created
by the slow down of the diffusion.

Now one can understand the origin and the signification of the results which will be given below
on the sub-diffusive behavior of the heat kernel’s tail.

Bounded ratios The following theorem corresponds to the theorem 8.6.2

Theorem 6.4.6. Assume ppax < 00, Amax < 1,

Pmin > Ci
h; > Cn(%);ymﬁ“"ﬂcﬁnﬂ (6.114)
and
% > Ch3 (6.115)
then for 1 € S%
Pll.ys > h] < Chae=Crs's (1) (6.116)
with
y = — B Amax Cs >0 (6.117)

B 111 pmax B ln pmin 111 pmax

Where Cyg, C15 depend on Ko, K1, pmin, Pmaxs Amax; C11 depends on Ko, K1,
Pmax; Pmin; C13 on Ko, K1, Ry and Cg,C12 on Ko, K1

It is not surprising to have the condition 6.115 since even with one scale the homogenized be-
havior of the transition probability densities starts for ¢ > h. Observe also that the condition 6.114
corresponds to the condition that the behavior of the diffusion is far from the heat kernel diagonal

regime, however here since 2111111)‘[;“" + (1n§12- 7z < 0 one can have h?/t << 1 before reaching this
max min
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regime.
Observe that the equation 6.116 is equivalent to

dyw L
Plly; > h] < Chye CrsCF) % (6.118)

with d, =1+ ﬁ which is the form found for a diffusion in the Sierpinski carpet. It is interesting
to notice that this particular form is due to the fact that the fluctuating scale is fixed by the ratio
t/h.

Observe also that for a self similar diffusion

v~ ——C (6.119)

In fact the theorem 6.4.6 is deduced from a more general theorem 8.6.1 that allows to control the
ITHPD in very general cases. For instance one could choose the ratios and ratios U,, r, with a strong
dependence on the scale n and at the end one would obtain from this theorem a strong variation of
v with t/h.

Unbounded ratios The following theorem corresponds to the theorem 8.6.3

Theorem 6.4.7. Assume that for all k, Uy, = U (U non constant) and

p**
Ry = Ry
k k 1[Rk71]
with p,a > 1 then for
t
G < 7 < Cah (6.120)
one has
2
Pll.y, > h] < Cye~C4'r9() (6.121)
with
L\ (:2)a (1+e(a))
g(x) = (5)' 7 (6.122)

A

and €(x) — 0 as x — 00
Where the constants C1,Cs depend on p, o, Ko, K1 and Cy on p, Ko, K1, A.

Remark 6.4.1. Observe that % InP[l.y; > h] — —o0 as t/h — oo. Moreover this theorem shows how
the behavior of the diffusion passes from weakly anomalous to strongly anomalous.

6.4.2 All dimensions

(see chapter 10 for this subsection) In fact, if one looks at the proofs leading to the sub-diffusive
behavior of an IHPD in dimension one; one would see that there are mainly two layers in those
proofs. The first one is probabilistic and it is straightforward to extend it to dimensions greater
than one, the second one is analytical and concerns the deformations of linear harmonic functions
which is in a sense close to perturbation of elliptic operators with non regular coefficients. This is
the generalization of this analytical layer to higher dimensions which constitutes the additional work
to be undertaken.
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First of all, one must estimate the mixing length associated to the effective scales, this can be
done through the following analysis. Let U € C°°(T%) (period R), it has been shown that if the
dimension is equal to one then the mixing length associated to an homogenization on U is equal to
the period R. What about the case d > 27 Does a universal result exists saying that the mixing
length must be of the order of the period &, (U) < CyqR even for d > 2. As not intuitive it might
appear the answer is no ! Pathologies with very long range correlations &,,(U) >> R does exist (for
any C' > 0 one can find U € C%°(T{) such that &,,(U) > CR), they will be given in the subsection
6.6.1.

Does it mean that one has to restrict the fluctuations U,, to avoid those pathologies to be able to
say something? The answer is no because &,,(U) can be uniformly controlled by Osc(U) and here it
has been assumed that there exists a uniform bound on the oscillations of all the fluctuations of the
multi-scale medium: for all n, Osc(U,,) < Kj.

This is the subject of the chapter B in which it is shown that for U of period R one has

Em(U) < CyeBi+2) 0seU) p (6.123)

This control is an application of the theory of elliptic operators with discontinuous coefficients.

6.4.2.i Anomaly starting from the invariant measure

The purpose of this sub subsection is to underline the sub-diffusive behavior of the exit times of an
THPD in all dimensions. First of all how the effective scales are chosen? The answer is now easy
since the control 6.123 imply that for the multi-scale medium corresponding to a general IHPD one
has

gm(vonef) < Canefe(Bd-i-Z)Konef (6.124)

Thus the effective scales corresponding to the estimation of the expectation of the exit time from the
ball of center 0 and radius r (E[7(0,r)]) are simply fixed by the necessity that their mixing length
must be smaller than r:

,
nef =sup{p € N : & (V) < 5} (6.125)
If the perturbation created by the remaining scales n.y + 1,... ,00 were equal to 0 one would have
(0.1 ~ — (6.120)
Eo|7(0,7)] ~ —————— 6.126

Amax (D(Vy'))

which would lead directly to the sub-diffusive behavior of the exit times by remembering that the
effective diffusivities D(Vonef ) decrease geometrically towards 0 with the number of effective scales
ney and the latter increase as the logarithm of the radius of the ball: if for instance R,, ~ p" and
Amax(D(Vy' ")) ~ A" (X < 1) one would have n.; ~ Inr/(Inp + (3d + 2)Ky) which would lead in
the first approximation in 1/1n p that

In A

Eo[7(0,7)] ~ r* T (6.127)

This would give the anomalous behavior but the influence of the scales n.r +1,... ,00 is in general
not null, one has to control it. And this is the hard core of the work. Because to do this one
must in a sense compare the Green function (in fact only the exit times but the techniques are
similar) associated to the operator Ly of the IHPD in the ball B(0,r) with Dirichlet conditions on
the boundary to the Green function associated to the generator Lvonef corresponding to the effective

scales alone. With some work this is possible if one assumes that homogenization on the scales
0,... ,nes were complete in the sense that in the operator Ly and Ly nes only the effective diffusivity
0
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D(Vonef ) corresponding to the aggregation of those scales appears. But this is not the case ! what
one has to perturb is something which is not the standard Laplace operator and one can not use
usual techniques based on the Harnack inequality or the parabolic Harnack inequality (the constants
associated to those inequalities blow up with the number of effective scales because those scales are
not necessarily homogeneous and isotropic), an new strategy must be found to obtain strong stability
results for operators of the form —Ve™2VV where U € C(B(0,r)).

Mean sub-diffusive behavior If one considers Green functions of symmetric elliptic operators as

quadratic forms, then it is easy to compare them. In terms of exit times this imply that one can

compare expectation of the exit times associated to the generators Ly and Lvne ¢ if one takes their
0

spacial mean with respect to the invariant measure e=2V / f B(O.r) e V@) gy,

In other words one can show that for any U, P € C*°(Q2), and 2 a smooth bounded open subset of
R, if one writes EV, EV+F the expectations associated to the diffusions generated by Ly and Ly p
and 7(€) the exit time from ; mg the following probability measure on Q:

—2U(x) d
Q _ e X

then (proposition 10.0.2)

| B @) < 200 [ B [r(@]m ol
“ “ (6.129)
> 7 20(0) [ BUV [1()] S, pld)
Q

Now it is straightforward to control the perturbation induced by the scales n.¢ + 1,... ,00 on the
exit time 7(0,7) for a general IHPD, one might wonder how the drift scales are distinguished from
the perturbation scales. Observe that the application of the inequality 6.129 to the IHPD is done
with P = Vnoff 41, thus ng.; is chosen to minimize the error term Osc(P) on B(0,r), that is to say

ngr; = inf{n e N : R, > r} (6.130)
and the scales ney +1,... ,n4, — 1 are perturbation scales so that
OSC(P) < npeTKo + 2K, (6131)

(the fluctuations U, for n > ng.; are bounded by the norm of their gradient ||U,||~7/R, that’s
why they are called drift scales). Observe that contrary to the one-dimensional case, the number of
perturbation scales is not limited to one and tends to grow with r, this is due to the fact that the
mixing length of each scale can be very large in front of its respective period.

Bounded ratios between scales In resume, those considerations lead to the following theorem
(theorem 10.1.1) if the IHPD has bounded ratios ppax < oo.

Theorem 6.4.8. One has for r > Cig,

/ E, [r(B(0,r))]mEO (dz) = r2+0) (6.132)
B(0,r)

with fOT Pmin > 013

y(r) < —Dmin (] 4 )+ —Cs (6.133)
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and
1
s Cr2 1
> max (] — - —C C 0 6.134
v(r) > FY— moe) " rCh > Ch5 > ( )
Where the constants Ci1,C12,C7,Cy depends on d, Ko, K1; Ci3 on d, Ky, K1,
Amax and C1s,Ci6 on d, Ko, K1, Amax, Pmax

This theorem gives the sub-diffusive behavior of exit times of the IHPD, the upper bound in
the control of v is not equal to its lower bound because the non self similarity can really creates
fluctuations between those two bounds.

Observe that if Apax = Amin = A and pmax = Pmin = P

1

11'1 by

v(r) ~ (6.135)

Inp
Now if one wonders what happens for puyi, below the constant C3, one has to remember what
has been said about overlapping ratios, one can have intervals of ratios corresponding to anomalous
behavior surrounded by points of normal behavior and without specifying the particular shape of the
fluctuations U,, one can not say in which region one is. However to be in a region of strong anomaly
it is easy to see that one must have at least (use the Voigt Reiss inequality on the multi-scale effective

diffusivities),
lim sup —||Vg' — = Vo' (z)dx| oo >0 (6.136)

n T4d

d
n—00 Rn 5

In fact the theorem 6.4.8 is deduced from a more general proposition 10.1.1 which allow to control the
THPD in very general cases. For instance one could choose the ratios and ratios U,, r, with a strong

dependence on the scale n and at the end one would obtain from this theorem a strong variation of
v with r.

Fast separation between scales Now one can also wonder what happens with fast separating scales,
then the following theorem (which corresponds to theorem 10.1.2) gives the answer:

o

Theorem 6.4.9. Assume that R,, = Rn—l[m] (p,a > 1) and Apax = Amin = A < 1 then

B(0,r) ot
/B(O,r) By [7(B(0,r))}my " (dz) = \B(r) (6.137)
with for r > Ci6(d, Ko, K1)
B0) = (o) (1 + () 613

with €(r) — 0 as r — oo

Observe that this theorem shows how the diffusion becomes more and more anomalous as the
separation between scales is less and less large: « | 1
6.4.2.ii Anomaly starting from any point

The proof of the anomaly of the exit times starting from any point is similar in the computation
of the effective and perturbation scales to that of the anomaly starting from the invariant measure
however there is a crucial difference: the control of the influence of the scales n.y+1,... ,00 is harder.

In fact to obtain such a control for all kinds of fluctuations U,, € C'*° it is necessary and sufficient
to prove the following conjecture:
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Strong stability conjecture | Let U € C®(T{) and P € C>®(B(0,1)). Write ES&V ESUFP the
expectations associated to the diffusions generated by Lgs,r and Lg,y4+p and 7(B(0,1)) the exit
time from the d dimensional unit ball B(0,1).

Conjecture 6.4.1. The exists Cq > 0 a constant depending only on the dimension such that for

‘ ‘ 1
R > (CeCa(OseU)+0se(P) Osc(P) < roh Osc(U) (6.139)
d
and
R
P — .14
VPl < (6140
one has
ESRUTP[7(B(0,1))] < Cge%e0P) sup  EZRU[7(B(0,1))] (6.141)
z€B(0,1)
and
Ey*H P [r(B(0,1))] 2 Caem O™ inf BV [(B(0,1)] (6.142)

In other words to be able to say something about anomaly starting from any point for all kinds
of THPD one must be able to prove the conjecture 6.4.1 which says that if the size of the period 1/R
is small enough and the perturbation P small and smooth enough then the exit times associated to
the operator Lg,y are stable under a perturbation of this operator by the fluctuations of P.

Actually in the chapter 10 the proofs are made under the following conjecture 6.4.2 which is stronger
than 6.4.1 (it does not changes much to re write them under the conjecture 6.4.1) because there are
good reasons to believe that the conjecture 6.4.2 is true.

Strong stability conjecture Il Let U, P € C*®(B(0,1)). Write EV, EV+F the expectations associated
to the diffusions generated by Ly and Ly4p and 7(B(0,1)) the exit time from the d dimensional
unit ball B(0,1).

Conjecture 6.4.2. The exists Cy > 0 a constant depending only on the dimension such that

E(Z)J+P [T(B(O, 1)):| S Cdecd OSC(P) sup Eg |:7—(B(07 1))] (6143)
z€B(0,1)
and
EUP [+(B(0,1))] > CyeCaOse(P) g 1 EY [7(B(0,1))] (6.144)

Here the results corresponding to the chapter 10 will be given, nevertheless with a slight change
although in the chapter 10 they are given conditionally to the conjecture 6.4.2, here they will be given
conditionally to the fact than the exit times created by the smaller scales of the IHPD are stable
under the influence of its own larger fluctuations. Which leads to introduce the following condition:

Stability condition of an IHPD An IHPD is said to satisfy the stability condition 6.4.1 if and only
if:

Condition 6.4.1. Under the notation of 6.4.2, the exists u > 0 such that for alln € N, all z € R?,
and all r >0,

E;/ [T(B(Z, T))] S Mey, OSCB(z,r)(Vnoj-l) sup E;/On [T(B(Z, ’I"))} (6145)
zE€B(z,r
and
1 oo T
Y [r(B(z )] 2 et Oenen Vi) it | B [r(B(z )] (6.146)
1% @€B(z,3

In fact with the conjecture 6.4.2 says that all the IHPD do satisfy the stability condition 6.4.1.



6. Sub-diffusive model 127

Anomalous exit times With the definition of effective scales n.y given above:
nes(r) =sup{n >0 : MFHOIHBKR2 < 0l2) o9 (6.147)

which corresponds to the maximal scale n such that its associated mixing length is less or equal to the
radius of the ball B(0,7) divided by two: &, (V') < r/2 one can define a mean ratio between scales
pef(r) and a mean maximal eigenvalue )\flfax(r) for each fluctuation U, if the multi-scale medium
associated to the IHPD is not self similar, those parameters do vary with r, nevertheless at the scale
r they represent the self similar multi-scale medium which would have the same effect on the IHPD
as its own non self similar medium U, r,,.

et

max

(1) = O (D(VOe5 (1)) e o751 (6.148)

)\f}{ax(r) is called the geometric mean maximal eigenvalue. It reflects the following image: At a scale
of order r the maximal eigenvalue of the effective medium characterized by the scales 0,... ,nf +1
behaves as if those scales were totally separated and the diffusivity of each scale were characterized
by the same maximal eigenvalue )\f}{ax(r) (all associated to the same eigenvector: whose direction
does not change with the scale).

Inr
Nef(r)

Inper(r) = (6.149)

pef(r) reflects the following image: The behavior of the IHPD at the scale r is the same as a

diffusion with nz() effective scales, the maximal eigenvalue associated to each scale being [, (r)

and the ratio between each scale being pcs(r). Then the following theorem (which corresponds to
the theorem 10.2.1) says that the IHPD is at the first approximation in 1/1n py, totally controlled
my this geometric mean eigenvalue )\fgax(r) and ratio pes(r).

Theorem 6.4.10. If the IHPD satisfies the stability condition 6.4.1 and Amax < 1, then for pmin >
CladaKOaKl)\max,M7 r> C2=d=KO=K1apmax,M one h(lS

E,[7(B(z,7))] < C32,d,K0,K1,MHU(T)(HW)

6.150
> 0337d7K07K17u7a2+a(r)(1*7) ( )
In —Lt
A (1) Ko
Py = — Didxr) e <05 6.151
)= pef(r) T i i (0451
In 1 C
pN— (1 i 34,d,Ko,K1,u)71 < U(T) (6_152)
In Pmax In Pmin
and
o) < In 1+ 0357d7K07K17H) (6.153)
~ In Pmin In Pmin .

This theorem says that the behavior of the exit times is fixed by the geometric mean effective
diffusivity )\frfax(r) and ratio p.s(r) at the scale r; the parameter v plays the role of an error term
generated by the perturbation scales. Observe that this theorem is very general in the sense that
one can have ppax = 0o and underline all kinds of exotic behaviors by choosing ratios 7, a function
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of n oscillating between pmi, and very high values with n. Observe also that if pynax < 0o then this
theorem gives the anomalous behavior of the exit times since

0<mm1mwm%mu+9%%ﬁ?ﬁ)lgdm (6.154)
and it follows that
E,[r(z,r)] = r2 v +e) (6.155)
with €(r) — 0 as r — oo and
0<wv1 <v(r)<w (6.156)

Observe also that if pmax = Pmin = p and Amax = Amin = A then in the first approximation in 1/1In p

In 4L

A

B, [r(B(z,7))] ~ 1 s (6.157)

Fast separation between scales

Theorem 6.4.11. If the IHPD satisfies the stability condition 6.4.1, R, = Rn_l[%] (p,a > 1)
and Amax = Amin = A < 1 then
2

with for r > Cyg(d, Ko, K1)
B(r) = (lnr)i(l +e(r) (6.159)

Inp
with e(r) — 0 as r — oo

Observe that for this theorem shows how the diffusion becomes more and more anomalous as
a | 1. In fact the stability condition 6.4.1 is not necessary because with fast separating ratios
homogenization operates (and it is easy to control the error in the asymptotic expansion for the
expression of E,[7(0,7)], then the result is given by an adaptation of the Aronson estimates, this is
quite straightforward).

6.4.2.iii Sub-diffusive behavior of the tail of the heat kernel (starting from any point)

From the anomaly of the exit times one can deduce the anomaly of the density of probability of
transitions by adapting a strategy used by M.T. Barlow and R. Bass for the Sierpinski Carpet. Since
the anomaly of the exit times starting from any point is needed the following results are based on
the stability condition 6.4.1 of the IHPD.

The following theorem corresponds to the corollary 10.3.2

Theorem 6.4.12. If the IHPD satisfies the stability condition 6.4.1, pmax < 00 and Amax < 1. Then
for pmin > C(d, Ko, K1) and

C40’I" <t< C4lr2+0(7')(173'y)

one has

2
t
InP,[ly| > r] <InPylr(z,r) <t] < _07%(_)
,

with

1 1
n~y—— C In— C
Amax 1 _ 50,d,Ko ) < V/(T) < Amin 1 _ 50,d,Ko )

In Pmax In Pmin ~In Pmin In Pmin
Cs0,d,k0 < 0.51n prin and the constants Cyy, Cy1, Caz depend on
d, Ko, K1, Pmax, Pmin- All the constants depending on Ky also depend on .

0<c< (6.160)
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o(r) and v are those given in the theorem 6.4.10 observe that the condition

t< C4lr2+0(7“)(1—37)

reflects the fact the heat kernel must be far from its diagonal regime but what is interesting is that
the parameter r2+7(")(1=37) which appear here corresponds in the first approximation in 1 /1In pyin to
the expectation of the exit time from the ball B(0,r) for the IHPD (for a Brownian motion it would
be 72).

The condition

C407“ S t

corresponds to the fact that even with a periodic medium the homogenized behavior of the heat
kernel starts for ¢ >> r. Observe that if ppax = Pmin and Amax = Amin then at the first order in
1/1n pmin, v’ behaves like

In L
v ~ %I;j (6.161)

Anomaly of the transition probability densities with fast separating scales

Theorem 6.4.13. If the IHPD satisfies the stability condition 6.4.1, R, = Rn_l[%] (p,a > 1)
and Amax = Amin = A < 1 then for

Ceor < t < Cg1?

one has

2
t
I Pylye| > 1] < W Pslr(z,r) < 1] < ~Coag(7)

with

e (L
g(z) = () ()7 Ol (6.162)

where €(x) — 0 as © — oo and the constant Cgy to Cgs depends on p, v, Ko, K1,d. All the constants
depending on Ky also depend on p.

Observe that 7 InP[l.y; > h] — —occ as t/h — oo. Moreover this theorem shows how the behavior
of the diffusion passes from a slightly anomalous one to a strongly anomalous one.

6.5 Davies conjecture, exponential martingales and homogenization

The section concerns the chapter 12. The purpose of this section is to show that the homogenized
behavior of the heat kernel p(¢,z,y) associated to a periodic generator starts for t >> |z — yl.
This gives an answer to the Davies conjecture for the upper bound and obtain a sharp lower bound
estimate of the tail of the heat kernel in all dimensions allowing to complete the picture describing
the behavior of p(¢,z,y) (see the section 5.3). For previous results concerning that subject see the
work of E. B. Davies [Dav87],[Dav93]; E.B. Davies and M.M.H. Pang [DP89]; J.R. Norris and D.W.
Stroock [NS89]; J.R. Norris [Nor92], [Nor97]; R. Bhattacharya, M. Denker and A. Goswami [BDG99];
A. Dembo [Dem96]. In fact the key theorem 6.5.1 for this result concerns more general objects than
periodic generators, it can be applied for instance to ergodic media since its input is only the behavior
of the conditional quadratic variation of the diffusion.

For instance in this chapter it has been used to give the anomalous behavior of an IHPD for which
the medium has an infinite number of scales, below it will be used to draw the three different regimes
of the heat kernel associated to generator 3A — VUV with U € C*°(T{) as an example of its utility.
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The three different regimes of the heat kernel in a periodic medium

1. Large deviation regime: for |z — y| >> t the paths of the diffusion concentrate on the
geodesics and

|z — gy

1
5 (6.163)

Inp(t,z,y) ~ —

2. Homogenization regime: for 1 << |z — y| << t and |z — y|> >> ¢, homogenization takes

place and
1 |z —y|?
t,x,y) ~ exp(— 6.164

3. Heat kernel diagonal regime: for |z —y|?> << t, the behavior is fixed by the diagonal of the
heat kernel and

p(t,z,y) ~ — (6.165)

Note that |z —y| << 1 and |z — y| << t imply |z — y|*> << t thus all the regimes are here.
In fact for the homogenization regime (1 << |z —y| <<t and |z — y|> >> t) it will be shown that

1

d
12

|z —y?
5o

2D(ey—a)t (6.166)

p(t,z,y) S — exp(
and writing y; the diffusion associated to p(t,z,y), for I € RY, |I| = 1, A > 0 one has the following
tail estimate

o0 2
Ply;.l > M| > —2%/2q 6.167
with
A
~o 2 (6.168)
HD(U)It

one can combine the strategy given in the proof with the Aronson estimates to obtain a sharp lower
bound for the behavior of the heat kernel as it is done for the upper bound in the corollary 6.5.2.
This is quite straightforward in dimension one and needs some care in higher dimensions, this will
be the subject of a sequel work.

6.5.1 The key theorem, an exponential inequality for martingales

The following theorem corresponds to the theorem 12.1.1. Consider M; a continuous square integrable
F: adapted martingale such that My = 0 and for At > 0, E[e’\Mt] < 00.
Assume that there exists a function f : RT™ — R* such that for all to > ¢; > 0 one has a.s.

to to—t1
B[ d< M= 7)< [ fs)ds
t1 0

With f(s) = f1 for s <ty and f(s) = fy for s > tg with to > 0 and 0 < fo < fi.

Theorem 6.5.1. For the martingale given above one has
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1. for all
1
0< |\ < ; (6.169)
(2e(f1 — f2)to)?
one has
Elexp(AM;)] < 30-1/9(N) exp(@)\zfgt) (6.170)
with g(\) = m which verify 1 < g <2
2. for all
1
O<ve< — (6.171)
2e(f1 — fa)to
one has
t —
Elexp(v < M, M >,)] < exp(v fot) -2 (vto(h — 12)) (6.172)

((f1 = fo)vto)?

As one can see, this theorem use the knowledge on the conditional behavior of the quadratic
variation of a martingale to upper bound its Laplace transform, and one knows that once one has
a sharp control on the Laplace transform, one has a sharp control on the probability of going far.
Observe also that g — 1 when A — 0 so the control is sharp. The condition A small enough 6.169 is
absolutely necessary in the sense that it marks the boundary between the large deviation regime and
the homogenization regime. It is interesting to note that in the proof this boundary corresponds to
a point above which a series becomes divergent.

6.5.2 Application to bound from above the tail estimate of a martingale

The direct application of the key theorem is the following result which corresponds to the corollary
12.1.1

Corollary 6.5.1. Let M, be the martingale given in theorem 6.5.1.
1
Write C1 = (2e(f1 — fg)to) 2 /fa. Then for

C
r= %x <1 (6.173)
one has
3,2 z?
P(M; > z) <e2" exp(— (1 —7%)=—) (6.174)

2ot

Note that 0 < g1(r) < 1 and that g; converges towards 1 with the speed 72 as r — 0, so this
upper bound gives an estimate the speed of convergence towards the limit process of the behavior
of the martingale. Note that the homogenization behavior starts when r < 1 and converges towards
the asymptotic process as x/t — 0 with the speed given above.

6.5.3 Application to homogenization in periodic media

As an example, the theorem 6.5.1 will be applied here to obtain estimates on the speed of convergence
towards the asymptotic process of periodic potential form diffusions.

where U € CY(T{) (U(0) = 0)
The following corollary corresponds to the corollary 12.1.2.



6. Sub-diffusive model 132

Corollary 6.5.2. Consider p(t,x,y) the transition density probabilities of the diffusion 6.175 with
respect to the measure my. then for

|z — y|

20k |z —y| < ¢, ko < , z —y| > 4C 6.176
1|z —yl 2 NG [z — y X (6.176)
one has
E; ly —x — 20, |2
t e — - (1-F) 6.177

where ki, ko, Cy, E1 are constants depending only on d and Osc(U). Moreover

Vi1

kilz —yl
|z —y| ~ 10

E = 8(—

)2 +2 (6.178)
Remark 6.5.1. Since the constants appearing in this corollary does not depend on ||[VU||s but only
on Osc(U) it is an easy task to extend this result to case where U is only bounded (left to the reader,
see for instance the theorem 1.2 of [CQHZ9S]).

Observe that this corollary gives a sharp upper bound corresponding to the homogenized behavior

of the heat kernel.

In fact this is only an example and one can consider a wider class of periodic diffusions. Indeed,

the corollary 6.5.2 is deduced from the theorem 6.5.2 can be used to give estimates on the rate of
convergence to the limit process of a diffusion in a periodic media as soon as a cell problem is well
defined and Aronson kind of estimates do exist(see the next subsection).
For instance one can consider the operator 5.131 considered by J.R. Norris, one has to combine
the theorem 12.1.2 to the generalized Aronson type estimates obtained by J.R. Norris [Nor97] (see
subsection 5.3.2) in order to obtain estimates on the rate of convergence towards the limit process of
the diffusions associated to those operators (this application is left to the reader).

6.5.4 Application to the upper bound estimate of the transition probability densities
of a diffusion

Here the key theorem will be applied to give a sharp upper bound for the heat kernel of a diffusion
for which a sort of cell problem can be defined ("sort of” because the so called cell problem solution
X does only need to be upper bounded). The medium associated to the diffusion is not specified
(it may be ergodic) the only thing that is needed is a sharp control on the conditional quadratic
variation of the martingale associated to the diffusion.

Consider y; is a diffusion on R? such that for ¢ > 0

yr =z + x(t) + My (6.179)

where x(t) is a uniformly (in ¢) bounded random vector process (||x|/cc < Cy) and M; is a continuous
square integrable F; adapted martingale such that My = 0 and for \,¢ > 0, E[e*"¢] < oo.

Assume also that there exists a function f : RT — R* such that for all I € R? with |I| = 1 for all
tag > t1 > 0 one has a.s.

to to—t1

E[/d<M.l,M.l o |F] < / F(s)ds
0

t1

With f(s) = f1 for s < tg and f(s) =tDI < f; for s > to with tg > 0 and 0 < fo < fi.
where D is a positive definite symmetric matrix.
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Assume also that the diffusion y; has symmetric Markovian probability densities p(¢, z, y) with respect
to the measure m(dy) such that for all 2,5y € R? and t > 0

C
plt,zy) < =2 (6.180)
t2
and for § >0
2
Po(ly: — x| > 6) < Cye™ 1'% (6.181)

where Cy, C3, Cy4 are constants.
The following theorem corresponds to the theorem 12.1.2

1
Theorem 6.5.2. Assume that y; is the diffusion described above. Then with ki = (2€( f1—Amin(D))t0) 2 /Amin(D)
and ko = 30 + 10dApax (D) (1 + Cy)

Wiz —y <t k< ZZY s AC, (6.182)
Vit
one has
B ]y—x—2CX\2
t < — - (1-FF) 6.183
p(t,z,y) < . exp (— ( ) 2D(e, 1)t ) (6.183)
with
3/2 .
F =(Cy(——— +2¢C 6.184
1 2(2>\min(D)C4 +2°Cs) ( )
and
kilz —y[ o Vi 1
F=8(——= 2 < — 6.185

Vi

Remark 6.5.2. Note that E — 0 as ‘z—;y‘ + ‘xfty — 0, this gives an estimate on the speed of con-
vergence towards asymptotic process. The exact homogenized behavior appears in the asymptotic
regime |r — y|/t — 0 and |z — y|?>/t — oo.

It is interesting to note that the homogenization regime begins as soon as the time ¢ is of order of
the distance  — y (which must be at least of the order of C,).

The condition kvt < |z — y| is a natural one in the sense that if it says that the behavior of the
diffusion is not too close to the center of the Gaussian, however with 20k;|x — y| < ¢ the large de-
viation regime is replaced by a homogenized regime. Note also that if one is only interested in the
behavior of the diffusion in the direction y — z all that is needed is that x.e,_, is upper bounded (x
may have a greater generality than the solution of the cell problem).

6.5.5 Lower bound. Sharp estimate of the speed of convergence towards the
asymptotic process

The key theorem can also be used to give a lower bound on the tail of the heat kernel in a periodic
medium, this is the object of this subsection.
Consider the diffusion y; on R associated to the generator (U € C™(T{))

1
L=3A-VUY (6.186)

(as usual this is only an example, one can consider wider class of generators as soon as a cell problem
is well defined) The following theorem corresponds to the theorem 12.2.1.
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Theorem 6.5.3. For [ € S%, \ > C4(d, Osc(U)) and

C(d, Osc(U))A < t (6.187)
one has
1 e
Ply, 1> N > -2°/24 6.188
[yt > ] > 4\/% /X e z ( )
with
Y — #(1 +E) (6.189)
D)L '
and
1
p = S0 g, 0sewyy /2 < L (6:190)

Remark 6.5.3. Observe that all the constants appearing above only depends on d and Osc(U), thus
it is easy to extend this result to the case when U is only bounded and periodic (left to the reader).

Note also that E — 0 as 1/\ + \/g — 0 giving the speed of convergence towards the asymptotic

process. Note also that one can consider a wider class of periodic diffusions such as the one 5.131
considered by J.R. Norris (this extension is left to the reader)

one can combine the strategy given in this theorem with the Aronson estimates to obtain a
sharp lower bound for the behavior of the heat kernel as it has been done for the upper bound in
the corollary 6.5.2. This is quite straightforward in dimension one and needs some care in higher
dimensions (because one needs to show that for well chosen time changes one can approximate a
multidimensional martingale by a Gaussian process, this will be the subject of a sequel work).

6.6 Pathologies

6.6.1 The long range correlation pathology

In dimension one, the mixing length associated to a smooth periodic potential U € C’OO(Tld) is upper
bounded by the period which is one here. One might think that this is also the case for d > 2, the
purpose of the pathology presented in the subsection is to show that this intuition is false for d > 2.
Indeed observe the figure 6.3. This is an illustration of a periodic obstacle U (consider it as a
reflecting obstacle for a Brownian motion for the moment), of period T, for clarity, the x5 axis has
been stretched in comparison to the x;. Observe that basically each period is decomposed into three
regions A, B and C parallel to the (0,z1) axis and the central B one is separated from the two others
by two reflecting walls. There are tunnels linking the central region to the two others (above and
below along the (0,x2) axis) and observe that those ”correlations tunnels” can be as long as one
wants along the direction (0,z71). Because of this particular structure what happens in the central
region is not correlated to what happens half a period above and below along the (0, x2) plus half a
period along the (0, x1) axis; it is correlated to what happens half a period above and below along the
(0, z2) plus a translation of &, (which can big as big as one wants) along the (0, z) axis. How is this
translated in the mathematical terms? Just consider the solution of the cell problem x; associated
to U along the (0, ;) axis, observe that one can write this periodic solution as x = z1 — Fi(z) where
Fi(z) is the harmonic function associated to the generator Ly with linear growth along the (0,z1)
axis (an periodic along the (0,z2) axis), because of those correlation tunnels F; has a fluctuation of
order &, along the (0, z3) axis and one obtains that ||x1|/cc ~ &m. And since x reflects the difference
between the diffusion and its martingale behavior it has been obtained that the mixing length of the
diffusion built on the periodic medium U is of order of £, >> 1 which can be chosen as large as



6. Sub-diffusive model 135

Mixing length = &m

X1 Eiriod:l A

\\

x> period=x: period=1 (but stretched here) B

M&

free space C

Te——

free space long correlation tunnel

Fig. 6.3: Long range correlation periodic obstacles.

needed.

Here, this little presentation has been done with a hard reflecting obstacle, nevertheless one can
approximate it by smooth periodic versions W, € C°°(T¢) whose associated solution of the cell
problem will converge to x as Osc(W,,) — oo.

Now one understands why a condition such as for all n, Osc(U,) < Ky < oo is necessary, if one
takes it away one must be aware that the mixing length might explode (one will have to introduce a
geometric condition to avoid this pathology).

6.6.2 The Critical Point Pathology

This pathology has been found by Alano Ancona [Anc99]. The strategy used to control the pertur-
bation scales of an IHPD in dimension one (for the study of the mean squared displacement) is based
on the deformation of the linear harmonic functions. More precisely given U € C*°(T}), write x the
solution of the associated cell problem and F'(xz) = x — x(x) the linear harmonic function associated
to the generator Ly. In dimension one it is elementary to show that for x € R

|F(z)] > e 205¢U) g (6.191)

and this trick is used to control the influence of the perturbation scales on the mean squared dis-
placement of the diffusion.

Thus it is natural to wonder whether this trick can be extended to higher dimensions, more precisely
for U € C®(T¢) (d > 1) write (z € RY) F. = 2 — x. (with Lyy; = —IVU) the linear harmonic vector
associated to Ly, is it true that F' must satisfy ||F(z)|| > C||z||,z € R? for some C' = Cy > 07?

As it has been pointed out by A. Ancona, this question is equivalent to the following one:

Is F a diffeomorphism of R? (onto R%)? Which is equivalent to wonder whether the Jacobian of F
is non degenerate at every x € R

In resume the answer to those questions is yes if it is not possible for F' to have a critical point for
d>2.

A. Ancona in [Anc99] shows that F' can not have a critical point for d = 2 (which suggests that the
one-dimensional trick might work) but for d > 3 there exists a periodic function U € C*(T{) such
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Ciritical points

08 i )

Fig. 6.4: Obstacles with critical points.

that the associated linear harmonic function in R? has critical points.

The counter example given by A. Ancona is drawn in the figure 6.4 (a single period has been illus-
trated). The pathology is built by considering reflective tubular (the diffusion can enter into them by
their cut ends) half circles (and considering smooth approximations of that pattern). This structure
is interesting in itself because it shows that for d > 3 the geometry of the obstacles can correlate dis-
tant points so that if one observe the propagation of heat among those them one will see its gradient
vanishing and changing upside down in some points of the space.

Now for d > 3 imagine that all the fluctuations U, associated with the IHPD are all characterized
by the fact that their corresponding linear Ly, harmonic vector admits a critical point at the origin
0, what is their exact influence on the IHPD starting from the origin? This question has not been
investigated in this work, nevertheless it might hide interesting behaviors.

6.7 Perturbation

6.7.0.i Mathematical Interpretation and consequences

See the chapter 13 for this section.

The proof of the sub-diffusive behavior starting from any point for (d > 2) is based on the stability
condition 6.4.1. This condition says that the exit times of the diffusion whose generator is associated
to the smaller scales, are stable under the influence of the larger ones. If one can find an IHPD such
that this condition is violated one would have found an IHPD whose behavior can be quite weird at
some fixed points of the medium. Actually there are good reasons to believe that such an IHPD can
not be found, in other words, they necessarily all satisfy the condition 6.4.1. This fact is implied by
the conjecture 6.4.1 which is true in dimension one. This conjecture is also implied by the stronger
conjecture 6.4.2 which is also true in dimension one.

Comparison of elliptic operators To prove the stability condition 6.4.1 or the conjectures 6.4.1,
6.4.2 one is lead to compare two different elliptic operators. The chapter 3 gives the usual techniques
to do so. But if one look closer at those techniques one would see that they all corresponds to a
comparison with the Laplace operator, if one tries to use them to compare to operators which are not
the Laplace operator one would obtain their equivalence nevertheless with constants which tends to
explode. The reason is simple, for instance if one tries to compare the Green functions associated to
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two elliptic operators —V (e V), —V(eU+V'V) with Dirichlet condition on B(0,1) one can do so by
comparing them to the Laplace operator —A and using for instance the result of Stampacchia (see
subsection 3.6.1) but one will obtain a bound on the ratio between the Green functions Gyv /Gy
which will depend on U and will explode as Osc(U) — oo.

The Harnack inequality and Aronson estimates are also comparisons with respect to the Laplace
operator (the constants explode as Osc(U) — o). Actually the strategy given by Davies to obtain
Gaussian bounds could be developed to obtain anomalous bounds nevertheless one would have to
improve the constants given for the Parabolic Harnack inequality by P. Li and S. T. Yau, in [LYS86].
Actually when the scales separates quickly it is easy to use the techniques of the chapter 3 to prove
the stability of the IHPD (left to the reader, it is not done here because this work focus on bounded
ratios between scales).

Deformation of elliptic operators Those conjectures are based on the comparison of two different
operators which is quite not pleasant to handle. The purpose of the chapter chapter 13 is to show
how two operators can be compared by an analytical inequality verified by a single one.

More precisely it is possible to show by the techniques developed in the chapter 13 that the conjecture
6.4.1 is implied by to the following conjecture:

Conjecture 6.7.1. There exist a constant Cy depending only on the dimension of the space such
that for A € C*°(B(0,1)) such that A > 0 on B(0,1) one has

swp [ AIVGre )Ty [ Gl A deldy <
z€B(0,1) /B(0,1) B(0,1) (6.192)
sup Cd/ G(z,2)\(z)dz

2€B(0,1)  JB(0,1)

where G (x,y) are is the Green function of the operator —V (AV) on B(0,1) with Dirichlet conditions
on the boundary.

The conjecture 6.7.1 is itself implied by the conjecture 6.7.2

Conjecture 6.7.2. For Q C R%n open subset with smooth boundary, there exist a constant Can

depending only on the dimension of the space and the open set such that for X € C*°(Q) such that
A>00nQand ¢, € C*(Q) null on O and both sub harmonic with respect to the operator —V (AV),
one has

/)\(:c)|qu(x)V1/)(:c)|dx < Cd’Q/ AMz)Vo(z).Vi(x) de (6.193)
Q Q

This conjecture is true in dimension one with Cy o = 3 (this constant is an homotopy invariant,
this is proven by the corollary 13.5.1). In fact one can show that (the following corollary corresponds
to the corollary 13.5.4)

Corollary 6.7.1. Let Q be a smooth bounded open subset of R%. Assume that ¢,v are both convex
or both concave and null on 052, then

/ |V2d(z).Voh(x)| de < 3/ V(). Vtp(z) de (6.194)
Q Q

this result is deduced from the following theorem (which corresponds to 13.5.3)

Let A € C*(Q2) such that A > 0 on Q, then ¢ € C%(f) is said to be strongly sub harmonic
(resp. strongly super harmonic) with respect to the operator —V(AV) if for all z € Q, all e € S?

_%()\(;g)%gb) >0 (resp. <0)
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Theorem 6.7.1. For all v, ¢ € C%(Q) strongly sub harmonic or super harmonic with respect to the
operator —V (AV) and null on 02 one has

/ V(@A @) Vatb(a) de < 3 / V() A(2)Vath(x) da (6.195)
Q Q

In fact the 6.7.1 is deduced from a more general result given in the chapter 13 (see the theorem
13.5.2). In fact the chapter 13 shows that the conjecture 6.7.2 is equivalent to the stability of the
Green functions associated to the operator —V(AV) under a small isotropic deformation of that
operator, this is the object of the corollary 13.4.1.

6.7.0.ii Physical interpretation and consequences

The conjecture 6.7.2 has an interesting signification (and consequences) in the framework of electro-
static theory, one can see €2 as a dielectric cavity with conducting boundary and the conjecture 6.7.2
is equivalent to the stability of the electrostatic potential created by a density of negative charges
under a small isotropic perturbation of the dielectric constant of the material.

In fact it has other mathematical and physical consequences (see the chapter 13, all will not be given
here). One of them is directly connected to the notion of localization of the electrostatic energy. As
it is shown in the section 13.1 there has been an interesting debate among physicists on that subject,
and as it has been underlined by R. F. Feynman ([Fey79] page 142) "the idea of locating the energy
in the field is incompatible with the assumption existence of punctual charges. One way out of the
difficult would be to say that elementary charges, such as an electron, are not points but are really
small distribution of charge. Alternatively, we could say that there is something wrong in our theory
of electricity at very small distances, or with the idea of the local conservation of the energy. There
are difficulties with either point of view. These difficulties have never been overcome; there exists to
this day.”

It is interesting to note that this difficulty is one of the causes of the infinite terms appearing in
quantum electrodynamics (the other being the infinite number of degree freedom of the field but it
is easy to get rid of that one by a change of the origin of the energies).

If the conjecture 6.7.2 is true then the energy displaced by an introduction of a small quantity of
charges is stable (see the chapter 13) if it is false, then there would be a strange point in the idea
of the local conservation of the energy: by spending a small amount of energy one could displace a
huge amount of energy (without a priori bound) ! And the chapter 13 shows also how this notion
of local conservation of energy is linked to the stability of the electrostatic potentials under a small
perturbation of the permittivity of the material.

6.7.1 Strong conjectures

In fact heuristic considerations lead to conjecture that:

Conjecture 6.7.3. For Q C R%an open subset with smooth boundary, there exist a constant Ca01
depending only on the dimension of the space and the open set such that for M a symmetric smooth
coercive matriz on Q and ¢, € C%(Q) null on IQ and both sub harmonic with respect to the operator

—V(MV), one has
/ IVo(x)MV(x)| de < Cd,ﬂ,l/ Vo(x)MVy(x) dz (6.196)
Q Q

Conjecture 6.7.4. For Q C R%an open subset with smooth boundary, there exist a constant Can,p
depending only on the dimension of the space and the open set such that for M a symmetric smooth
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coercive matriz on Q and ¢, € C%(Q) null on IQ and both sub harmonic with respect to the operator
—V(MV), one has

/||V¢(:C)H||MV1,Z)(:C)Hd:c < Cd’ng/ Vo(x)MVi(x)dz (6.197)
Q Q

The conjecture 6.7.3 is equivalent to the strong stability of the Green function associated to the
operator —V(MV) (with Dirichlet condition on the boundary) under an isotropic perturbation of
the permittivity M (see theorem 13.4.1 and the theorem 13.4.3).

If Cy0,1 = 3 as it is true in dimension one, this would mean that the energy displaced in the elec-
trostatic cavity by the importation of new charges (of the same sign as those present in the cavity)
is always less or equal to work accomplished.

The conjecture 6.7.3 is equivalent to the strong stability of the Green function associated to the
operator —V(MV) (with Dirichlet condition on the boundary) under a non isotropic perturbation
of the permittivity M (see corollary 13.4.2 and 13.4.4).

6.8 Link with the Infinitely Ramified Fractals

The purpose of this section is to investigate on the connections between an IHPD and so called
Brownian motions constructed of fractals such as the Sierpinski Carpet.

6.8.1 The Sierpinski carpet

What is the link between an ITHPD and the reflected Brownian motion on the Sierpinski pre-Carpet?
Take for all n € N, U,, periodic of period T{ (d > 2) such that

0 or r d
Un(x):{+ for z € [1/3,2/3]

0 for x € [0, 1]d —[1/3, 2/3]d (6.198)

Choose pmin = Pmax = 3, then observe that the function U(z) on R4 given by the equation 1.2 is
equal to 0 on the generalized pre-Sierpinski Carpet and equal +o0o outside of it.

Of course, one has to choose U,, smooth for all n, but one can approximate 6.198 to obtain a soft
version of the carpet where the reflection on the faces of the cubes is replaced by a strong drift.
Observe also that similarly, one can construct a soft version of the random Sierpinski carpets studied
in [HKKZ98|.

Moreover, since the U,, are allowed to vary in C*°(T{) without any symmetries, it will be shown that
interesting pathologies may appear.

Thus the Sierpinski pre-carpet is a particular case of the multi-scale medium associated to a self
similar ITHPD, nevertheless there is no uniform bound on the norm and gradient of the U, (Ky =
K, = o0) for the hard version of the pre-Sierpinski carpet. And the theorems given above do not give
any rigorous result for this particular case because they are too general and reflect an other point of
view in the following sense:

e The point of view of the construction of the Brownian motion on the generalized Sierpinski
carpet is to control the diffusion through the knowledge of the particular shape and symme-
tries of the medium on which it is evolving. More precisely the first layer of the proofs are
calibrated to exactly fit the corresponding symmetries and reflecting planes. This point of view
is interesting in the following sense: it allows to go far deeper in the analysis of the diffusion
and to obtain very precise results for some particular multi-scale media which can be used
to help the imagination in more general situations. Moreover its corresponding breakthrough
is accompanied with new mathematical tools and results which can be used in more general
situations.
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e The point of view of the construction of an THPD is to characterize a diffusion evolving on
a medium with an infinite number of scales with the greater generality, of course there is
a price to pay for this generality, since the only knowledge on the medium that one has is
Pmaxs Pmins Amax, Amin, 20, K1, the proofs must always be done by imagining the worst case
corresponding to those parameters, and with the parameters Ko = K; = oo corresponding
to the Sierpinski carpet the worst case says that the diffusion does not move at all or it can
also be normal (both cases are possible because the ratio between scales always belongs to the
overlapping ratios interval), thus either one assumes K; < oo, either one gives more information
on the particular shape of the fluctuations by the introduction of new parameters in order to
be able to say something because with K; = oo, the overlapping ratios interval is not upper
bounded ! (equal to (1,00)). To develop this point of view one is lead to develop the tools of
homogenization theory.

6.8.2 From soft obstacles to hard obstacles

Of course the next step in the development of the IHPD is to consider multi-scale media such that
Ky = K; = o0, indeed this work on the THPD is mainly based on homogenization theory and this
theory allows to consider wider objects than soft fluctuations U,, one can consider reflecting obstacles
(also called hard obstacles by opposition to soft obstacles). The purpose of this subsection is to
show how the tools developed in this work could be used and to underline the additional work to be
undertaken.

If one look closer at the proofs given in this work, one would see that there are basically two layers,
the first one is analytical and the second probabilistic. The probabilistic layer can be directly used
without any changes however the analytical one is based on the behavior of solutions of elliptic op-
erators with discontinuous coefficients, and the operators will be modified to the Laplace operator
with Neumann condition on the boundaries of the obstacles, this is the location of the additional
work.

It is clear that the notion of effective scales remains unchanged, indeed one can still compute mixing
length associated to fm(Vonef ), however with Ky = oo those mixing length could grow very quickly
to infinity (see the long range correlation pathology) that’s why one have to introduce a parameter
that will ensure that the mixing length of the effective scales will remain of the size of their period;
how to do this? If the boundaries of the obstacles are regular a cell problem y. associated to the
homogenization on those effective scales is still well defined, one would have to ensure that its asso-
ciated norm (which one to chose is not clear for the moment) will remain bounded.

What about the drift scales? Indeed with hard obstacles K1 = co and the influence of a reflecting
obstacle can not be considered has a small drift. Nevertheless one can assume that the radius of
curvature of the boundaries of the hard obstacles tend towards infinity with their size, and one can
associate a visibility length &,(U,) (equal to the radius of the curvature) to each obstacle correspond-
ing to the following image: below &,(U,) the diffusion feels the influence of the obstacles U, only
through the reflection against an hyperplane and one knows that such a reflection will not change
the anomalous behavior of the diffusion.

What about the perturbation scales? This will be the hard part for which specific new parameters
will have to be introduced in order to ensure the stability of the reflected diffusion under the influence
of a few scales.

Of course one would have also to control the speed of convergence towards 0 of the multi-scale
effective diffusivities (not necessarily geometric if the medium is not self similar).

6.8.3 Limit process

An interesting problem has not been investigated in this work (which is focused on the anomaly of
the diffusion), it is the existence of a limit process. In other words, for a diffusion y; evolving on a

periodic medium U € C*(T{) one knows that e%yt /e converges in law to a Gaussian diffusion 2; with
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covariance matrix D(U), z; in a sense, reflects the long time behavior of y;.

What about a Infinitely Homogenized Potential Diffusion associated to a medium V' with an infinite
number of scales? Is it possible to find a spacial rescaling function € — k(e) such that as € | 0,
k(€)y:c converges in law to some limit process? The answer is of course yes, take k(e) = 0 but this
is not very interesting indeed; to obtain an interesting answer one must refine the question by ”... a
limit process which is non degenerated?”. Now the answer is in general no and the explanation is
very simple.

Indeed at the time ¢, the slowdown of the IHPD is reflected by multi-scale effective diffusivity D(V,");
now observe that this matrix can be non isotropic and one can have Ay (D(Vonef )) /Amin (D(Vonef )) —
+oo | in such a situation it is easy to see that for any choice of k(€) can not converge to a limit process
living in a d-dimensional space, either it will blow up in the direction of the maximal eigenvalue,
either it will converge to a point in the direction of the minimal eigenvalue; and if the direction of
the associated eigenvectors is not stable with ¢ one can imagine that this will produce a very weird
rotation of the degenerate axes of the diffusion with the time t.

In a sense to find such an answer is natural since there are no a priori reasons for an IHPD to have
a unique long time behavior since there are an infinite number of scales which are not self similar.
Now imagine that one still needs to obtain a limit process, then there are two strategies to force the
diffusion to do so:

e Either one accelerates differently the diffusion along direction corresponding to each eigenvector
of D(Vg''): k(e)yeseei

e Either one spatially rescale differently the diffusion along direction corresponding to each eigen-
vector of D(Vonef): Eki(€)yere;

Now observe that the first one will produce a diffusion whose dynamic at the time ¢ is not Markovian
|

The second one, corresponds to a deformation of the space with a biased lense whose magnification
are different along the different axis of the eigenvectors.

What if the diffusion is one dimensional or D(V,"*’) is always isotropic? Then the problem of the
existence of a degenerate axis vanish, however is the medium is not self similar it is easy to see that
although k(e€)y, /e might be tight in some non degenerate space, it will only converge along specific
subsequences of € because the limit is not unique. This pathology is created by the oscillation of the
invariant measure (the next subsection will come back to it) at the scale of the observation (because
the medium is not self similar).

What about if D(Vonef ) is isotropic and the medium self similar? In that case the question is impor-
tant but postponed to a sequel work.

Now observe that the existence of a limit process requires an a priori choice which has been
put under the carpet above. Indeed for the construction of the Brownian motion on the Sierpinski
carpet, the diffusion is not constructed by rescaling the space but by adding smaller and smaller
obstacles, although those two point of view seems equivalent when the medium is self similar, they
are certainly not when the medium is not self similar. This choice is also reflected in the construction
of the invariant measure associated to the limit process (or to the Dirichlet form), this is the subject
of the next subsection.

6.8.4 Soft Pre Fractal Measure

See the section C.2 for this part.

The medium on which an IHPD is built in this work, is not a fractal in the usual sense of this
term. An IHPD is uniquely controlled by the drift —VV characterized by an infinite number of
scales, however it is more convenient to describe it through the invariant measure e 2V (@) dz of
the associated generator (and its is a also the proper way because it has a precise physical and
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mathematical signification). In this work the invariant measure will sometimes be called smooth pre-
fractal measure or smooth periodic pre-fractal (this notion is introduced and discussed in the section
C.2)will be introduced and analyzed (this name is given according the name ”Sierpinski pre-Carpet”
introduced by H. Osada).

Definition 6.8.1. A smooth pre-fractal measure is a collection {(ry,,U,)nen} where for each n,
r, € N/{0,1} and U,, € C=(T¢) such that U,(0) = 0 and

neN

It constitute the medium on which the diffusion takes place. From a physical point of view its
density e=2" can be seen as an energy landscape with an infinite number of potential pits (all with
approximately same depth).

Observe that the condition U, (0) = 0 is not necessary to have a well defined drift VV however it is
necessary to have a well defined invariant measure e~V (something is hidden behind this fact, the
section 6.8.5 will come back to it).

Of course the first thing that one would like to do in front of a pre-fractal measure is to characterize
it by a sort of fractal dimension, however the notion of Hausdorff dimension which is convenient to
describe subsets of R? is not well adapted to a measure on R

Nevertheless one knows that the Hausdorff measure associated to a fractal subset keeps in its growth
rate the signature of the Fractal dimension. Thus it is natural to seek what is the growth rate
associated to the smooth pre-fractal measure.

At this stage since a soft pre-fractal measure is characterized by a smaller scale and has no upper
bound for the size of its scales it is natural to explore the growth rate at infinity:

Growth rate at infinity

Definition 6.8.2. The Growth rate at infinity of a measure  on R? is the segment [ min (1) dF max ()]
where

... 1(B(0,7))
Fimin (1) = lim le}go T ngr (6.200)
. w(B(O,r
d??max(:u') = lim sup ( 11(17“ )) (6201)
7—00

If the pre-fractal measure is self similar (U, = U, r, = p) the growth rate at infinity is a point
given by the topological pressure of U.

P,(—2U)

® (e7Vdr) =dP . (e7?Vdx) = dj’co(e_Zvd:c) =d+
p

f,max f,min (6202)
Note that this definition of growth rate at infinity dimension is not invariant under a translation of
Up (indeed under a translation by ©,, Uy should be modified to z — Up(x +y) — Up(y) so that U? is
well defined). Observe also that the value of d3° (m?) is fixed by the necessity of e2U" 10 be a well
defined density measure but it can be greater than the dimension of the space.

Thus d?o(mOU) is not translation invariant and one can have d?o(mOU) > d (so one must be careful if
one tries to link it with a sort of Hausdorff fractal dimension of the pre-fractal).

For a non self similar pre fractal measure the growth rate at infinity is in an interval given by

In [0 exp(—20 "0 (z))dx
® in(m¥) = d+1lim inf T
foio17) = pnr)

(6.203)
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In led exp(—20 "0 () dx

d¥ .. (md) =d+1i 6.204
f,mln(mU) + lmTSilg)o p(r)n(r) ( )
where
Inr
p(r) = e (6.205)
n(r)=sup{n e N : R, <r} (6.206)
and
k+p Rox
UPF=>"Un( é’ ) (6.207)
n=0 n

6.8.4.i Growth rate at 0

One might think, that this definition of dy which gives back a value that can be greater than d is
unsatisfactory, and may be by analyzing the growth rate at 0 of the torus one might obtain a better
characterization, this is the object of this sub subsection.

The natural way to define a growth rate at 0 is to consider the measure mg-p,0 on the torus Tld,
observe that this measures are invariant if one add to each U,, a different constant c¢,, then define
the growth rate at 0 at the point = by the segment [d" dl |byfor0<a<1

fyx,mind ¥ f .z max

—1In (mU—p,o (B(x, %)))

a9, =1l 6.208
o= Jim, I R (6.208)
Then one can show that d(} ,, does not depend on 0 < a < 1 and
g e 2000
d} 4 min = d + lim_inf L 6.209
amin = @m0 p(r)n(r) (6209
1 20O -0m0)
do%maLX = d + lim sup ! (6.210)

r—00 p(r)n(r)

Thus the growth rate at 0 at the point 0 is the same that the growth rate at infinity at the point
0, moreover it depends on the point x and d(} 2max Can be greater than d. Thus the growth rate at

0 does suffer from the same pathology (something is hidden behind this fact, the section 6.8.5 will
come back to it).

6.8.4.ii From a SPFM to a fractal measure

The purpose of this subsection is to investigate on the following problem: how to build a fractal
measure on the torus from a given smooth pre fractal measure?
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Completion of a self similar SPFM If the SPFM is self similar the problem is easy and there are
basically two ways: The first one is to consider the sequence (my-»,0)pen of probability measures on
the torus T¢, where

e~ 2U"0(@) gy

Jrgem20 T da

my-vo = (6.211)

Since the torus is compact this sequence of measures in tight and one can extract a subsequence
converging to a measure on the torus and call fractal measure the limit.

The second one is to consider the sequence (my—p.+x)pen of probability measures on the cube R,
where

e_QU*PrFOO(m) dx

Jrge 2T @ de

(6.212)

mpy—p,+oo =

This sequence of measures in tight and one can extract a subsequence converging to a measure on
the each compact subset of R% and call fractal measure the limit.
Unicity problems will be studied in a sequel work.

Completion of a non self similar SPFM In this case the problem is more serious because it requires
an a priori choice. Indeed the first way would be to consider the sequence mg;—p,0 on the torus, this
sequence is tight and one can call fractal measure the limits of converging subsequences. It is easy to
see that with this method the limits are not unique because the scale of order 0 is always changing.
The same pathology happens if on consider the sequence of probability measures my;—p,cc on the unit
cube [0,1]%

The alternative way to avoid this pathology would be to complete the non self similar SPFM by
smaller scales (U_)ren+ (U_t € C°(T)) and (7_1)ken+, (7_k)ken+=- Then write

1
E =Tr_1...T"— (6213)
and
P T
VP = UR(=- 6.214
IRLES 621
k=—m
then consider the measure
72V_p’0(x)d
e T
my —p,0 = de e*QV—p’O(I)d‘fE (6215)
1
on the torus T{ or the measure
T 6.216
my/—p,+cc = .
VT e s (6:216)
on R?. With these choices the obstacle of order 0, —1,... , —k does not change for p > k, as usual

one can extract subsequences and call fractal measure the limit measure. The unicity problem is
postponed to a sequel work.
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6.8.5 Creation of a logarithmic pit

The growth rate at infinity of the invariant measure e 2" associated to the dynamic of an IHPD

is fixed by the necessity of for all z, V(x) < oo, the growth rate at the origin of the signature of
the multi-scale medium on the torus depends also on the starting point . This phenomenon does
not appear for a "hard fractal” such as the Sierpinski carpet because the starting point x is always
”conditioned” to be outside of all the scales of obstacles.

Is something hidden behind this fact? Indeed observe that the dynamic of an IHPD does only depend
on the gradient —VU,, of the fluctuations, and the condition U, (0) = 0 has no reason to interfere
with it.

Nevertheless, look a little bit closer at the mechanism of the dynamic dy; = dw; — V f(y¢)dt from
an other point view: how to chose f to ensure that the resulting diffusion y; will be sub-diffusive?
Then the natural answer is that f must corresponds to a potential pit (and the dynamic is invariant
under the change of the origin of the energies f — f + ¢). Now refine a little bit this question, how
to choose f to ensure that the mean squared displacement of y; will be of the form E[y?] ~ t!7¥?
Assume that f is radial (thus also E,[y?]), then write r2(¢t) = E,[y?], then from a heuristic point of
view

2
arat(t) = Lyr? (6.217)
is written
27“% _ 182(7“2) N d—19(r?) B a(r?) of
ot 2 0Or? 2r  Or or Or (6.218)
=d-— 2rg
or

[

1—v +v

And using r(t) =t 2 , it follows that 9yr(t) = 35%r 1=+ and
of d 1-v 1

5 = o 5 ﬁ—fﬁ (6.219)
Thus
d 1—v)2 _ 2
f(r)= B Inr + (47]/)7" = + constant (6.220)
v

Thus from a heuristic point of view, the potential pit corresponding to the behavior of the mean
squared displacement E[y?] ~ ¢!~ is logarithmic .
Now consider a self similar IHPD, and observe that the growth rate of

> T
Viz)=>)_ Ulg:) (6.221)
n=0
is like
Inr
sup V ~ Osc(U)—; (6.222)
z€B(0,r) In R

it has logarithmic shape, is it a coincidence? The above heuristic computation suggests no. In fact
the generator of an IHPD is the h-transform (see for instance [Pin95] section 7.4) of the generator of
the Brownian motion with A = e™2Y. And one knows that h-transforming a generator on a bounded
open set () is equivalent to conditioning the behavior of its associated diffusion, for an ITHPD, = R¢
is unbounded nevertheless the h-transformation condition the diffusion to approach infinity (the
boundary) at a specified sub diffusive speed.

In resume these heuristic considerations suggest that a diffusion in a fractal medium such as the
Sierpinski carpet or a smooth pre fractal is sub-diffusive because through the subjacent dynamic the
multi-scale medium is seen as an effective logarithmic pit.
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6.8.6 Origin of the anomalous estimates on fractals

The purpose of this subsection is to answer to the following question: Why the estimates of the
behavior of the Brownian on an infinitely ramified fractal (or an IHPD on a smooth pre fractal) are
of the form

2

Ely;) ~ tdw (6.223)
E[7(0,7)] ~ r® (6.224)

|z —y|™ |
f) dw =T (6.225)

Inp(t,z,y) ~ —(
(the ratio between the scales is equal to p and D(Vy") ~ A" with A < 1) To do so the multi-scale
homogenization technique used for the IHPD will also be used for the Sierpinski carpet on a heuristic
point of view. Below the formulae giving the number of the effective scales are the same as those used
for the IHPD (and the influence of the perturbation scales will be neglected). This will give three
values of d,, corresponding to the forms 6.223, 6.224, 6.225 and the interesting point is to compare
them.

6.8.6.1i Mean squared displacement

The origin of the behavior of the mean squared displacement 6.223 is the fact that the number
effective scales is fixed by the time ¢ according to the following formula

Nef ~ 21; tp (6.226)
and
Efy?] ~ tAer®) ~ g1t (6.227)
thus
dw,1 = Lm (6.228)
L+ 2Inp

6.8.6.ii Exit times

The origin of the behavior of the exit times 6.224 is the fact that the number effective scales is fixed
by the radius r according to the following formula

Inr

’I’Zef ~ m (6229)
and
r2 I
Elr(0,r)] ~ 5y ~ 17 (6.230)
thus
In A\
dypo =2 — —= (6.231)
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2
Eoly:] Eo[r(0,y)] InPoly: > hl
¢
Int Inr In
Nef 2Inp Inp In -
A2
.. 2 2
Heuristic | tA™ef T —t)\hTef
d2 d hw.3\ g ; 1
Anomaly | t%w. w2 _(_t ) w,3-
2 In )\ 1
dw,i 11> _ﬁll_p 1+ 1 Tn X
2Inp lnp—%ln)\

6.8.6.iii Transition probability densities

The origin of the behavior of the transition probability densities 6.225 is the fact that the number
effective scales is fixed by the ratio t/|z — y| according to the following formula

In Gy 6.232
e ™~ (6.232)
A2
and
2 2 —in
—_ —_ t 1
Inp(t,z,y) ~ —u S ] ( ) a2
tATer t e —yl (6.233)
— ( |z — y|dw73 ) dy,3—1
— ; :
with
1
lnpféln)\

6.8.6.iv Comparisons

Observe that the multi-scale homogenization techniques gives back the right forms for the mean
squared displacement, the exit times and the transition probability densities; it interesting to note
that they are explained by the number of effective scales (on which homogenization can be considered
as complete) associated to each observation. Moreover dy, 1, dy, 2 and d, 3 are equal up the first order
approximation in 1/In p nevertheless they are not equal and this is not surprising. Indeed when
p is small the second order term in 1/(Inp)? can not be neglected since the perturbation scales
becomes more and more dominant (and it has been shown with the IHPD that the influence of the
perturbation scales is of the order of 1/(In p)?).

6.8.7 Uniform Harnack inequality

The proof used by Barlow-Bass to construct the reflecting Brownian motion on the Sierpinski carpet
is based on an uniform Harnack inequality (it is the very core of the proof) thus it is natural to wonder
what is the connection between the uniform Harnack inequality of Barlow Bass and the anomalous
behavior of an IHPD? In fact there is no direct connection in the sense that the uniform Harnack
inequality is in general not verified by the generator associated to an IHPD. Why is it so? The reason
is simple the uniform Harnack inequality reflects an isotropy of the space seen by the diffusion, this
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isotropy is broken for an IHPD (since one can have Amax (D (Vy"))/Amin(D(Vy")) — 00 as n — o) this
make the constant associated to the Harnack inequality explode with the number scales nevertheless
it does not prevent the diffusion from being anomalous because this condition is not necessary. Where
would it be useful if it was verified for an IHPD? It would be useful to control the perturbation scales,
indeed the uniform Harnack inequality would allow to use the standard techniques used to control
the stability of the Laplace operator because it would in a sense say that the behavior of the Green

functions of the perturbed operator are close to those of the Laplace operator.

6.9 Some pictures of multi-scale media associated to an IHPD

The figure 6.5 illustrate the contour lines (6 contour lines) of

2
ry
— PP

with p =4 and
Ul(zx,y) = cos(z + msin(y) + 1) sin(nw cos(z) — 2y + 2) cos(m sin(z) + )

The figure 6.6 illustrates the same function but with 9 contour lines.
The figure 6.7 illustrates the function V' with p = 3 and

U(z,y) =cos(xz + msin(y)) sin(y + 7 cos(x + 1))
+ 0.4 sin(m cos(x) 4 7 cos(y) + 2) + 0.4 cos(m(cos(z))? +y + 0.5)

The figure 6.8 illustrates the same function but with 9 contour lines.
The figure 6.9 illustrates the function

2
Ty
%4 = Up(—, =—
k=0
with Rg =1, Ry = 3, R2 = 12 and 14 contour lines.

Us(z,y) = 1.5cos(z + 2w sin(y + 0.4) 4 1) ( cos(z + 3))2(sin(y + 0.2))2
Uy(z,y) = sin(z — y + 1.4)( cos(z + 1.1))* (cos(y + 0.3))

Uo(z,y) = 0.7( cos(2m cos(z) + 27 sin(y) + 1)) * (cos(z + 3))*(sin(y))*

(6.235)

(6.236)

(6.237)

(6.238)

(6.239)

(6.240)

(6.241)
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Fig. 6.5: Smooth pre fractal medium
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Fig. 6.6: Smooth pre fractal medium
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Fig. 6.7: Smooth pre fractal medium
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Fig. 6.8: Smooth pre fractal medium
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Fig. 6.9: Smooth pre fractal medium






7. SUPER-DIFFUSIVE MODEL

7.1 Infinitely homogenized eddy diffusion

7.1.1 The strategy

The strategy to analyze Infinitely Homogenized Eddy Diffusion is the same as for an Infinitely
Homogenized Potential Diffusion, in the sense that the multi-scale analysis is done through effective
scales, perturbation scales and drift scales. Nevertheless there are some important differences. The
first and must important one is that for an IHED the multi-scale effective diffusivities D(T'%") must
be shown to diverge towards infinity with geometric speed in order to obtain a clear super-diffusive
process in fact the divergence towards infinity of the multi-scale effective diffusivities is the key to
obtain a super-diffusive process.

The second one is the apparition of the diffusivity powers -, in fact by the variational formulation
of D(T%™) one can show that

D(I*") < /T [1+2(0°7 (Rp) — /T " (Ruy) dy)|” do
; 1 (7.)

n
< (1 + 2Ky Z 'Yn)2
k=0

this inequality suggests that to obtain a geometric speed of divergence of the effective diffusivities
D(T%") on must have at least the same speed of divergence for the diffusivity powers 7,; and fact
for 4, = 1, the speed of divergence of D(I'>") when the scales are well separated is linear (which
suggests a weak form of super-diffusivity). In fact those parameters -, have a clear signification
when the flow is compared to a real turbulent flow (will be given in a sequel section).

The third one is the fact that the generator of the diffusion is not symmetric and this has deep
consequences on the method used to control the multi-scaled effective diffusivities and the influence
of the perturbation scales.

Overlapping ratios For an THPD sub diffusivity has been proved for ppin > po in the separating
scales region and it has been show that when p, is smaller than pg, the ratios belongs to the
overlapping region and both behaviors (normal and anomalous) are possible for the process (there
are regions of anomalous behavior surrounded by regions of normal behavior in real line associated
to the ratios).

Can the same phenomenon happen for an IHED?

The answer is yes, assume the IHED self-similar for simplicity (R, = p", 7, = 7", I', = I'g) and
choose

I'py=H(x) —~+’HP(a Px) (7.2)

where H is a skew symmetric matrix and a € N/{0,1}, p € N*. And observe that for p = a,
I'=>°,I, is a bounded matrix which lead to normal diffusion by the Norris-Aronson estimates.
Thus as for an THPD without a priori knowledge on the geometry of the eddies, results giving
the super-diffusive nature of an IHED can exist only for pmin > po, below this boundary both

behaviors are possible and to determine whether the diffusion is super-diffusive or not, on needs
more informations than the knowledge of the parameters Ky, K1, Amax, Amin, Vn-



7. Super-diffusive model 156

7.2 The shear flow model
7.2.1 The results

Those results are proven in the chapter 11.

7.2.1.i Multi-scale effective diffusivity

Consider a THSFD, the following theorem corresponds to the theorem 11.2.1.

Theorem 7.2.1. assume Vyin > 1 and

njw

2 K
€= — <1 7.3
Pmin Ymin — 1 ( )
then for allp € N
1 0
0,p\ —
D) = (3 prioy) (7.9
with
P P
1+4(1— €)Y R <DI%)pn <1+4(1+6)> 7 (7.5)
k=0 k=0

Observe that the control on the multi-scale effective diffusivities of a IHSFD is sharper that on
an THPD, this fact is created by the introduction and divergence of the diffusivity powers -,,.

7.2.1.ii Mean squared displacement

Bounded ratios The following theorem corresponds to the theorem 11.3.1.

Theorem 7.2.2. assume Vmin > 1, Ymax, Pmax < 00,
Pmin > pO(’Ymina Ymazx KOa Kl) and t > tO(’Ymina Ymazx Rla KO) Kl) then

Eo[lye-eaf*] = ¢+ (7.6)
with
1n'7max CQ
t) < A — 7.7
V()_lnpmm—i—ln%—i—lnt (7.7)
In Ymin Cl
t) > S—— 7.8
V()_lnpmax—i—ln;’m—j‘x Int (78)

Where the constants C1 and Co depends on pmins Ymin, Ymaxs Pmaxs 551, 52

Observe that the control on the mean squared displacement of a IHSFD is sharper that on an
THPD, this fact is created by the introduction and divergence of the diffusivity powers ~,. Indeed
for each t, the behavior of E[y?] is dominated by a single scale.
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Fast separating ratios The following theorem corresponds to the theorem 11.3.2.

Theorem 7.2.3. assume v, = V¥ and R, = p,l[%] with v,p > 1 and o > 1 Then for t >
to(v2, Ra, Ko, K1)
C1t7°® < Eo[lys.e2]?] < Caty®?) (7.9)
with
1 1
t) =2 a(lnt)« 7.10
B0) = 27— () (7.10)

Where the constants C1 and Co depends on p,y,a, K1, Ko

Remark 7.2.1. Note that this theorem shows how the diffusion becomes more and more super-
diffusive as « | 1: the ratio between scales tends to be constant.

7.3 Links with turbulence

7.3.1 Turbulent Convection

It is clear that an infinitely homogenized eddy diffusion is a model of diffusion-convection in a
incompressible turbulent flow. One knows that a turbulent flow is characterized by a large number
of scales of eddies and convection rolls, the purpose of this model is to show that the presence of
multi-scale eddies generates the anomalous behavior of the diffusion between appropriate time scales
(or length scales) corresponding to the minimal length of the eddies and their maximal length.

Of course in a real turbulent flow each I'™ should be time dependent and the periodicity should
be replaced by a time and spacial ergodicity conditions. The study of those real turbulent flows is
postponed to a sequel work.

7.3.2 Physical interpretation

Observe that this model of IHED has an interesting interpretation in the framework of fully developed
turbulence (Read the subsection 4.6.4 prior to reading this one).

Here the mean velocity of the fluid is 0.

The parameters v, ||VI'"||« represents the amplitude of the pulsations of size R,,. Since for all scales
|[VI™||o < Kj, the fact that v, is increasing reflects the fact that the amplitude of the pulsations
increase with the scale.

The energy dissipated per unit time and unit volume in the eddies of scale n is of order of

€n X l%Kg (7.11)
R

So to say that the energy is dissipated mainly in the small eddies is equivalent to say that v, /R2 — 0
as n — oo or if R, = p" and v, = p®", this equivalent to say that a < 2.
The Kolmogorov-Obukhov’s law is equivalent to say that Ky < oo for all n, VI',,(0) = 0 and

4
Yo X Ry (7.12)

or if R, = p" and ~, = p®", this equivalent to say that o = %.
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7.3.3 Links with Richardson law
Richardson’s empirical law D) ~ A3 says that

In D(I'%n=1)

4
R, —3 (7.13)

If R, ~ p", yn ~ 7" and D(I'%" 1) ~ 4P it would say that v* = p%. One has to be careful in
the comparison with the shear flow model which is strongly anisotropic (the effective medium scale
is fixed by the law of a standard Brownian motion and not the accelerated diffusion, contrary to
Kolmogorov turbulence).

Now for the compatibility with the Kolmogorov law, one must have 47 = ~, this would mean that
D(T%"=1) ~ 4™ this is quite interesting.

7.3.4 Heuristic consideration and Ansatz on the apparition of turbulence

The Navier Stokes equations

%ui = vAu; —u.Vu; — %%p + fi(z,t) (7.14)

corresponds to the convective diffusion of the velocities of the flow. Imagine the initial flow being
laminar at the instant ¢y and introduce some small fluctuations or perturbations by an exterior source
(ultrasonics for instance). Now those fluctuations of the flow enhance the diffusion, nevertheless
although the diffusion is enhanced the smoothing term of the operator vAwu; remains unchanged,
thus the fluctuations are also enhanced and observe that as those fluctuations spread over more and
more scales the convective diffusion of the flow is more and more enhanced by the super-diffusive
transport phenomenon enhancing the fluctuations and spreading them over more and more scales
(this is a self maintained phenomenon).
Why does turbulence appear only for a sufficiently high Reynolds number? What is the link with
this Ansatz? The link is quite simple. In fact the initial perturbation is increased by the local
enhancement of the diffusion due to that perturbation but decreased by the smoothing term vAuwu;,
there is a competition between those two phenomenon and one can imagine that when the kinematic
viscosity is high the smoothing term wins and when it is low then the enhancing term wins. In
fact the Reynolds number in the framework of an IHED corresponds to the multi-scale effective
diffusivities: Assume that the flow has only n scales I'g, ... ,I',,_1 then the proper Reynolds number
characterizing the flow is

Re = D(T%" 1) (7.15)
7.4 Some pictures of multi-scale flow associated with an IHED

The figures given in this section illustrate the contour lines of the stream function H (z,y) associated
to the stream matrix

T (21, 22) = (H(g’y) H(g’y)) (7.16)
with
2
Hey) =3 0K (5 ) (7.17)
k=0

The figure 7.1 illustrate (9 contour lines) the case a = 0.5, p = 3 with

K (z,y) =cos(z + mwsin(y)) sin(y + 7 cos(z + 1))

. , (7.18)
+ 0.4 sin(7 cos(z) 4+ mcos(y) + 2) + 0.4 cos(m(cos(z))” + y + 0.5)
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Fig. 7.1: Multiscale flow , « = 0.5, p=3
The figure 7.2 (9 contour lines) illustrate the same case but with case o =4/3, p = 3.
The figure 7.3 (11 contour lines) illustrate the case
K(z,y) = cos(x + msin(y) 4 1)? sin(r cos(z) — 2y + 2) cos(m sin(z) + y) (7.19)

with case « = 0.5, p = 4.
The figure 7.3 (11 contour lines) illustrate the same case but with o = 4/3
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Fig. 7.3: Multiscale flow , « = 0.5, p =4
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0 0 100

Fig. 7.4: Multiscale flow , « =4/3, p =4



Part IV

PROOFS AND TOOLS






8. SUB DIFFUSIVITY IN DIMENSION ONE

8.1 Exact Formulas

8.1.1 Periodic potential
Let U € C=(T7}),

Effective Diffusivity
1

D)= 1 _—ou 12U
fo e 2Udx fo e2Udy

Cell problem For | € S', the solution of the cell problem 5.4 is equal to
xi(x) = l(x — m_U([O,w]))
z 2Ud
y(p— oy

0
B fol edy
and the associated quasi-linear harmonic function is
F(x) =l.x —xi(z) = m_y([0,z])
me 2U dy
fol e2U dy

Ergodicity problem For [ € S¢, the solution of the ergodicity problem 5.10 is equal to

¢1(x) =2 /Ox <m_U([0,z]) - mU([O,z])> m_y(dz)
—2m_y ([0,z]) /01 <m_U([0,z]) - mU([O,z])> m_y(dz)

Exit time Write
z Yy
P(x) :2/ e2U(y)/ eV Edy dz
0

0
Since Ly =1 it follows by the Ito formula that

Eo[¥(yr(0,1))] = Eo[7(0,1)]
Observe that since Fe, is harmonic with respect to Ly it follows that,
Poly-0,1) = 1] = Po[yr(0,1) = —1] = 1/2
and

1 Y -1 Y
Eo[7(0,1)] :/ eQU(y)/ e_QU(Z)dydz—i-/ eZU(y)/ e V@ ay dz
0 0 0 0

and by periodicity

1 1
1
Eo[7(0,1 :/ VW g / e Wy = ——
o[7(0,1)] 0 Y o Y D(U)
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8.2 Effective diffusivities

8.2.1 Self-similar case

Let y; be a self-similar infinitely homogenized potential diffusion with ratio between scales R €
N/{0,1} and periodic potential U € C*(T}).
By the theorem C.1.1

Theorem 8.2.1.

lim -+ In (D(V" 1)) = Pr(2U) + Pr(—2U) (8.9)

n—oo n

where Pp is the topological pressure associated to the shift sg.
And the theorem C'.1.2 says that Pr(2U)+Pr(—2U) > 0 if and only U does not belong to the closed
subspace of C(T{!) generated the elements T'(z) — T(R*x) with T € C(T{) and k € N. Moreover it is
easy to see that as R — o

Pr(2U) + Pr(—2U) — ln/ e?Vdx + ln/ e Vdy (8.10)
T s
which is strictly positive if U is not constant.
8.2.2 General case
Theorem 8.2.2. For pyin > 2K e2Ko
ﬁ L 1 <DV (8.11)
P lel e2Uk (@) dy lel e~ 2Uk(@) dg (1+ %)2 - ’
and
n—1 1 1
DV < 8.12
Proof. Direct consequence of the corollary C.1.1 and a simple induction. O
Corollary 8.2.1. Assume that for all k, Uy = U and
k.a
p
Ry = Ry
1[Rk—1]
with p,a > 1 then
lim 21 DV h ! (8.13)
im —1In = .
n—oo n lel eQU(m) d.’IJ lel e—QU(m) d.’IJ
Proof. Direct consequence of the theorem 8.2.2 and a simple induction. U
8.3 Exit times
Let y; be an infinitely homogenized potential diffusion.
Let r > 1, write
nef(r) =sup{n >0 : R, <r} (8.14)

nef(r) is the effective scale (aggregation of the scales 0, ... ,n.¢) corresponding to the length 7.
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Theorem 8.3.1.

e B0 < = (8.15)
D(Vy) Cr D(Vy)
with
O, = 4o FotKizimy) (8.16)
Proof. Observe that for x € B(0,r),
Ve ol < Ko + K P (8.17)

Pmin — 1

Indeed, Uy, ,+1 acts as a perturbation scale and its norm is bounded by K¢ and Vnoeof 1o acts as a drift

scale and is bounded by Z;o:nefw IVUk||oor/ Ry, o0 B(0, 7).
Write

Pef =sup{p>1: pRy , <r} (8.18)

Pey corresponds to the maximum number of periods of the scale n.; included in the segment [0,7]
Observe that

EO[T(O’T)] > EO[T(O’pefRnef)] (8.19)
and
Eo[7(0,7)] < Eo[7(0, (pes + 1) Rn, ;)] (8:20)

And observe that (write yF the diffusion associated to the potential V¥ and E* its expectation) by
the equation 8.8 and the invariance by scaling of the effective diffusivity

2R2

P,
Eq [7(0, pR = 8.21
PR = P (3.21)
It follows by the corollary 13.5.2 that
fr-2 1 —4(K +K Pmin )
Eo|7(0,7)] > ———- 0T prin—T 8.22
or(0.0)] 2 s 3 (5.22)
and
r? 4(Ko+IK —Lmin_)
Eo[7(0,7)] < ———4e " Pmin—T 8.23
o (0.1 < i (5.23)
O
Corollary 8.3.1.
1
r* — < Eo[r(0,7)] < r*TC, (8.24)
T
with
v(r) = —— In [D(V" )] (8.25)
Inr 0
and
Pmin
CT - 464(KO+K1 pminfl) (826)

Proof. Direct consequence of the previous theorem. ]
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Self-similar case

Corollary 8.3.2. Let y; be a self-similar infinitely homogenized potential diffusion. Then

Eo[7(0,r)] = r***1") (8.27)
with
v(r) = o2 fp(_w) T elr) (3.25)
with e(r) — 0 as r — oo.
Proof. Direct consequence of the corollary 8.3.1 and the theorem 8.2.1. U

General case

Corollary 8.3.3. Let y; be an infinitely homogenized potential diffusion such that, puin > 4K 1250,

Pmax < 00 and Amax < 1. Then
C1r2 ) < Eol[r(0,7)] < Cor?t () (8.29)

where C1,Co depends only on Ko, K1 and pyin and

In Amax Kqe?o In Api 4K, e?Ko
0« —Dmac  SK1€70 oy 10 Amin L (8.30)
In Pmax Pmin In Pmax In Pmin Pmin In Pmin
Remark 8.3.1. Observe that
1
Amax = 8.31
=R Ty P g e PO (8.31)
and the diffusion shows a clear anomalous behavior as soon as
K162K0
min -8 8.32
Pmin > In Amax ( )
Proof. Direct consequence of the corollary 8.3.1 and the theorem 8.2.2. O
Fast separation of scales case
Corollary 8.3.4. Assume that for all k, Uy = U and
ka
P
Ri = Ry
o= Bl —]
with p,a > 1 then
Cyr2 ) < Eolr(0,7)] < Cor? () (8.33)
where Cy,Co depends only on Ky, K1, p,a and
2U (x) —2U ()
1 In([e dz [ e dx
v(r) = Usy - ) (8.34)

(Inr)l== (Inp)a

Remark 8.3.2. Observe that this corollary shows how the behavior of the diffusion passes from weakly
anomalous one to strongly anomalous as « | 1 and the ratio between scales tends to be constant.

Proof. Direct consequence of the corollary 8.3.1 and the theorem 8.2.2. O
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8.4 Massage of the harmonic functions

8.4.1 Linearity versus norm of the cell problem

Let U, P € C°°(T}) be smooth periodic potentials. Write V = SpU + P, with R € N*. Write ", x*
the solutions of the cell problems associated to V' and P.

Lemma 8.4.1.

2 Osc(P)

e
X" = x"loo <2 [1+ 4[|V P[] (8.35)
Proof. This follows from the explicit formulas for x an application of the corollary C.1.1 and a
straightforward computation. U

8.4.2 Perturbed ergodicity

Let U,P € C®(T}) and T € C*(R!) a smooth potential with bounded gradient. Write for R €
N/{0,1}, V.= SgU + P+T and y, the diffusion associated to the generator Ly. Write W = SgrU + P
and x" the solution of the cell problem associated to Lyy.

Write for ¢ > 0

T 2V(Y) Yy 2(P-T)() 2(P+T)(2) d ]
=2 z(1+1) / 8.36
¢C 0 fol €2W(y)dy |: f €2P(z C f e 2P z Y ( )
Lemma 8.4.2. Forle S, and ¢ >0
Lyge = |l = x"|* = ¢D(W) (8.37)

Moreover if
R > 160D (|VP| o + ||V T|o) eIV llec/ B

then

1. for ¢ = 6e*0%<(P)

10 Osc(P)
sup p¢ < 9ooTe4||VTHoo/R (8.38)
2 fo’r’C 40sc(P)
10 Osc(P)
inf ¢ > —100764”W”w/R (8.39)
Proof. Observe that by the corollary C.1.3
2(W+T)(y @ 2(P+T)(y) I
‘/ feQW fezP(ydy ‘ R

with

IV Tlloo r
1 =2e20%(P) [ 255 (210 1 2(| VPl + | VT o) /O T dy)

z 2(P+T)(y) g
0° Y

) ]
fo e dy
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It follows that (with R is chosen so that Iy < R)

x e2 Y p2(P=T)(2) I
<2 ————| | ———d:(14+ =)+ 21+ e W
o= /0 Sy e y>dy[ o Teres U RIT RO

—cn- 1 %d]dy
with
= 8(||VP||oo + || VT |0 )e* OcP)+2IV T llc /B
and

I, = 2¢205¢(P)2 VTl /R

This leads to

x  2V(y) Iy - y
<2 [ — +¢)e W) — / 21z | d
¢C — /0 fol SQW(y)dy |:R( C) 3 0 € Zi| Y
with
I I
Iy = C(l N El)ef2OSC(P) N 6QOSC(P)( 1+ é)

now

Tz G2W(y) Iy y
<2 - + *2||VTHooZd d
O < /O Tty [R( ¢) - /O e z|dy

and the function
T Y
)=+~ I [ ATz
0

is negative for x > xg with

1
2||VT oo

Iy

In (1 Rl

To = — =1+ 02/IVT )

chose
¢ = et Ose(P)
with the inequality
R > 160D (| VPl + VT |0 )2V lloe/ B

so that

1
1+ 2 VT < 5

RI( 2

but for 0 < z < 1/2, —In(1 — z) < 2z. It follows that

£2W (y)
¢<<2/ f v IZ (1+¢)

e2W (1)

2 Osc(P I I
<2020 >R<1+<>[ 22140
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and using I3 > e*©05¢(P) it follows after a straightforward computation that

elOOsc(P) S|V T /R

which proves the upper bound.

The proof of the lower bound is similar. First observe that

x 2V y L2(P-T)(z) T T
oz [ B[ PATI0 L b
0 f eQWy)dy 0 fO e2P(2) dy R R
Y o—2(P+T)(2)
Il) eidz]dy
f e—2P(Z)dz

Y I
>2 “2T(2) g, — 22(1 —2T(y) | 4
I - eQW?/)dy[ [ O = O ay

(14 ¢)e 2w

—-C(1+

with
= 8(| VPl + || VT|oo) e OPI 2Vl /R < /2
and
—20sc I I sc
Iy = e 2O (1 — ) = (14 F)e? )
choose
‘= e—40sc(P)
6
Then
—2 Osc(P)
I; >
6

It follows that

r eQW(y) Yy I
s9 | & " |1 “2|VTlleoy _ 22 d
¢C — /; fol eQW(y)dy |: 3 A e R( + C):| Y

and by noting that I3 fé’ e 2V Tlleoy %(1 + () is positive for y > xy = %(1;;() it follows after a
straightforward computation that

I
bc > — T5(1+ Qe 20“P>(I (1+¢)+1)
10 Osc(P) VT /R

8.5 Anomalous mean square displacement

Let y; be an infinitely homogenized potential diffusion.
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Theorem 8.5.1. Assume that pmin > 16e*50 [ 251 | then fort > p?nin

E[y;] < Coe™rr o D(V5' ™)t (8.40)
with

np, =sup{n € N : R2 <t} (8.41)
and

Nper = inf{n € N : R2 _ <tD(Vy''"™)}

N flu—

is well defined with npe, < nypy,

Cy = 40eXT (8.42)
Theorem 8.5.2. Assume pmin > 10e3°%1 and t > Rg then
Bl > Dy (5.43
with
npy =sup{n e N : R2 <t} +1 (8.44)
and

Nper = inf{n eN: R? eldnko g 4K < tD(Vbnﬂu)}

MNfly—T

is well defined and npe, < nypy

8.5.1 Proof
Let t > p2,,, write
nf, =sup{n € N : R2 <t} (8.45)
Let nye, € N such that ny,e, < nyy, choose for the aggregation of effective scales
Uepp = Vo /"
for the aggregation of perturbation scales
Poer = Vo et

and for the aggregation of drift scales

L _ 7o
Tdrz =V, Flutl

n

Now observe that the conditions of the lemma C.3.3 are satisfied by the lemmas 8.4.2 and 8.4.1 with

for x’ the solution of the cell problem associated to Py, and for xV, x"o e xFrer,

C% = 6_4nP€rK0 C%C = 64nperKO CU = 262nperKO [1 + 4K1]

R,
Ry = Rnfzu Rp = 7}% L
N flo—Mper
and under the assumption
Pmin > 16e150 K 251 (8.46)
—4Anper Ko
e P
<2 = 664nperKO Cl = 6

Cg — gooelonperKo e4K1 Cf — 100610nperK0 e4K1
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8.5.1.i Upper bound
Proof. 1t follows by the lemma C.3.3 that

Blyf] <sesmrer Ko 2

N fly —Nper

(14 4K4]?
+ 4@4711767“[(06[(% <6€4nperK0D(‘/0nflu)t + R2 (847)

e4nper Ko
N flu—"Nper

Then npe, is chosen so that the influence of the perturbations are less or equal to the influence of the
aggregation of the effective scales:
More precisely with

Nper = inf{n € N : R? <tD(V,""™)}

Nflu—"

It is easy to see that for ppiy, > e2K0_ one has Nper < Nfp,, and

E[y?] < Coe®rrerKo D (V71 )t (8.48)
with
Cy = 40eKT (8.49)
O
8.5.1.ii Lower bound
Proof. For t > R?, choose
np, =sup{n € N : RZ <t} +1 (8.50)

and define the aggregation of scales as for the upper bound with this new definition of n .
Observe that

IV Tarill3 < R:

ness (2K Ry pi1)?

Observe that for pmi, > 4K7 It follows by the lemma C.3.3 that

9 e—8nperKO ny 2 61 Ko 4K
E[yt] ZTD(‘/O )t - Rnflu*nper256 e 06 ' (851)
— 4R? [1+ 4K,

N flu—MNper

Then ny.e, is chosen so that the influence of the perturbations are strictly less to the influence of the
aggregation of the effective scales:
More precisely with

Nper = inf{n € N : R? el4nKoqptedin < tD(VOnﬂ“)}

Tlflu—n
It is easy to see that for ppiy, > 10e39%1 and ¢t > Ry, such n exists with Nper < Nfy,, and

—8Nper Ko
e P
E[y] >

— 1A VAT 8.52
Z " Vo ’™) (8.52)
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Corollary 8.5.1. Assume that pmin > 16e*50 [ 2571 | then fort > prznin
E[y?] < Coly™t (8.53)
where the constant Cy depends only on K1, Ko, Amin, Pmin and

np, =sup{n € N : R2 <t} (8.54)

4K e*Ko0 16K, 9
L& 270 ) (8.55)

Ao = A 1
2 maX( * Pmin In Pmin 8)\min

Proof. This is a simple application of the theorem 8.5.1. Observe that by the theorem 8.2.2; for
Pmin > 16e*50 K251 one has

DVE™) 2 ()" (8.56)
It follows that
Nper < inf{n e N : p_ " < (g)\min)nﬂ"H}
< (g + D — () +1
Thus
Ely?) < Coe " Tomis ") D( (857)

where the constant C'5 depends only on K1, Ko, Amin, Pmin and it follows by the theorem 8.2.2 that

Elyf] < Cary’™t (8.58)
with
9 SKOA )\max
Az = (g )t | _ 2K1e%0
-~ Pmin (859)
4K e0 16K 9
< )\m X 1+ + In
* ( Pmin In Pmin (8)\min))
O
Corollary 8.5.2. Assume pmin > 10e3051H4K8) gnd ¢ > Ry then
E[y7] > Cix "t (8.60)
nf, =sup{n € N : R2 <t} (8.61)
where the constant C1 depends only on K1, Ko, Amin, Pmin and
4K K0 32K, 16
A = Amin (1 — —2 0 In( ) (8.62)

Pmin a In Pmin 15)\min
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Proof. This is a simple application of the theorem 8.5.2. Observe that by the theorem 8.2.2; for
Pmin > 10e3°K1 one has

15

D) = (4

Amin)" (8.63)

It follows that

14n Ko 104641(1 < (g)\min)nﬂwrl}

+ 1) In(

Nper < inf{n € N : p_ e
1
< - -
~In Pmin — 14[(0 ((nflu

15Amm) +12+4K;) + 1

Thus

In (1axmm

E[y?] 2 C5€ flumKoD(V"ﬂu)t (864)

where the constant C5 depends only on K7, Ko, Amin, Pmin and it follows by the theorem 8.2.2 that

E[y?] > Ce\[™t (8.65)
with
In( 5 )
)\1 _ 67 ﬁ[(@ )\mln
1 + 2K162K0
Pmin (866)
4K e?Ko 2K, 1
Z )\min(l - 1€ - i 0 11’1( 0 ))
Pmin In Pmin 15Amin
O
8.5.1.iii Bounded ratio between scales case
Theorem 8.5.3. Assume Apax < 1, pmin > 10e” A (K1+4KO) t > Rg and pmax < 0o then
Efy7] = t'~) (8.67)
2K e? Olnpmm
In Amin P + 16 Ko hl( 15>\ )
v(t) < — min + €(t 8.68
(t) = =57, o~ T o) (t) (8.68)
2K162K0 In prin 9
In A s———fmin - 8K In(gy—
p(t) > — o CmEX __ Pmin (Shu) e(t) (8.69)
21n prax In prin In prax
where €(t) — 0 as t — oo and
MApe 29€0 0200 4 8y In (i)
o _ min min > O (870)
2In Pmax In Pmin In Pmax
Remark 8.5.1. Observe that for a self-similar diffusion, Apax = Amin = A and pmax = Pmin = P,
In A\
1—v(t)~1 8.71
v(t) ~ 1+ o P (8.71)

Proof. Straightforward by the corollaries 8.5.1 and 8.5.2 U
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8.5.1.iv Fast separation between scales case

Theorem 8.5.4. Assume that for all k, U, = U and

R o
k= Rk;—1[Rk71]
with p,a > 1 then
C1t' 70 < Eo[y?] < Cyt'—v®) (8.72)

where C,Co depends only on Ko, K1, p,a and

B 1 In (lel e2U (@) gy lel 6_2U(””)d:6)
v(t) = m t)lfi 2m p)é (1+€(t)) (8.73)

with e(t) — 0 as t — oo.

Remark 8.5.2. Observe that E[y?]/t — 0 as t — oo but for all 1 > 3 > 0, E[y?]/t'# — oco. Moreover
this theorem shows how the behavior of the diffusion passes from a slightly anomalous one to a
strongly anomalous one.

¢
Ely7] ~

8.74

L (lnt)% ( )

(le e2U(2) le e—zU(x)dx) (2Inp)a
1 1

Proof. Straightforward by the theorems 8.5.1 and 8.5.2. Observe that the ratio between the number
of perturbation scales with the numbers of fluctuating scales tends towards 0 as t — oo O

8.6 Transition probability densities, upper bound

Let 4 be an inifintely homogenized potential diffusion.
For p € N* define the function

Nper(p) = inf{n € N : R’ie—%% > 291, 2Kt KD (D(VP)) 7 ) (8.75)
p—n

Nper(p) corresponds to the number of perturbation scales among p fluctuating scales. Observe that
for

pmin > 27(1 + Ky )elBKoF2KD) (8.76)

this function is well defined and 1 < nye,(p) < p. (one can assume K; > 1 without restricting the
results) Then choose

K
i = inf{n € N 1 202w (MEKo(D(V))2 <
n+1

| >

} (8.77)

N fly — Nper corresponds to the number of fully homogenized scales given h Jt. n f1u well defined and
greater than 1 under the assumption that

Kl *QKO 6 h
— 2° > — .
o e > (8.78)
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Theorem 8.6.1. Under the assumptions 8.76, 8.78 and

h2
max(X,Y) < . D (8.79)
H(D(V, ™))z
with
X = Kye2fogTe2mero y = gliehlmwer Ko 1y [R, o 1(D(Vy ™)) (8.80)
it follows that
— 12
Plly; > h] < Ce 2o foneg /M (8.81)

Proof. Let nygp,, € N and nper € N, nper < njy,, observe that by the explicit formula for the solution
of the cell problem and the lemma 8.4.2 under the assumption pyin, > 160 K251 the conditions
of the lemma C.4.2 are satisfied with for the aggregation of effective scales

anlu_nper

Uetr =V

for the aggregation of perturbation scales

Nl
Pper =V, 11

nflufnper“rl

and for the aggregation of drift scales

_ 1700
Tari = Vi1

R,

flu

R = Ryyy, Rp = 0
M flo—Mper

(o = 6etmrer Ko 0f = gppelOnrerKoghls ox = 1

Observe that with the definition of ny, the left inequality in C.68 is satisfied. Moreover Then the
right inequality in C.68 is satisfied if

K _ —NperKo ,—2K1
L 98 e2mper () Ko Dyt M) < eR € - D(VM™) (8.82)
Nflu N flu—Nper
which is implied by the definition of 7,
Now observe that the inequality C.67 is satisfied if
2Rp,,, <h
By the definition of nyy,, this inequality is implied by
g Z %26627@%(7’”1”—1)[(0 (D(‘/Onﬂuil))% (883)
which follows from
2
h > 21, €090 2mwer (1) Ko (8.84)

HDG )
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Now observe that the inequality C.69 is satisfied if
h2

1 t
26t Koy | Vol )| € 8.85
Rnfzu*nper"aenp”KO@QKl ( 0 )h — D(Vonflu)t ( )
by the definition of nyj,, this inequality is satisfied if
Nfluyy L
2116e4nperKO ln |: R?’Lflu‘f’l(D(‘/E) : )) 2 ] < h2 (8 86)
Run 1 —ripe, €30 KOK 28280 ] = Dy )¢ '
and by the definition of n, this inequality is satisfied if
2
21464(7117%_’_1)](0 n |:Rnflu+1Rnflunper1:| < hnflu (8.87)
Rnflu—nper D(‘/O )t
which is implied by
2
914 A(nper+1)Ko | [Rnﬂ +1] < + (8.88)
U= Dy
With this assumption, it follows by the lemma C.4.2 that
_ h?
Plly, > h] < Ce e reronag (8.89)
O
Theorem 8.6.2. Assume pmax < 00, Amax < 1,
Pmin > C’16 (K07 K17 Pmin; Pmax )\max)
h2 In Amax C12(Kg, K1)
T > Cll(KOa Kl) Pmax; pmin)(ﬁ) 2Inpmax ' (Inpyin)? (890)
and
t
7= C13(Ko, K1, Ra) (8.91)
then for l € S%
2
]P)[lyt 2 h] S 01467015([(07}(17pmaxypminy)\max)h7(%) (892)
with
In Apax Ce(Ko, K
_ e GolEo KD (8.93)

Inpmax I pmin In pryax

Remark 8.6.1. It is not surprising to have the condition 8.91 since even with one scale the homoge-
nized behavior of the transition probability densities starts for ¢ > h. Observe also that the condition
8.90 corresponds to the condition that the behavior of the diffusion is far from the heat kernel di-

agonal regime, however here since 21111n’\;ax C(lli(fol)(;) < 0 one can have h?/t << 1 before reaching

this regime.
Observe that the equation 8.92 is equivalent to

dyy (L
Plly: > h] < 0146—(/*15(}((),1%(1,pmax,pmin,/\max)(hT)dw*1 (8.94)

with d, = 1+ % which is the form found for a diffusion in the Sierpinski carpet. It is very interesting
to notice that this particular form is due to the fact that the fluctuating scale is fixed by the ratio
t/h.

Observe also that for a self-similar diffusion

oo 22 (8.95)
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Proof. This is a direct application of the theorem 8.6.1. First observe that under the assumption
8.76,
K h
Nyl > inf{n € N : ;26(D(V0"))% < ?}
; " (8.96)
@) oK )
N hlpmax + KO A
Moreover
Nper(p) < S + C2(Ko, K1, pmax) (8.97)
P “ In Pmin — 3[(O
It follows that
C3(Ko, K1), 4 %6 __
€4n‘7”KOD(VOnﬂ“) < C4(KO, K, Pmax) ()\max(l + 3(70’1))641npmm0—31(0 )”flu
Prmin (8.98)
t In Amax Ce(K0,K1)
< CS(K07 K17 Pmax; Pmin, )\max)(ﬁ) Inpmax © In pmin In pmax
and observe that in the condition 8.79
n —1 1 t In Amax Cg(Kp,Kq)
(D(‘/O Tt ))iX < C7(KO’ K, Pmax; pmln)(ﬁ) 2Inpmax ' (Inppmin)? (899)
and
Nppy—1\ 1 In Amax | C10(Kq.K71)
(D(VE) Th ))EY < CQ(K07 K17 Pmax pmin)(ﬁ) In pmax (In pmin)? (8100)
and the condition 8.79 is satisfied if
h? + Indmax | C12(Kg,Ky)
7 Z Cll(K07 K17 Pmax pmin)(ﬁ) 21n pmax (In pryin)? (8101)
O
8.6.0.v Fast separation between scales case
Theorem 8.6.3. Assume that for all k, Uy, = U (U non constant) and
ka
p
Ri = Ry
1[Rk71]
with p,a > 1 then for
t
Cl(p,a,Ko,Kl) < E < Cg(p,a,Ko,Kl)h (8.102)
one has
2
Pll.y, > h] < 036704(K0,K1,p,>\)h79(%) (8.103)
with
INERY
gla) = (7)) (e (8.104)

and e(x) — 0 as x — o0

Remark 8.6.2. Observe that ;5 InP[l.y, > h] — —oo as t/h — oo. Moreover this theorem shows how
the behavior of the diffusion passes from a slightly anomalous one to a strongly anomalous one.

Proof. This is a simple application of the theorem 8.6.1. Observe that the ratio between the number
of perturbation scales with the numbers of fluctuating scales tends towards 0 as t/h — oo U






9. MULTI-SCALE CONTROL OF THE POTENTIAL
EFFECTIVE DIFFUSIVITY

9.1 General set up

The purpose of this chapter is to compute the effective diffusivities associated to a smooth periodic
pre-fractal media (see section C.2). As it has been shown in section 5.2, DEM theories and reiter-
ated homogenization techniques have been developed to deal with such problems when the scales are
well separated. The general technique used to obtain Multi-scale homogenization results for those
media is to replace the solution of the cell problem by its first order approximation in the method of
asymptotic expansion and use it as a test function in a variational formula. But the error made by
this way is of order of the ratio between scales multiplied by a constant that tends to grow with the
number of scales.

That’s why this method can not be used to describe materials for which the ratio between scales is
fixed in dependently from the number of scales and this is the situation of this chapter.

Indeed, here it will not be assumed that the ratio between scales goes to 0 as the number of
scales grows to infinity, moreover the influence of each scale won’t be assumed to be diluted on global
behavior.

The proof of the main result allowing homogenization on an arbitrary large number of scales with
bounded ratios is mainly based on three ideas and observations.

1. When homogenization takes place on two scales separated by a ratio R, a translation of the first
one with respect to the second one does not change much the effective diffusivity (see lemma
9.3.2, the perturbation can easily be controlled).

2. The distance between the solution of the cell problem and itself translated by ey/R is small
with respect to the effective diffusivity of the medium (see lemma 9.3.3).

3. The effective diffusivity of n different scales is obtained by recurrence by adding the smaller
scale to the n — 1 bigger ones (here the point of view is technically different from the one of
DEM theory where at each step a bigger scale is added to a matrix of smaller ones).

9.2 Main results

9.2.1 Smooth self-similar periodic pre-fractal

Let R € N/{0,1} and U € C>®(T¢). Write

n—1
Vel =yt =) (Se)fU (9.1)
k=0

then one has the following theorem:
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Theorem 9.2.1. If R > Cy 4u then for alln > 1

Anas (D)) < (Amax (D)) )" (1 + CQEU)" (9.2)
Nusin (D(V"1) 2 [A;:(%U))] (9.3)
3
with
Crau = Cge®HO N (1 4|V 0)? (9.4)
and
Coay = Cae® O (14 VU )2 (9.5)

As a first reaction to this theorem, it is interesting to deduce the following corollary

Corollary 9.2.1. If in all the directions | € S* of the space I.NU is not the null function then
D(U) <1 and for

Cy.0sc Amax (D(U
4,056(U) | VU Ama (D ))]2 (9.6)

R> pay = [ Amax (D(U))

D(V™) tends geometrically towards 0 with an explicit control of the speed of convergence given by the
theorem 9.2.1.

This is the key leading to the sub diffusive behavior in a smooth periodic pre fractal. It is
interesting also to observe that when U is isotropic that is to say the minimal and maximal eigenvalues
of D(U) are equal then the multi-scale effective diffusivity D(V") behaves like A(D(U))" (1 + %)"

2

but one must be careful this doesn’t mean that D(V") is isotropic.

In fact the theorem 9.2.1 is deduced from a more general result allowing to control the effective
diffusivities when the medium is not self-similar.

9.2.2 General smooth periodic pre-fractal

Let (Upn)nen be a sequence of functions in C°(T{) such that for all n, Osc(U,,) < Ko and ||[VU, s <
K

(rn)nen a sequence of integer in N* such that for all n > 1, r,, > pmin

Write R,, =1y - -7, and

Vi) =Y U
k=0

Thus the scales can be non symmetric, non self-similar, the ratios may vary and all those elements
characterizing the multi-scale media may be chosen at random.

Theorem 9.2.2. If ppin > C1 4.K,,K, then for alln >1

n—1
Amax (D) < (1 4+ LI T3 (D(U) (0.7)

2
Prmin k=0
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and
n 02 ,d, KO K1
pmm
Cl KoKy = Cye®dt10Ko (1 | )3 (9.9)
and
Co,d o,y = CaePHEK0 (1 4 Ky)3 (9.10)

The constants C' 4 k,.kx,, C2.4,K,, K, given above are not the optimal ones because clarity of pre-
sentation has been privileged. The theorem above is deduced from the theorems 9.3.2 and 9.4.1.

And those theorems are themselves deduced from more general results, that is to say, the propo-
sitions 9.3.5 and 9.4.1 which allow to control the whole matrix D(V"1).

It is also interesting to deduce the following corollary

Corollary 9.2.2. if one has for all n, Amax (D(Un)) < Amax < 1, then if for all n
n > PAmax,d, Ko, K1 (9.11)
then
CiA\] < D(V™) < CoAy (9.12)
with 0 < A1 < Ao <1 and

C(d, Ky, Kl))\max]2

9.13
1-— )\max ( )

pAmaxydyK07Kl - |:

9.2.3 Dimension one

In the results given above the geometric speed of convergence of D(V™) towards 0 is obtained only for
Pmin greater than constant pg kK Amax Characterized by the medium. Thus it is natural to wonder
whether this condition is necessary (it will shown that the answer yes) and what happens below this
constant.

Consider the self-similar case given in subsection 9.2.1 in dimension one. Here the theorem C.1.1
says that

Theorem 9.2.3. in dimension one for all R € N/{0,1}

lim —~1n (D(V™) = Pr(2U) + Pr(-2U) (9.14)

n—oo N
where Pp is the topological pressure associated to the shift sg.
And the theorem C.1.2 says that Pr(2U)+ Pr(—2U) > 0 if and only U does not belong to the closed
subspace of C(T{) generated the elements T'(z) — T(R*z) with T € C(T{) and k € N. Moreover it is
easy to see that as R — oo

Pr(2U) + Pr(—2U) — In / e?Vde +1n / e Vdz (9.15)
Tf T

which is strictly positive if U is not constant.

This is very interesting because if one take for instance U = T — Sg; T with T € C*°(T}) one sees that
for R = 3;9 or 81, D(V"™) remains lower bounded by a strictly positive constant whereas between
these integers it can have a geometric decrease towards 0, it does suggest that with a fine tuning
of the ratio between scales a diffusion on a smooth pre fractal may successively pass from a normal
behavior to an anomalous behavior and the regions of anomaly in the space of ratios can be non
connected and separated by regions of normal behavior.
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9.2.4 Connection between cohomology and homogenization, dimension two

In higher dimensions, the constant pg associated to the corollary 9.2.1 appears as an upper bound
to the regions of normal behavior, when U is characterized only by Amax (D(U)), | VU || and Osc(U).
Moreover by the Voigt Reiss’s inequality

lim inf —1n ()\mm(D(V"))) < Pr(2U) + Pr(—2U) (9.16)

n—oo n

Thus if U belongs to the closed subspace of C(T{) generated the elements T'(z) — T'(R¥z), then

1

lim —In ()\min(D(V"))> —0 (9.17)
n—oo M

And the diffusion doesn’t show a clear anomaly, this suggests that regions of normality separated by

regions of anomaly exists (they can be built on simple examples).

Now an interesting question arises: if R < pg. ¢ and is bounded above by a region of normality
(are normal region only points? Or can they be open an non void 7) then what is the mechanism
behind this the geometric decrease of D(V"™) towards 0, what kinds of large deviations are hidden
behind this sort of transition of phase ? This question will be investigated here in dimension, two.
Indeed as there is a strong connection between homogenization and cohomology that allows to obtain
the following result (which corresponds to the theorem 9.3.1):

Theorem 9.2.4. For d = 2 one has

Amas (D(U)) Amin (D(=U)) = Amin (D(U)) Amax (D(=U))
_ 1 (9.18)
led exp(2U)dx fol exp(—2U)dz

from which one deduces that if D(U) = D(—U) then
1

— \/fot exp(2U)dx led exp(—2U)dz (9.19)

Amax (D(U)) = Amin (D(U))

Moreover

Theorem 9.2.5. In the self-similar case given in the subsection 9.2.1, if d = 2 and for all n,
D(V™) = D(=V™) then

lim 1 In ()\(D(Vnﬂ))) _ Pr(2U) + Pr(—20)

n—oo N 2

(9.20)

where Pp is the topological pressure associated to the shift sg.
As an example of medium satisfying the condition of the previous theorem one can give the following
corollary

Corollary 9.2.3. In the self-similar case given in the subsection 9.2.1, if d = 2 and for all n,
Un(—z) = =Up(x) then

lim —In (A(D(V"1))) = Pr(2U) + Pr(—2U)

n—o0 n 2

(9.21)
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9.2.5 Perspectives

These statements show clearly that when the scales are not self-similar and non symmetric (can
be chosen at random) the geometric speed of convergence of D(V"™) towards 0 can be controlled
without the necessity to use large deviations techniques, however it is interesting to wonder how this
is translated in the theory of shifts dynamical systems. For instance note that V° = Uy and

Vil =8, (V™4 Upya) (9.22)

and the latter inductive definition will be interesting to explore in the shift spaces, what notion will
replace the pressure? What kind of large deviations might be hidden behind the behavior of the
eigenvalues of the matrix D(V"™) in any dimension? Those questions will be postponed to a future
work.

9.3 Upper Bound

9.3.1 Cohomological Framework

Consider U € C*°(T?) and my the measure 5.1 associated to U on the torus. Write C = (COO(Tld))d
the set of C™ vector fields on T{ and H = (L?(my))? the completion of C with respect to the norm
||.||zr where for £ € C

6l = [ leG@)Pmo(da) (923
1
Thus H is a real Hilbert space equipped with the scalar product
&v)g = - &(z).v(z)my (dx) (9.24)
1

Write ("pot” for potential vector fields and ”sol” for solenoidal)

Cpot = {g € C|3f € C=(T?) with € = Vf} (9.25)

Cool = {§ € C|3p € C with div(p) =0and § = pexp(ZU)/ e*QU(z)dx} (9.26)

T

and Hpet, Hso the closure of Cpor, Cso in H with respect to the norm ||.||g.
Observe now that the following orthogonal decomposition can easily be obtained

H = Hyoy ® Hyy (9.27)

Proof. Indeed, let v € Cpoy and € € Cyp. Then v = Vf with f € C®(T{) and ¢ = pe?V with p € C
and div(p) = 0. It follows that

v, §m = /Td Vf.pdx = /Td fdiv(p)dz =0 (9.28)

and since Cp¢ and Cy are dense in H,o; and Hygy, it follows that Hgy C H L

pot- Now let § € H;it ne,
then for all f € C>(T{)

_div(e ¢ f(z) da
B led e 2Udzx

0=(V/,&n

(9.29)

it follows that & = pe?V de e ?Ydx with p € C and divp = 0. Thus HpLOt C Hyy and Hyy = HpLOt
1

which proves the orthogonal decomposition. ]
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Now observe that for [ € R?,

VAD(U)1 = dist(l, Hyo) (9.30)

is then norm in H of the orthogonal projection of [ on Hg, (which is equivalent to say to projection
on Hy, parallel to Hp). Indeed this is a direct consequence of the variational formulation 5.21.
Moreover if x; is the solution of the cell problem 5.4 Then

Il =Vx; + exp(2U)p, (9.31)
is the orthogonal decomposition of [
9.3.2 Abstract Tools
9.3.2.i Duality
Lemma 9.3.1. Forall £ € H
(0,8)n

diSt(gaHpot) = sup
5eCon 10llE

(9.32)

Proof. This is a direct consequence of the orthogonal decomposition 9.27 Indeed ¢ = v + u with
v € Hyy and p € Hpop and

diSt(gaHsol) = inf ||£ - VfHH = Hg - :U'HH = ||V||H
fece (1t

since Cpot is dense in H)y it follows that Thus

) v, 0

inf e = Vflln = sup LK

feces(Td) seCon 101
seCo |10llE

O

Remark 9.3.1. This lemma gives the following variational formula for the effective diffusivity by
taking £ =1 € R¢

l.pdx 2
UDU) =  sup Ury Lod)

9.33
peC div(p)=0 led p? exp(2U)dx led exp(—2U)dz ( )

which gives back the Voigt-Reiss’s inequality 5.24 by taking p =1

9.3.2.ii Connections between cohomology and duality

Write

fsol:{pec\div(p):Oand/ pdx:()}

T

Write Q(U) the positive, definite, symmetric matrix associated to the following variational problem.
For [ € S¢

Jora [ — p|? exp(2U )dx
HQU) = inf 4

9.34
pEFSOl led eXp(2U)d$ ( )

Then the following proposition is a direct consequence of the equation 9.33.
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Proposition 9.3.1. For alll € S¢

¢ _ 1 (1.€)?
DOt = Jra XD Jpa exp(—20)d gegn €Q(UE (9.35)

The previous proposition allows to establish a one to one correspondence between the eigenvalues
of D(U) and Q(U). Indeed write in the increasing order A\(D(U)); and decreasing order A\(Q(U));
those eigenvalues, then the following proposition is a simple consequence of proposition 9.3.1

Proposition 9.3.2. For alli € {1,...,d}

1

ADUNMQU)): = Jpg exp(2U)dz [rg exp(—2U)dx

(9.36)

In particular

Amax(D(U) Amin (Q(U)) = Anin (D(U)) Anax (Q(U))
- 1 (9.37)
led exp(2U)dx led exp(—2U)dx

Proof. In the orthonormal basis corresponding to the diagonalization of () observe that

1.6)? 1.6)?
(o2 (9 (9.38)

QU)E T MQU))e?

And it is an easy exercise to check that the supremum of the equation 9.38 on S¢ is reached for ¢
proportional to the vector (I;/A\(Q(U));). Which gives

d

' _ 1 I
D) = led exp(2U)dx led exp(—2U)dx Z AMQU)); (9:39)

O

Dimension two In dimension two, the Poincaré duality establishes a simple correspondence between
QU) and D(-U).

Proposition 9.3.3. For d =2, one has

QU)="PD(-U)P (9.40)
where P stands for the rotation matriz
P= ((1) _01) (9.41)
Proof. Observe that by the Poincaré duality one has
Feol ={PVf : f € C®(T{} (9.42)
Then the results follows directly from the definition of Q(U). O

Theorem 9.3.1. For d = 2 one has

Amax (D(U)) Anin (D(=U)) = Aunin (D(U)) Amax (D(~U))
_ 1 (9.43)
led exp(2U)dx led exp(—2U)dz
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Proof. This is a direct consequence of the propositions 9.3.3 and 9.3.2. ]

Corollary 9.3.1. For d=2 if D(U) = D(-U) then

D(U) = My (9.44)
with
A= ! (9.45)
\/led exp(2U)dx led exp(—2U)dz
Proof. This is a direct consequence of the theorem 9.3.1. U
9.3.2.iii Multi-scale translation and multi-scale homogenization

Let R € N* |V, T € C®(T{) and write U = SgV + T. Write D(V), D(T) and D(U) the effective
diffusivities associated to the homogenization on V, T and U. For y € T{, write ©,V the function
x — V(x +y). (we recall that ©, is the translation operator by —y).

Then the following lemma shows that when R is large with respect to ||VT'||, a relative translation
between the two scales, does not change much the multi-scale effective diffusivity.

Lemma 9.3.2. For all y € RY,

_4IVTllo IVT|loo

R D(SRV +T) < D(SRV +0,T) <e* ® D(SgV +T) (9.46)

Proof. The result follows from the following simple observation: ([Ry] is the vector with the integral
parts of (yR); as coordinates)

SRV +6,T = @[Ry]/R(SRV—i-T) + 0,1 — Oy /RT (9.47)
Thus
D(SRV + @yT) < e4”@yT7@[Ry]/RT”°°D(@[Ry]/R(SRV + T)) (9.48)

and the result follows by observing that D(Ogyj/r(SRV +T)) = D(SrV +T) (the effective diffusivity
is invariant under a translation of the medium) O

Now choose a sequence (U, r,,) of smooth functions on the torus Tld with uniformly bounded gradients
IVUpn|ls < K7 and integers uniformly bounded from below r,, > ppyin (for n > 1). Then the following
proposition is a direct consequence of the previous lemma and a simple induction (we recall that
Rn =T70-.- Tn)

Proposition 9.3.4. For alln € N, (yo,... ,yn — 1) € R¥X"

n—1 n—1 n—1 1%
421
D()_0y,81/r,5r.Un) < D _ S1/r,SrUn) [[ € ™
=0 =0 k=1

(9.49)

n—1 n—1 K

421

ZD( E Sl/RkSRnUn)He "k
=0 k=1
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9.3.3 Upper bound with two scales

Let R € N* |V, T € C®(T%). Write for y € T{, * — x(z,y) the solution of the cell problem
associated to SO,V +T.
Write x" the solution of the cell problem associated to V and xP?()T' the Tld periodic solution of

the following cell problem (which corresponds to a complete homogenization on the smaller scale):
for I € S¢

V(e DVl -V’ =0 (9.50)

Write D(V, T, R = o0) the effective diffusivity corresponding to multi-scale homogenization on V, T
with complete separation between the scales, that is to say:

D(V,T,R = o) = / Y =P @)DV (= P (@)ymT (de) (9.51)
J?ETld
Lemma 9.3.3. One has for 1 € S% and k € {1,... ,d} ({e1,... ,eq} being an orthonormal basis of
R?)
/ Va(a + %f, 0) — Vxu(, 0)[2mS2Y+7 (dz) < UD(SRV + T)i(e* == — 1) (9.52)
T

Proof. Observe that (using the standard property of the solution of the cell problem)

e
/ IVxi(z + Eﬁ;, 0) — Vxu(z, 0)\2mSRV+T(dx)
T

e
= [ 1= Vou(.0) + V(e + 2. 0) = Via(a, 0)Pm V7 (da)

T
—YID(SRV +T)I (9:53)
41¥Tloo €k 2, O (SRV+T)
<e" R I = Vxi(x+ —=,0))[* m =" (dx)
T R
—HD(SRV +T)l
which leads to the result O
Proposition 9.3.5. One has
94 19T llso
D(SRV +T) <D(V,T,R = x0)e R (0.54)
9.54
(1+Cy es“vﬂ‘w _ 1¢(3d+5) Osc(V))2
Proof. Let | € S%. By using the standard property of the solution of the cell problem, one has
[ ansee,v =Ty = [ (1= Vo) dmS OV ) dy
yeTy TExTg (9.55)
=L —1I
with
h= (= VoG )a - Vx (Re ) - 9 (@)
T x T} (9.56)
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and

I = /T U= Vi@ )V (Bo ) (Vg (@) = ! e O ey dy - (957)
1 X4

Now, by the Cauchy Schwartz inequality applied to the integration in  and y one has

1

< . 2 V(Rz+y)+T(x) 2
n<( /@,y)e@d)z 1= Vil v)Pm (dr)dy)

(9.58)
1
<([ (s = VX! (Re 4-9)) (0 = O @) P 01 ), dy )
(z.y)e(T])?
Which leads to
1
I S(/ "D(SrO,V + T)ldy) :
yery (9.59)
1
x (tm(v, T,R= oo)z) R
Next, observe that
L=Ji+Jy+J3 (9.60)
with
n- [ (1= Vol + 25,009 (Be + ) (V1 (@) - 1)
(z,y)€T{x[0,1]4
o2V (Ra+y)+T(z+4)) (9.61)
dxd
led o2V (Rt 1T (=) gp MY
Jy = / (Voxala + 3,0) = Vo (@, ) Vx! (Be + )V (@) - 1
(z,y)eT{x[0,1]4
e 2(V(Rz+y)+T(z+4%)) (9.62)

[re 2V TG gz M Y
1

and

Jy = / (1 = Vaxa(w. )V (Re + ) (VPO () 1)
(z,y)eTx[0,1]4

—2(V(Re+y)+T(z+%)) .
. y)+T(@+%) (1- e2(T(m)—T(l‘+%)))dx dy

de e—2(V(Rz4y)+T(2)) (2
1

Then, just as for the computation associated to I1, by using Cauchy-Schwartz inequality one obtains:

1
T <(25 RS — e m (/ “UD(SrO,V + T)ldy)”
yeTy!

(9.64)
1
([ 0= O @) - D - O @)’
reTd
and by using Voigt Reiss’s inequality D(V) > e=295(Y) one obtains that
1
] (@2 e S p(sge,v Dty
very (9.65)

x (D(V,T,R — oo))%
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and by noticing that for y € [0, 1]¢

y ) e~ 2(V(Ra+y)+T(x)) drd
/xerWzXl@ + 50 0) = Vaxi(z,y)| Jra € XV EADFTE d i

1

e—2(V(Ra+y)+T(z))

_ . Yy 2
- /a:eTld 1= Vaxile + 7. 0) [ 2V (ReADFTE)
1
~"D(SgO,V + Tl
IVT oo

<"D(SRV +T)le* " —'ID(SrO,V + T)l
<UD(SRO,V + T)I(S" 7™~ — 1)

dx dy
(9.66)

(in the last inequality, the lemma 9.3.2 has been used), it follows that (by the same computation
associated to J3)

|| S</y€T{i HD(SRO,V + T)z) : (D(V, T,R = oo)) :

(9.67)
y (esnvzl;uoo B 1)%64“V7};Hoo+osc(v)
Now, observe that
J1= K1+ K> (968)
with
K= [ (1= Vaxalr + 55, 0)VxY (Ra + ) (V7 () = 1)
(z,y)eTdx[0,1]d (9.69)
e—Q(V(Rz-i-y)—i—T(x-i-%))( 1 — L )dz dy .
led e—2(V(Rz+y)+T(2)) 0~ led e—2V(2) 5 led e—27(2) 44
and
K= [ (1= Vaxale + 25,009 (Be + ) (Vx (@) - 1)
(z,y)eT{x[0,1]4
o2V (Ra+y)+T(z+ %)) (9.70)
dx d
Jrg €@z g e 2T d y
Now, as usual, one obtains that
1 1
K| g(/ UD(SRO,V + T)l) . (tlD(V, TR = oo)z) .
yeTy (9.71)

v v
< (62T°° B 1)GGT°°+OSC(V)

and by noticing that V,, (e_2(V(Rz+y)+T(x+%)) (I=Vaexi(z+

0))) =0, VY (Ra+y) = Vyx (Ra+
y) and integrating by parts in y, one obtains (writing 9([0,1]¢) = {

r€0,1]% : z; =0})

d iy, % .
=y | (2100~ Vaale + L% 0))
i=1 Ievayieai([Ovl]d) R
— e R (1 — Vo + ‘%, 0))) e (6.72)
' —2V (Ra+y") 4
W (B + ) (TP () : dz dyf

-1
)led e VO [ry e TEdz
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Now observe that
Ko =G+ Gy (9.73)
with
Gy = / ((e—QT(m—i——y 7 _ M@ () = Vo + 2 ;ei,o))>.ei
— JeeTd yicHi([o,1]4
i=1 Jw€T Y €0 ([0,1]9) ' (9.74)
v ; D). e—2V(Rz+y*) ;
X (Rz +y')(Vx () — l)dee Oz [ e TEdz dz dy
and
d i
6= [ (= Vaxate + L52,0) + Voxi(a + %,0))
= JaeTd yicai((0,1)) R
' oV (Roty®) (9.75)
1% i D), T \ 1\ —2T(z+%) e oY i
Rx + Vv x)—l)e R dx d
X. ( ) )( Xl ( ) ) led e,QV(Z)dZ led e,QT(Z)dZ Y
By applying Cauchy inequality for the integration in x to G1, one obtains
2IIVTHoo d
el < vy f
=1 reo'((
v+ e ) e—2V(Rm+yi)—2T(m+@) 1
I —Vexi(z+ L0)).e; dx 9.76
( / I e LIl e oy ey ) (9.76)
—2V(Rady)—2T (a4 Lt ) 1
v i D(V),T 2 € R 2
K Rz + ) (9 () — ) o) dy
(! ! N T RIS
which leads to
1
Gr] (™57 1) (ID(SRY + 1)) Ay e )
1 (9.77)
. 3 2VTlo
(mmﬂR:m@e 7
Moreover by applying Cauchy inequality for the integration in x to Ga, one obtains
d Y+ e
Go| < / (/ (—=Vaxi(z + L0
& ; i€0i([0,1]4) zeTld( ( R )
yi 9 —2V(Ra:+y )—2T (z+ R) p %
+ Vexi(x + =,0)).¢; :c) 9.78
Xl( R )) ) led 672‘/ dZ led 672T(z)d2 ( )
—2V(Rz+yi)—2T(z+i) 1
1% i D(V),T 2 ¢ " ) 2 g
R v —1 d d
([, O e+ @)~ 0) e e mz)
and using the same trick associated to the lemma 9.3.3 one obtains that
1
Gal (™5™~ 1)3 (UD(SRY + 1) *dxY e
(9.79)

1
@muﬂR:mw%%@@
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In resume, by using the lemma 9.3.2 and the theorem B.2.1 (||x" [|oo < Cge(3d+2) Osc(V))
it has been obtained that for all I € S%

UD(SRV + T) <e "= \/TD(SrV + T)\/AD(V,T, R = o0)l (
9.80)

(1 + Oy e8 HVII;HOO _ 16(3d+2) OSC(V))

which leads to

IVTllo
4 R

HUD(SRV + T)l <'ID(V,T, R = co)le?

9.81
(1 + qu /eS—HVZH"O - 16(3d+5) Osc(V))Q ( )

Corollary 9.3.2. One has for R > Cy(1 + || V|| )e(64+10) Ose(V)

D(SRV +T) <D(V,T,R = o)

(1+Cq Me(?’d%) Ose(V)) (9.82)
R

9.3.4 W.ith an arbitrary large number of scales

Let (Un)nen be a sequence of functions in C*°(T{!) with for all n, Osc(U,) < Ko and ||VU, s < K3
(rn)nen a sequence of integer in N* with for n > 1, r,, > pumin > 2
Write R,, =1y - -7, and

n _ " zR,
Vo) = LU

Theorem 9.3.2. There exists Cq > 0 such that if pmin > Cq(1 + K1)6(6d+10)K0 then for alln € N
one has

n—1
(3d+5)Ko K
— € 1\n
Amax (D) < TT A (D(UR)) % (14 Cp——Y1 (9.83)
l;:l_J(:) v/ Pmin
Proof. The result follows by a simple recurrence showing that for all p <n — 1
n—1 (3d+5)Ko  /]T
e e Vv ne
)\maX(D(‘/p 1)) < H )\maX(D(Uk)) X (1 + Cd—l) i (984)
k—p v/ Pmin

This is trivially true for p = n — 1, assume that this is true for p = m > 0, then apply the corollary

932withT =V} V=Up_1, R= Rin_l to obtain the result by observing that

n—1
—— <K ——— < 2/pmin 9.85
R S g E R, = /p ( )

k=m
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9.4 Lower Bound

9.4.1 Cohomological framework

Let U € C>(T{)

We write C = (C’OO(Tld))d the set of C vector fields on T¢ and Q = L?(m_g) the completion of C
with respect to the norm ||.||g where for £ € C

€18 = m-u(&?)
Thus @ is a real Hilbert space equipped with the scalar product

(57 V)Q = m—U(g'V)

Write
—2U)
Fpot = eC|3 GCOOTdZERd ith :%l_i_v
pot {f |3f (17) with & lede*wdx( f)}
fsol:{pGC\div(p):Oand/ pdx:()}
Ty

and Qpot, @so the closure of Fpot, Fso in Q with respect to the norm ||.||g Then just as for the upper
bound, the following orthogonal decomposition can easily be proved

Q = ont S Qsol (986)
Moreover by the variational formula 5.22, for ¢ € R?
D) "¢ 2

= dist (&, Qsot) (9.87)

{led exp(—2U (x))dx de exp(2U (x))dx

is then norm in @ of the orthogonal projection of £ on Qe (Which is equivalent to say to projection
on Qpot parallel to Q). Moreover, let’s remember (see sub subsection 5.1.5.iii) that the unique
solution of the variational problem 5.22 is given by pe = P. where P is the matrix

exp(—20U)

J R e
d led e 2Udy

(Ia—Vx)DU)™ (9.88)

X. is the solution of the cell problem associated to U and

£=Pet fexdp( A (1, - vy )Dw) e (9.89)

is the orthogonal decomposition of £&. Moreover

-1
Jrae 21355} 2dr =m-y((la = P)ls~ F)) (9.90)

Representation of solenoidal vector fields

Lemma 9.4.1. There exists a d x d x d tensor H;jp, such that H;jpy, = —Hjim € C=(TH),

d
Pin = 0iHijm (9.91)

and

1Hijmllso < Cae®HO O (1 4 |VU||o0) (9.92)
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Proof. Since for each m € {1,... ,d}, P, € Fso, by the proposition 4.1 of [JK99] there exists a
skew-symmetric Tld—periodic smooth matrices Hyj1,... ,Hijq (Hijm = —Hjim) such that for all m

d
Pin = 0iHijm (9.93)
j=1

Moreover writing

k0

the Fourier series expansion of P, one has (see the proposition 4.1 of [JK99])

1 p"mk p]mk" 2z7r(k x)

Hyjm = 5~ 2T (9.95)
Now, observe that
Hyjm = 0;Bpm — 0nBjm (9.96)
where By, and Bj,, are the smooth T} fl—periodic solutions of
ABym = Pum ABjy = Pjp, (9.97)

Now using G. Stampacchia’s theorem B.1.1, it is easy to see that if B, is chosen so that led By (z)dx =

0 then ||Bumlloo < CillPaumlloo- Now using the theorem B.1.2 on Gradient estimates for Poisson’s

equation, it is simple to obtain that

Then it follows that

||Hnijoo < Cd(HanHoo + ||PJmHOO) (9-99)

Which leads to the result of the lemma by using the expression of P and the theorem B.2.1 which
allows to control ||Vx/||eo O

Duality The following lemma is just a remark that will not be used for the final proof, nevertheless,
it might be interesting to notice the variational formulation associated to it.

Lemma 9.4.2. For all £ € Q,

diSt(S’ Qsol): sup M

(9.100)
seFoor 10l

Proof. This is a direct consequence of the orthogonal decomposition 9.86 and the density of F in
ont ]

Remark 9.4.1. This lemma gives the following variational formula for the effective diffusivity D(U):
for £ € R?

YD)t~ sup (Jra &L+ Vf) dr)’?

(9.101)
lerd fecoe(rd) Jrg |1+ V. Py (d)
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9.4.2 Lower bound with two scales
Let Re N* |V, T e COO(Tld), then under the notations of subsection 9.3.3 write

exp(—2(SgrO,V + 1))
led exp(—2(SgrO,V + T)(x))dx

P(a,y) = 14— (I~ Vx(x,9).)D(SgO,V +T)™"  (9.102)

which is the matrix giving the elements of ()4, associated to the homogenization SO,V +T. Write
also PV the element of Q,; associated to V and

672T(z)

pPINT (=T, — —
(z) = Iq e s

D(V)(Iq — VX"V (2) )D(V,T, R = o0)~! (9.103)

which corresponds to a complete homogenization on the smaller scale.
Proposition 9.4.1. One has
D(SgRV +T)"' <D(V,T,R = oor1

o (9.104)

19T oo
8 R

-1?)°
Proof. Observe that for ¢ € S% one has by the equation 9.90.

| tepisne,v +1) ¢y
ye

:/ (/ e—Q(SRGyV—i—T)(z)dz) (25RO D@t ([, Pz, ) da dy
(zy)e(TT) Ty

eQV};Iloo/ 72V(z) dz/ e,QT(z) d (9105)
T T

/ 2ASrONVHD @)t (1, — P(x,y))¢ dx dy

2HVTlloo

<e (I + I2)

with
I :/ o 2V(2) dz/ o—2T(2) dz/ (2(SHOVATI@)et (1) _ P 1))
Ty Ty (zy)e(TT)

(I; — PV (Rx +y))(Iy — PPV)IT ()¢ dx dy

I, :/ o2V() dz/ o—2T(2) dz/ (2(SHOVATI@)Et (1) _ P 1)
7y 7y (e)e(Tpy? (9.107)

PY(Rz +y)(Ig — PPV (1)) da dy

(9.106)

Now as in the proof of proposition 9.3.5, by using Cauchy Schwartz inequality for the integration in
x then y, one obtains that:

s [ O [ Ou( [ OOy Py
T Té (zy)e(T{)?

1

=

dx dy>
1 (9.108)

(/ eQ(SRGyV-i-T)(Z) ((Id _ PV(R(L' 4 y))(Id _ PD(V)7T(,7;))§) 2d1‘ dy) :
(z,y)e(TT)

IVT|lo

< R (/yer teD(SrO,V + T)l,gdyf (tgp(v, T.R = oo)lﬁ)%
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Next observe that

L=J0+J (9.109)

with
Ji = / 2V gy / 2TC) g / (2(SRO, VAT (@)
Td Td (zy)E(T])? (9.110)
e (Px + %, 0) — P(z,y)) PV (Rx + y)(Is — PPV (2))¢ dz dy
and
T :/ -2V (2) dz/ o—21(2) dz/ 2(SrOV+D @1t (1, p(z 1+ L o))
Ty T (w.9)€(T{)>2 R (9.111)

PY(Rz +y)(Ig — PPV (1)) da dy

Now by using Cauchy-Schwartz inequality for the integration in z and y in Ji, one obtains that

1 1
| < KZK? (9.112)
with
K :/ e 2V(2) dz/ e 2T 4
d d
ot h (9.113)
/ 2ERONVAID@) ((P(z + 2,0) — P(x,y))€)” du dy
(2.9)e(T)x[0,1]4 R
and

Ko :/ e 2V(2) dz/ e 21(2) g,
Ty T

L e OB (R ) 1 = PP () iy
z,Y € 1 X0,

:/ e—2T(2) dz/ 62T(z)t£t(ld_PD(V),T(x)) (9.114)
Tld xeTld

(I, / eV 4y / V@ dz — D(V) Y (Iy — PPV (1)) da dy
T i

SeQ OSC(V)D(V, T, R = OO)il

where in the last inequality,
(I led e 2V(2) 4z led eV @) dz — D(V)™1) < 295(V)D(V)~! has been used.
Concerning K, observe that since P(x,y).£ minimizes the following variational formula on p € Q,r,

/ (2(5EOVADI@) e _ ()2 da (9.115)
Ty
one has for y € [0, 1]¢
/ 2SOV ITIE) ((P(z 4+ L,0) = P(x,y))¢)” do =
y R
zeTy
R

/ 2SrOVAD@) (P(z 4+ £, 0) — 1,)¢)? da (9.116)
J?ETld

B / o2(SROYV+T)(x) (((Iqg — P(z, y))f)2 dx
zeTg
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from which it follows that

9 I9T oo 4 1 VTl : 1
|Ki| <e* R’ ¢D(SRV+T) ¢{—e R ED(SRO,V +T) Edy (9.117)
ye([0,1]d
and using the lemma 9.3.2 it follows that
’Kl’ < (eGHVT];Hoo . e_2||V71;Hoo )/ th(SR(_)yV + T)—lgdy (9118)
yel0,1]d
Concerning Jo, observe that
Jo =G+ Gy (9.119)
with
G = / VG g, / ) g / (2(5ROVATI@)
Td T (zy) €T [0,1)¢
62(V(Rm+y)+T(m+%))) (9.120)
'Ly = Pla + 5.0)PY (Ra +y)(Lg — PP ()¢ da dy
and
Gy :/ o—2V(2) dz/ o~ 2T(2) dz/ 2V (Raty) +T(a+3))
Td T (z.y)eT{ x[0,1] (9.121)
LIy — P < 0) PV I, — pPW.T dz d
d (w+R0)) (R +y) (14 (2))¢ d dy
As usual, by using Cauchy Schwartz inequality one obtains that
1 1
Gi < e 7 (RS = 1)< (1eD(SpV + T)¢)* ((€D(V,T, R = o)) (9.122)
Now observe that
Go = / e V(@) gy / e 2T g2 1, (9.123)
i i

with

Ly :/ 2(V(Re+y)+T(z+ %))
(zy)eTEx[0,1]¢

tet (I, — Pz + R L0 PY (R + y)(I; — PPY)IT (2))¢ da dy
= ! "'D(SRV +T)7!
de eXp(—Q(SRV—f—T)(Z))dZ /(a: y)ETEx[0,1)4 ¢ ( RYE )

H(Ia = Vx (e + D) PY (R +y) (1 — PPV ()¢ da dy

(9.124)

R

Now, let H Z‘J/ ;. be the d x d x d tensor associated to PV in the lemma 9.4.1. It follows by an integration
by parts (in y) that

d
1
k= J
! led exp(—Q(SRV + T)(Z))dz (z,y)eTdx[0,1]d ZJZ: 1
(‘€' (1a — PP (2)))i0,H) ), i(Ra + )
(L= V. +2)) D(SV + T)_1§>j d dy

(9.125)
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Thus by using the same notation as in the equation 9.72, one has

1 d

fT{i exp(—Q(SRV + T)(Z))dz i,j,;:l /(x,yk)eTldxak([O,l}d)

IR
k k

+e
%)—VX.($+y k

Which leads to (using Cauchy Schwartz inequality):

Cysup; 00 d
|L1| d p]k” ]sz Z/
de exp (SRV+T dZ P keok([0,1]4)

1
(/ ((Id _ PD(V)’T(x))f)262(V(Rx+yk)+T(x+yﬁ))dx) 2
zeTy

HY, (R + ") (Vx.(z +

</a:er ((xte+ y_;) ~Vxe+ L ; -)

NI

D(SRV+T)—1£>26—2(V(R$+Z/ )+T($+ ))dx> d k

But using the same trick associated to the lemma 9.3.3 one obtains that

k k e
| (e + ) = Dx o+ L) D(spv + 1))

e—Q(V(Rz+y’“)+T(m+%)) 4 D(SV + T)-1 2 19T oo
< +1)" "
s exp(2(SpV + T2y = SPUSRV H e

and by observing that

/ 62(SRV+T)(€v)dSC/ ((Iq— PD(V)’T($))5)2
T

zGTld

AV Rty AT gy < AOVIED(V, T, R = 00) ¢
it follows that (using the lemma 9.4.1)

I¥Tlloe , 4I¥Tloo
4 R 4 R

|G| <CueBdt8) 0seV)(1 4 || VV | )e (e

(th(V, T R—= oo)lg)%

In resume, summing up all the inequalities and using the lemma 9.3.2, it has obtained that

1A% Hoo

9T loo
8 R

LD(SRV + T)¢ <e'? (1 + Cy(1 + [|[VV oo ) eBH8) Osc(V) (¢

1 1
(eD(SrV +1)7¢) : (4€D(V.T. R = 00)'¢)
which leads to
IVTlloo
D(SRV +T)~ 1 <e 20 (1 + Ca(1+ |VV ||so)e (3d+8) OSC(V)(
(‘/7 T7 R= OO) !

IV Tlls
8 R

Corollary 9.4.1. One has for R > Cq(1 4 ||[VT||oo)(1 + || VV o) 2e(6¢H16) Osc(V)

D(SgRV +T)>D(V,T,R = c0)

1
X

("€ (Ia — PP (),

))D(SRV +T)~ 15) dz dy*

_1): (gD(SRV + T)lg)%

—1)2)?

1+ =

Cald + [V o)) 05eV) |7 T

(9.126)

(9.127)

(9.128)

(9.129)

(9.130)

(9.131)

(9.132)

(9.133)
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9.4.3 Lower bound with an arbitrary large number of scales

In the context of the subsection 9.3.4

Theorem 9.4.1. There ezists Cy > 0 such that if pmin > Cq(1 + K1)36(6d+16)K0 then for alln € N
one has

n—1 (3d+8)Ko  /T¢y
— € 1\—n
0 k;l—[() v/ Pmin
Proof. The result follows by a simple recurrence showing that for all p <n —1
n—1 (B3d+8)Ko /T, .
Auin(DV) = T Ain (D(UR)) x (14 Cu(1 + K1) el 7 (9.135)
P v/ Pmin

This is trivially true for p =n — 1, assume that this is true for p = m > 0, then apply the corollary
941 withT =V} V =Up_1, R= - to obtain the result by observing that

—1
VT
” ” Z L < 2/pumin (9.136)

O

9.5 Overlapping ratios

Proposition 9.5.1. Let U € C®(T{) such that de xz)dx =0 and R € N/{0,1}, then

n—1
1
Pr(2U) + Pr(—2U) =0 lim ~|| Y Spellloe =0 (9.137)
noee k=0
Proof. («<): This implication is easy since
4 n—1
0 < Pr(2U) + Pr(-2U) < lim —| > SpUllo (9.138)
k=0

(=): Assume Pgr(2U) + Pr(—2U) = 0 then let ¢ > 0. Then there exists Vi,...,V; € C(T¢) and
mi,...,m, € N/{0,1}, A\1,... , \x € R such that

k
V= Z AV — Srm V) (9.139)
p=1
and
U —=V|o <€ (9.140)

Observe then that since ZZ;& SrrV remains bounded it follows that

n—1

1
lim | > SplUlleo < (9.141)

n—00
k=0

which leads to the proof. O
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9.5.1 A simple example
Consider the function
f(z) = sin(x) — sin(81z) (9.142)
Observe that for R € N/{0,1} if R # 3,27,81 then
1 n—1
/ (> f(RF2)? =n (9.143)
0 k=0
it follows by the proposition 9.5.1 that
Pr(f)+ Pr(f) =0« R=3,27o0r81 (9.144)

and between these ratios Pr(f) + Pr(f) >0






10. SUB DIFFUSIVE BEHAVIOR OF AN IHPD IN ALL
DIMENSIONS

The purpose of this chapter is to show how from a sharp geometric control on the multi scale
effective diffusivities (given in the chapter 9) one can deduce the anomalous behavior of an infinitely
homogenized potential diffusion.

10.0.2 Sharp control of the effective medium

Let R >0 and U € C®(T4)
Write y; the solution of the stochastic differential equation

Write for z € R4, r > 0 and [ € S¢

T(x,r,l) =inf{t >0 : |(y —2).l| =1}

T(z,r)=inf{t >0 : |y, — x| =7}

Theorem 10.0.1. Let y; be the solution of 10.1, then

2

r
Efr(zr.0)] < Cogy; + Cgel9TH19) Osell) 2 (10.2)
2
T .
Blr(e.r.0)] > Crgpg — Cae 419 <) 2 (10.3)
§ (9d+15) Osc(U) p2
E <(Oy——+C, SR 10.4
[T(z,7)] < 2)\max(D(U)) + Cqe ( )
2
r
E > C _ C (9d+15) OSC(U)R2 105
[1(x,7)] > 17)\max(D(U)) € ( )

Proof. A proof will be given in the z = 0 case, the proof in the general case being quite similar.
Let [ € S¢

Write x; the T}%—periodic solution of the cell problem associated to Ly with x;(0) = 0.

Write ¢; the T g—periodic solution of the ergodicity problem

Lygr = |l = Vil = "1D(U)I (10.6)

with ¢;(0) = 0. Write Fj(z) = l.o — x;(z) and ;(z) = F?(z) — ¢1(x), observe that since LyF}? =
|l — Vxq|? it follows that

Ly = '1D(U)I (10.7)
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Thus by the Ito formula
i(yr) = /Ot V(ys)dws + “ID(U)It (10.8)
Now write M;; the martingale
My = ty(ys) — 1D(U)I¢ (10.9)
Notice that
Cilla]? = CallxallZe + 0illoe) < ta(x) < Ca(llz? + a3 + éilloo) (10.10)
Now by the theorems B.2.1, B.2.2 and the lemma B.2.1 one has
X% + [[@1]loo < CaelHH13) O g2 (10.11)
Write
(0,7, 1) =inf{t >0 : | ()] =7}
According to the inequality 10.10 one has
7(0,,1) < 7/(0, o + all% + ol ) (1012)
7(0,7,1) = 7'(0, C1r® = Callxall3e + lloulloo), ) (10.13)

Since Myprr(0,r,1),; is uniformly integrable (easy to prove by using the inequalities 10.12 and 10.13)

one obtains

E[+(0,r,1)] = ﬁ

(10.14)

Thus, by using the inequality 10.11 and the Voigt-Reiss’ inequality D(U) > e=29%¢(Y) one obtains

2

r
7_(0’ r, l) < C3tlD(U)l + Cde(9d+15) Osc(U)RQ

r? (9d+15) Osc(U) p2
7(0,7r,0) > CltlD(U)l — Cye R

Now if one defines M; to be the martingale

d
My =" M,
=1

and if one uses the following stopping times:

d
7'(0,r) = inf{t >0 : [ Y e, (y)| =7}
i=1

one obtains obtain as before

2
r SC
Elr(zm)] < G supy_ AD(0)] Cael DO R?
’1“2

E[r(z,7)] > C} _ o(9+15) Ose(U) 2

- 1supm:1 tl_D(U)l
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10.0.3 Perturbation of the effective medium
10.0.3.i Weak stability result

Let U, P € C*>(Q), and Q a smooth bounded open subset of RY. Write EV, EV+F the expectations

associated to the diffusions generated by Ly and Lyyp and 7(€2) the exit time from Q. Write mg

the following probability measure on €2:
e—2U (z) dr

Q
dr) = ———— 10.1
mU( ‘T) fQ 6_2U(m) dr (O 5)

Proposition 10.0.2.
/Eg [7()]mi p(da) < €2 OcP) / EJH [7(Q)]mij, p(dx)
Q

o (10.16)
> ¢~20se(P) / EVFP [7(Q)]mi, p(dz)
Q

Proof. This is a direct consequence of the theorem 13.5.4 by observing that
EJ [r(Q)] =2 / Gu(z,y)e "W dy (10.17)
Q

where Gy is the Green function on €2 associated to the operator —V(e_QUV) with Dirichlet conditions
on the boundary. O

10.0.3.ii Strong stability conjecture |

Let U € C®°(T¢) and P € C*®(B(0,1)). Write ESrU ESrU+P the expectations associated to the
diffusions generated by Lg,u and Lg,u+p and 7(B(0,1)) the exit time from the d dimensional unit
ball B(0,1).

Conjecture 10.0.1. There exists Cq > 0 a constant depending only on the dimension such that for

‘ ‘ 1
R > (CgeCa(Osel)+0se(P) Osc(P) < roh Osc(U) (10.18)
d
and
R
Plloo < = 10.1
VPl < & (10.19)
one has
ESRUTPI(B(0,1))] < CgeCe0®) sup  BSRV [7(B(0,1))] (10-20)
z€B(0,1)
and
Ey* P [r(B(0,1))] 2 Caem O™ inf BV [(B(0,1)] (10.21)

10.0.3.iii Strong stability conjecture Il

Let U, P € C®(B(0,1)). Write EV, EV*F the expectations associated to the diffusions generated by
Ly and Ly p and 7(B(0,1)) the exit time from the d dimensional unit ball B(0,1).

Conjecture 10.0.2. The exists Cy > 0 a constant depending only on the dimension such that

E(()]—i—P [T(B(O, 1))] < Cd@cd Osc(P) sup Eg [T(B(O, 1))] (1022)
z€B(0,1)
and
EJTP[r(B(0,1))] > Cge= @) inf  EY[r(B(0,1))] (10.23)

zGB(O,%)
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10.1 Anomaly with respect to the invariant measure

Consider y; an infinitely homogenized potential diffusion and write E the expectation associated to
its law. Write for r > C(d, Ko) (a constant that is computed so that n.¢(r) > 1)

nef(r) =sup{n >0 : (O Ko p2 « 0121 g (10.24)
where C} = C1/(8Cy) and Cy and C) are the constants appearing in the inequality 10.5. ne¢(r) + 1
corresponds to the number of effective scales in the ball B(0,r) (the scales 0,1,... ,n.s are effective
scales).
Write
Nper(1) =inf{n >0 : Ryp1 > 1} —nep(r) (10.25)

Nper(r) corresponds to the number of perturbation scales in the ball B(0,r), that is to say the
scales neg 4+ 1,... ,nef(r) + nper(r) are perturbation scales and the scales 0, ... ,nef(r) + nper (1) are
fluctuating scales. Observe that for r > C(d, Ky), nper > 0 and is well defined.

Proposition 10.1.1. There 3C(Ko,d) > 0 such that for r > C(Ko,d), nef(r) and nper(r) are well
defined and one has

2

o) R (D(VOT7) 1026
16 K1 —(8nper () +2) K r’ (1026)
> e~ 1—(SNper(T OC
et 7,d )\max (D(VO’"ef(r)))
Moreover
Rm n r
Mper(r) < inf{m >0 ; —odrs O L o(ner(n+2)(0a415)Ko0 /2y (10.27)
Rnef(r)—i—l /Cé
Proof. Observe that for p > ne(r)
Yres(M)Fltoo — ynep(r)+1p | yrptleo
But on B(0,r)
1 X R 2r
(VP ()] < > L sup [[VU" o < K
P+l n=p+1 B n Rp+1

and
[Vres TP ()] < (p — mey(r)) sup Osc(U™) < (p — ney(r)) Ko

Choose p(r) = nper(r) + nes(r) it follows that on B(0,7)
[V7er®oS ()] < (2K1 + nper(r) Ko)

Now observe that by the theorem 10.0.1, and the definition of n.s(r) for x € B(0,7/2)

B [r(B0,r)] 2 B [r(B(,r2)]
5 (10.28)

Amax (D(V0mer (1))

> Cy
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and for x € B(0,r)
0.mep (r) r?
EY " B(0,r)] < C 10.29
x [T( ( ))] > 5)\max(D(V0’nef(r))) ( )
It follows by observing that mg(o’r/ 2) > Cye~2Komper the proposition 10.0.2 that
2
/ E, [1(B(0,1)]my " (d) < eBCR1tnmer (K0 o a
B(0,r) )\max (D(Vo’nef(r)))
5 (10.30)
> ¢~ 16K1—(8nper(r)+2)Ko ¢, r
= 7,d )\max (D(Vo’nef (T‘)))
Moreover observe that
e(nef(r)+1)(9d+15)K0R72—Lef(T) S CL%TQ S e(nef(r)+2)(9d+15)KORief(r)_i_l (1031)
thus
r< e(nef(T)+2)(9d+15)K0/2Rn8f(T)Jrl (10.32)
\/Ca
it follows that if
Rp11 > L (nes(m+2)(9d+15)Ko/d (10.33)
Rnef(r)Jrl /Cé
then
R, >r (10.34)
Thus
Rm n, T
nper(’l") S lnf{m Z 0 : + ef( )+1 Z 1 e(nef(T‘)+2)(9d+l5)Ko/2} (1035)
Bnyner L/
O

10.1.1 Anomalous hitting times with bounded ratio between scales

In this subsection assume that the soft pre-fractal associated to the IHPD has bounded ratios pmax <
oo between its different scales, then the following theorem shows the anomaly of the diffusion.

Theorem 10.1.1. One has for r > Cig,
/ E, [r(@)]my " (d) = r*+0)
B(0,r)

with for pmin > C13(d, Ko, K1, Amax)

1

In
>\min 1

Cr(d, Ko, K 1
v(r) < (d, Ko 1)) + —Cs(d, K1, Ko)
In pmin In prin Inr

and

In
D(r) > (1 _ Ci2(d, Ko, K1)
In prax In prmin

Where Cy5,Clg depends on d, Ko, K1, Amax, Pmax

1
) - —Cll(d’KlaKO) > (C15 >0
Inr

(10.36)

(10.37)

(10.38)
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Remark 10.1.1. Observe that for the self-similar case,
Init
by
~—2 10.
v(r) Y (10.39)
Proof. This is a direct application of the proposition 10.1.1, indeed according to this proposition for
r > Cd,Ko
/ E, [7(B(0, )] mp " (da) = r2+0) (10.40)
B(0,r)
with
1 0,ne7(r)
v(r) < — [8(2}(1 + Mper (1) Ko) + 0. Cg — In (Aggax (D(VO7eS )))} (10.41)
and
1
v(r) > — [ — 16K71 — (8nper(r) +2)Ko +InCr g — In ()\maX(D(VO’”ef(’"))))] (10.42)
now observe that by the theorem 9.2.2 one has
Nner(r d,K K
Ao (D(VO,nef(T))) < )\nfg;( )+1(1 + M)nef(r) (10.43)
Pini
and
nes(r Ko, K1)
)\max(D(VO’nef(r))) > )\nfifr‘l( )+1(1 + M) nes(r) (10.44)
Pon
Observe that by the definition of n.s(r)
nes(r) < 2 7 4 Ca(d, Ko) (10.45)
S = T poain + (9d + 15) K 20 '
and
Inr
> 2 — d, K 104
and by the inequality 10.27,
e 9d + 15)Ky/2 + Cs(d, K|
In Pmin
It follows that for Pmin > Clg(d, KQ,Kl)
1 4(9d + 15) K2
v(r) <— [C4(d, Ky, Ky) + nef(r)(M —In Apin
Inr In pmin
C(d, Ky, K
+1In(1+ #»}
2
<—|Cy(d, K1, Ko) + e $—1Amin}
_lnr[ a(d, K1, 0)+nf(r)( In prin . )
1 In 1 Cr(d, Ko, K
S—C6(d,K1,K0)+ﬂ(1+ u 0 1))
Inr In pin In prin
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similarly
1 (9d + 15) K3
v(r) > [Cs(d, K1, Ko) + s (r) (= 45220 — 1 dy
Inr lnlOrnin
C(d, Ko, K
~In(1+ #))]
2
) Pmin Crod, Ko K0) (10.49)
> | — d, Ky, K _ ZIA® 70, R )\max]
_lnr[ Co(d, K1, Ko) + neg(r)( I o n )
1 In Cho(d, Ko, K
> - L0 (d, Ky, Ko) + e (1 — 2l Ko )
Inr In pryax In pin

10.1.2 Anomalous hitting times with fast separation between scales

In this subsection assume that the soft pre-fractal associated to the IHPD has fast separating ratios
R, = Rn_l[%] (p, e > 1) between its different scales, and Apax = Amin = A < 1 then the following
theorem shows the weak anomaly of the diffusion.

Theorem 10.1.2.

B(0,r) P
/B(O,r) B [7(B(0,7))]my ™" (d) = A1) (10.50)
with for r > 016(d, KO,Kl)
1 1
Blr) = (122)0(1 +e(r)) (10.51)

with €(r) — 0 as r — oo

Remark 10.1.2. Observe that for this theorem shows how the diffusion becomes more and more
anomalous as « | 1

Proof. This is a direct application of the proposition 10.1.1 and for the sharp control of D(V{?), this
is a simple application of the propositions 9.3.5 and 9.4.1. U

10.2 Almost sure anomaly

This section is based on the Conjecture 10.0.2, it shows that if this conjecture is true how one can
deduce the anomalous behavior of an IHPD starting from any point. Actually the conjecture 10.0.1
which is weaker than 10.0.2 is sufficient to prove the anomaly of diffusion starting from any point,
however, for the clarity of the proof it has been chosen to use the Conjecture 10.0.2 (the proof based
on the conjecture 10.0.1 is quite similar).

10.2.1 Anomaly of the hitting times

Consider y; an infinitely homogenized potential diffusion and write E the expectation associated to
its law. Write for r > C(d, Ko) (a constant that is computed so that n.¢(r) > 1)

nep(r) = sup{n >0 : eMHDOHBIKR2 < 0121 o o (10.52)

where C} = C1/(8Cy) and Cy and C) are the constants appearing in the inequality 10.5. ne¢(r) + 1
corresponds to the number of effective scales in the ball B(0,r) (the scales 0,1,... ,n.s are effective
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scales).
Write

Nper(1) =inf{n >0 : Ryp1 > 1} —nep(r) (10.53)

Nper(r) corresponds to the number of perturbation scales in the ball B(0,r), that is to say the
scales nef 4+ 1,... ,nef(r) + nper(r) are perturbation scales and the scales 0, ... ,nef(r) + nper (1) are

fluctuating scales. Observe that for r > C(d, Ky), nper > 0 and is well defined.

Proposition 10.2.1. Assume that the conjecture 10.0.2 is true. Then there 3C(Ko,d) > 0 such

that for r > C(Ko,d), nef(r) and npe,(r) are well defined and one has

’1“2

Ao (D(VO,nef(T)))
2

> e~ Camper Koy (d, Ko, K L
=~ € 21( 0 1))\max (D(VO,TLef(T)))

E, [7(B(x,r))] < eCanrerMFoCy(d, Ko, K1)

Moreover

pen(r) < inf{m > 0 Rongnep ()41 - 1 s () +2)(94+15) Ko /24

Bnsmar ol

Proof. One can assume x = 0 without loss of generality.
Just as in the proof of the proposition 10.2.1, observe that on B(0,r)

(V712 (2)] < (2K + e (1) Ko)
Now observe that by the theorem 10.0.1, and the definition of n.f(r)

VO,nef(T)

0,n ¢ ()
E} [7(B(0,7))] > EY " [7(B(0,7))]
>C -
= 4)\maX (D(Vo,nef(r)))
and similarly
BV 1B <cC -
0 [T( (O’T))] = 5)\maX(D(VO,nef(r)))
It follows by the conjecture 10.0.2 that
c (r K r?
< dNper (T 0
Eo [T(B(OaT))] s¢€ Coa(d, KO’Kl))\maX (D(Vo,nef(’r')))
2
> Chs(d, Ko, Ky)e Camver(Ko -
= Cos(d, Ko, K1) Amax (D(VOrer (1))

Moreover just as in the proof of the proposition 10.2.1 observe that

non(r) < inf{m > 0 Rty (r)+1 51 e(nes (N+2)(9d+15)Ko /21

Bnyner L/

(10.54)

(10.55)

(10.56)

(10.57)

(10.58)

(10.59)



10. Sub diffusive behavior of an IHPD in all dimensions 211

10.2.1.i Anomaly of the expectations of the hitting times with bounded ratio between scales

For r > C(d, Ky, K1) write

et

max

(7“) _ ()\maX(D(Voﬂef(r))))m (10.60)

)\f}{ax(r) will be called the geometric mean maximal eigenvalue. It reflects the following image:
At a scale of order r the maximal eigenvalue of the effective medium characterized by the scales
0,...,ner + 1 behaves as if those scales were totally separated and the diffusivity of each scale were
characterized by the same maximal eigenvalue )\f}{ax(r) (all associated to the same eigenvector: whose
direction does not change with the scale).

Write

Inr
nef(r)
pef(r) reflects the following image: The behavior of the IHPD at the scale  is the same as a diffusion

with n(.) effective scales, the maximal eigenvalue associated to each scale being A%, (r) and the
ratio between each scale being pes(r).

Theorem 10.2.1. Assume that the conjecture 10.0.2 is true. Then for pmin > C(d, Ko, K1), r >
C(d, Ko, K1, pmax) one has

Inper(r) = (10.61)

E, [7(B(z,1))] < Cs2(d, Ko, Kq)r* o 1+7)

(10.62
> Oy3(d, Ko, K )r*Ho0=7) )
In fl
e r K
o(r) = 1Am7<) 7= Caay 0 <05 (10.63)
npef(r) 11 Pmin
In 12 C(d, Ko, K1)
A s 0, A1)\ 1
max (1 < 10.64
Ves lnpmax( * lnplrnin ) o O-(T) ( 06 )
and
In 11 C(d, Ko, K1)
Ami s N0y AT
< min 1 1 .
J(r) “ In pmin( + In Pmin ) ( 0 65)

Remark 10.2.1. This theorem says that the behavior of the hitting times is fixed by the geometric
mean effective diffusivity Ay (r) and ratio pe #(r) at the scale r; the parameter v plays the role of
an error term generated by the perturbation scales. Notice that the parameters do not depend on
x and that E;[7(x,2r)] can be bounded by the same formulas if one modifies the constants Cse and
Cs3. Observe that in the self-similar case when p is big

1

In
Eo[r(B(z,r))] ~ r*F T (10.66)
Proof. By the proposition 10.2.1, just as in the proof of the theorem 10.1.1, one has
< Neg(r)(9d + 15)Ko/2 + Cs(d, Ko)

10.67
Nper (1) < 1 P ( )
Then by the proposition 10.2.1
o, (r) K r?
Ey [T(B(xv 7“))] < C30(d7 Ko, Kl)elnpmm ! i Amax (D(VO,nef(T’)))
c 2 (10.68)

——d (1)K
> C d, , 0 pmin ef( ) 0
= Osld, Ko, Kr)e Ama (D (VOer (1))
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(r) > e~ 2o it follows by the definition of A™,_(r) that

max

Notice that by Voigt Reiss inequality, Al

max

[&F] 1
enef (7’) (mKo—f—ln T) 2

ECE T B xT,T S C d,K ,K Amax () T
[7(B(,7))] 32(d, Ko, K1) " (1069)
nes (r) (ot Kotln )
Z Cg3(d, 1:(07 Kl)e min Amax (7) 'S
Thus by the definition of In p¢(r), it follows that
E. [r(B(w,1))] < Caa(d, Ko, Ky)r* 0047 (10.70)
> Ci3(d, Ko, Kqp)r* o= .
In )\efl( )
= ol (10.71
In pes(r) )
and
K
v = Co g (10.72)
"In Pmin
just as in the proof of the theorem 10.1.1, one has
(r) <2 tor + Cy(d, Ky) (10.73)
Tl = 2o pn + (94 + 15)K, A0 '
and
Inr
() > 2 — Cy(d, K, 10.74
nes(r) 2 T md T K, A Ko (10.74)
Thus for r > C(d, Ko, pmax)
Ky C(d, Ko, pmin
1 pef(r) < 10 prmax + (9d + 15) == + Cd, Ko. pmin) (10.75)
2 Inr
Ky C(d, Ko, pmin
I pef(r) > 10 pryin + (9d + 15) =" — C1d, Ko, punin) (10.76)
2 Inr
now observe that by the theorem 9.2.2 one has
Cd, Koy, K
Aax (1) < Amax(1 + W) (10.77)
Poni
and
Cd, Ko, K
)‘i{ax(r) > Amin(1 + (’17071))_1 (10.78)
Prn
It follows that for Pmin > C(d’ Ko, Kl)a r> C(d, Ko, Klapmax)
In 1 C(d, Ko, K1)
Xomi , 180, 18
< min 1 1 .
U(T) “In pmin( * In Pmin ) ( 0 79)
and
In o1 d, Ko, K
o(r) > —2mex (] 4 Cld, Ko, 1))*1 (10.80)
In Pmax In Pmin
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10.2.1.ii Anomaly of the expectations of the hitting times with fast separating scales

In this subsection assume that the soft pre-fractal associated to the IHPD has fast separating ratios
R, =R, 15:71] (p, e > 1) between its different scales, and Apax = Amin = A < 1 then the following

theorem shows the weak anomaly of the diffusion.

Theorem 10.2.2. Assume that the conjecture 10.0.2 is true then

7“2

Eo[r(B(0.7)] = 1565 (1081)
with for r > Cyg(d, Ko, K1)
() = (o)™ (L) (1082)

with €(r) — 0 as r — oo

Remark 10.2.2. Observe that for this theorem shows how the diffusion becomes more and more
anomalous as « | 1

Proof. This is a direct application of the proposition 10.2.1 by observing that the perturbation scale
is limited to only one scale. O

10.3 Anomaly of the density of probability of transitions

From the anomaly of the hitting times one can deduce the anomaly of the density of probability of
transitions by adapting a strategy used by M.T. Barlow and R. Bass for the Sierpinski Carpet. This
strategy is described in details in the proof of the theorem 3.11 of [Bar98§].

Below the Lemma 3.14 of [Bar98] is given (this is also the Lemma 1.1 of [BB90a]) without re
producing the proof.

Lemma 10.3.1. Let &1,82,...,&,, V be non-negative r.v. such that V> Y"1 | &. Suppose that for
somep € (0,1), a>0andt >0
P(& < tlo(&r,... . &i-1) <p+at

Then
t\1 1
mP(V <t) <2(22)2 —nln-
p p
Now, using the notation of the theorem 10.2.1, let y; be a IHPD, the following lemma allows to
control the law of the exit times.

Lemma 10.3.2. Let y; be a IHPD. Then for r > C(d, Ko, K1, pmax) one has

t
209 g (d, Ko, K1)

Py[r(z,r) <t] < 1= Cag(d, Ko, Ky )r= 2100

Proof. This lemma is an adaptation of the lemma 3.16 of [Bar98]. Observe that

Eolr(z,r)] <t + Eu[1(7(z,7) > O)Ey, [7(z,7) — 1]
<t +Py[l(r(z,r) > t)] sup Ey[r(z,r)]
yEB(J},T’)
But Vy € B(x,r), Py as. 7(z,7) < 7(y,2r)
Hence by the theorem 10.2.1 for r > C(d, Ko, K1, pmax)

Cs3(d, Ko, K1)r?to M0 < E_[7(2,r)]
<t Pyr(z,r) > ]Csa(d, Ko, Ky)r* o)
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Thus
t —2
<t < _ Yo (r)
Falrle.r) <1 S o O (d, 76, 1y 1~ ool Koo By
O

The following lemma is a technical calculus, not very interesting indeed but necessary.

Lemma 10.3.3. Letv >0, o> p1 >1,a >0 and B > % Let

1489
T 2 1

- — nmn————
Q)Z)(:C) a\/l—@{[;ﬂ2—,31 v nl—’U"D[b*ﬁl

. PRREZEY 1
Then with xg = (—%=)%"—2% and 21 = (&=)P2-P1 one has for z < To N\ 21
0= \%V2a 2v

v
< _ZpP2—pi+1
and for xg > 2

Bo—pB1+1
v v 1489
1——2

@D([‘To]) < _2ﬁ2751+2(2\/§a)ﬁ

1
Proof. One has for 0 <y < 3
1
y<In 1 <In2
i — gz 2 _ 1
Write f(x) = a\/m and h(z) =z In T
Then for 0 < vaf2 A <1
1+52 1482

and
0?2 P F < p(z) < zln2
But
QlegﬁQ S lvxﬁ27ﬁ1+l <:>xﬁ171+2BQ S v
2 2V/(2)
Sz < xg
1

With zg = (=) %132

2\/5(1 L
Thus for z < z¢g A 1 with z1 = (%)52—51 we have

w(x) < _%xﬂ2—61+1
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Proposition 10.3.1. Assume that the conjecture 10.0.2 is true. Then for pmin > C(d, Ko, K1) and

0407" <t< C41T2+U(T')(173’y)

one has
2 ¢ y 3+2v0(r) \ p
Py lys| > 1] < InPylr(z,r) < 1] < ~Caa= (=) (———)

with

) — _e=1)

1+o(r)(1—3y)
20(r
(r) on

T I1to(n)(1-3y)
1 =3y > 0.5 and the constants Cyy, Cy1,Cas depend on d, Ko, K1, pmax, Pmin -

Remark 10.53.1. Observe that the term p is very small in comparison to v, it acts as an error term
generated by the perturbation scales, in the next theorem it will be shown that one can make
this term disappear by a slight modification of v. Actually this proposition says that for Cir < ¢
(homogenization has started) and ¢t < Cor?™* (the behavior is far from the heat kernel diagonal
regime) one has at the first order

h2
p(lyel > h) ~ —T(E)J(T) (10.83)

with o(r) ~ (1n(1/)\fgax(r)))/(ln pef(r)): at the first order the behavior of the transition probability

densities is fixed by the mean effective maximal diffusivity )\f}{ax(r) and the mean ratio between scales
pef(r) associated to the effective scales corresponding to the length 7.

Proof. Let n > 1 and g =
Define the stopping times 5; ¢ > 0 by Sy = 0 and

Sip1 =inf{t > S; : |yt —ys,| = g}

Write & = S; — S;—1 for i > 1 Let F; be the filtration of y; and let G; = Fg, Then it follows from the
lemma the lemma 10.3.2 that for g > C(d, Ko, K1, pmax)

Py[Siv1 < t(G)i] = Py, [7(s:: 9) < 1]

< Cg7(d, Ko, Kl) +1— CBG(d, KO’ Kl)ngU(r)fy

G2 o (i+)

Since |ys; — ys,,,| = g it follows that P, a.s. |z —ys,| <7
Thus

Sp=Y &< r(x,r)
=1

And by the lemma 10.3.1 with

n
a = Cs7(d, Ko, Kl)(;)2+0(r)(1+7)

n
p=1—Cs(d, Ko,Kl)(;)%(m
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One has

nt037(n)2+a(r)(1+7) 1 1
) —nln

1 — Cy6(2)20()y 1 — Cy6(2)20()y

InP,[r(x,r) <t] < 2(
Now use the lemma 10.3.3 to choose n with 8y = 240 (r)(1+7), B1 = 2+ (r)(1—7), a = 2(tC37r~2)
and v = CzgrP1 02
It follows that

_ 1
0367«51 B2 ST
o= | ——F/— 1 2

4 20377“_62
ﬂlfﬁTQ
1 1482
~( Co ) rn

4+/2C57

N S
208 -2

and

1 1
T1 = (C—%)ﬁrﬁl r

But one needs n < 29 A xzy and r/n > C(d, Koy, K1, pmax)

1 1 1
1 1 — 155
2o < T1 & ( Cse )ﬁr%ﬂ(ﬂl—%) < ()P 20 )
4+/2C37 36
& r < Csg(d, Ko, K1, pmin, Pmax )t

Choose Csg so that zoC(d, Ko, K1, pmax) < 7 is also satisfied.
Moreover

1
rg22eT 2 ng(d, KO’KlapminapmaX)twl_ﬁQ

1
so for r > 039t251—52 and r < ngt

1+89—081

_0474[31[32( C47aﬁ1*ﬁ2 >@
22452761 Ny /ot Cyr—P2

InP,[r(xz,r) <t] <

and after some calculus and simplifications

2 3+62—0F1
e <ol ()
with
__ B2 o(N-9)

260 —1—-Fy  1+0(r)(1—3)

v

BB 20(r)y
P98 —1-p  1+o(n)(1-37)

O
Corollary 10.3.1. Assume that the conjecture 10.0.2 is true. Then for pmin > C(d, Ko, K1) and

0407" <t< C41T2+U(T')(173’y)
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one has
2ty
In B > 7] < P lr(a,r) < 1) < ~C ()
,
with
d, K|
Vi) = a(r)(1 - S50

and the constants Cyy, C41,Cya depend on d, Ko, K1, pmaxs Pmin-

Remark 10.3.2. Notice that the second term in the expression of v/ is an error term created by
perturbation scales.

Proof. Observe that if one chooses

v—v =4u
then
t y T3+62_ﬂ1 1% t o v—v' —(342vo(r))p
PR 5 (O e
r 12 r
1—2vo(r)
St>r 2
thus in the previous theorem one can choose
7//(7") — O-(T)(l B ’Y) _4 20—(T)’Y
1+o(r)(1—37) 1+o(r)(1—3y)
C(d’ KO)
=o(r)(1 - 17,)
npmln

10.3.1 Anomaly of the transition probability densities with bounded ratio between
scales

Corollary 10.3.2. Assume that the conjecture 10.0.2 is true, pmax < 00 and Amax < 1. Then for
Pmin > C(d, K(),Kl) and

C40’I" <t< C4lr2+0(7')(173'y)

one has
r? ¢ !
InPyllye] > r] <InPylr(z,r) <t] < _07?(_)
r
with
11’1 ! C (d K) 11’1 1 C (d K)
A 501%, 210 / Amni 50(d, Ko
max 1_ < < min 1_ 1 ‘ 4
O<C<1npmax( In pmin )_V(T)_hlpmin( In piin ) (10.84)

Cs0(d, Ko) < 0.51n ppin and the constants Cyg, Cy1,Caa depend on
d7 K07 K17 Pmax; Pmin
Remark 10.3.3. Observe that if pmax = Pmin and Amax = Amin then at the first order in 1/1In pyin, v/

behaves like

In L
Vo~ %I;j (10.85)

Proof. This is a direct consequence of the corollary 10.3.1. O
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10.3.2 Anomaly of the transition probability densities with fast separating scales

In this subsection assume that the soft pre-fractal associated to the IHPD has fast separating ratios
R, =R, 15:71] (p, e > 1) between its different scales, and Apax = Amin = A < 1 then the following

theorem shows the weak anomaly of the diffusion.

Theorem 10.3.1. Assume that the conjecture 10.0.2 is true then for
Ceor <t < Cerr?

one has

r? ot
InP,[|lye| > r] <InPylr(z,r) <t] < —06379(;)

with
L (12)% (14¢())
g(x) = ()" (10.86)

where €(x) — 0 as  — oo and the constant Cgy to Cgs depends on p, o, Ko, K1, d.

Remark 10.3.4. Observe that % InPl.yy > h] — —o0 as t/h — oo. Moreover this theorem shows
how the behavior of the diffusion passes from a slightly anomalous one to a strongly anomalous one.

Proof. Straightforward by observing that the ratio between the number of perturbation scales with
the numbers of fluctuating scales tends towards 0 as t/r — oo O



11. SUPER DIFFUSIVITY IN THE SHEAR FLOW MODEL

11.1 Explicit formulas

Let J be smooth periodic 2 x 2 skew-symmetric matrix

T(21, 29) = <—j?x1) j(gl)) (11.1)

with j € C®(T}), j(0) = 0. write L its associated diffusion operator

1
Ly=5A+VIY (11.2)

11.1.1 Cell problem
The T? periodic solution y; (I € S?) of the cell problem L;(x; — l.x) = 0 is (x;(0) = 0)

1

weran) =2 [ iy~ [ i (113

its associated harmonic functions is
T 1
Fi(z) =la —x(z) = lL.o — 2l [/ J(y)dy — wl/ j(y)dy} (11.4)
0 0

11.1.2 Effective Diffusivity

The solution of the cell problem allows to compute the effective diffusivity
UD(J) = / Il — Vxi(z)|?dx (11.5)
¢

and it follows that
1 0
b(7) = (0 1—|—4Var(j)> (11.6)

11.2 Multi-scale effective diffusivity

Consider a THSFD,

Theorem 11.2.1. assume Ypin > 1 and
2: K
Pmin Ymin — 1

<1 (11.7)

€ =

then for allp € N

D) = ((1) D (ng)m) (11.8)
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with
P P
1+4(1—€) Y R <DI)pn <1+4(1+6)> 7 (11.9)
k=0 k=0
Proof. Observe that
1 . 1 . 1 )
Var(H?) = [ (7 (Rye) = [ Rg)dy) +plhgl) — [ hplo)d))’de (10
0 0 0
It follows that
| Var(H?) — Var(H? ™) — 42| < 27| E| (11.11)
with (Cov designate the covariance: Cov(f,g) fo — fol f(y)dy fo y)dy)dr)
E = cov(stprl, hy) (11.12)
By the corollary C.1.1,
Vhy|looRp-1 [*
IE| < w{;’opl/ |Sp, HP ™ (2)|dx
X P 0 (11.13)
< =L\/Var(Hr-T1)
Tp
Now it will be shown by induction that
P P
(1= W <Var(H?) < (146> (11.14)
k=0 k=0
This is trivially true for p = 0. Assume that 11.14 is true for p € N.
Then observe that
1 S Yk 2\ 2
Var(H?) < (1+ )3y ( D (2)?)
k=0 1Pt1
1 =1 3
< (146291 (——)? ’
; ’Ymin (1115)
< (1+e)2 L)
€)27 1( )
o ’yr2nin -1
< (1462 !
€)2
it “Ymin 1
and
> 2611 4z L 2K 1
€= Pmin( —i_e)Q'Ymin*1 “= €= 1\/5 <1 (1116)
e<1 Pmin “Ymin —
then by the inequalities 11.13 and 11.11 it follows that
p+1 14 2 2
|Var(H ) — Var(H?) — vp14] < €751 (11.17)
which proves the induction. O
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11.3 Mean square displacement
Lemma 11.3.1. If pmin > Ymax 0nd Ymin > 1 then for all x € R
* D 1 By D “Ymin
) - [ )z dy| < Ry, (11.18)
0 p JO “Ymin
HPYLo ()] < oy ot Pmin (11.19
| ( )| Rp+1 Pmin — ’Ymax‘ ’ )
|y HP o0 ()| < Ky el Pomin (11.20)
Rerl Pmin — Ymax
Proof. Straightforward computation O
Lemma 11.3.2. Assume Yimin > 1 and
3
LI S (11.21)
Pmin Ymin — 1 2
Forpe N* andt >0
t Vni Vni
IE[/ (HP(bs) — kP)?ds] < 5t'y§( TR )2 +4K0272R2( TR 2 (11.22)
0 Ymin — 1 Ymin — 1
and
¢
“Ymin
E[/O (HP(bs) — KP)* ds] > 2t7 — 4K§7§R§(ﬁ)2 (11.23)
Proof. Write
t
I, B[ [ (#(b,) ") as
0
and
€T
flz) = / (HP(y) — &*)° = Var(HP)x (11.24)
0
Ry
= o / f(y)dy - —/ £ ) dy) (11.25)
Observe that g is periodic of period R, and by the Ito formula
I, = Var(HP)t + E[g(b;)] (11.26)
Now the result follows by the theorem 11.2.1 and by observing that
lglloe < ARG R 22 (11.27)
min —
O
Lemma 11.3.3. Forpe N*, andt >0
t
B[ (174 0) = 6 )P0 ) d]| <
0 (11.28)

‘min K,
KO’Yp 1’Yp7’7 (8KORp 1\/_+t—)
Ymin — Tp
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Proof. For p € N*, write
t
Ipo = IE[/ (HP™(bs) — kP~ 1) (HPP(by) — KP) ds] (11.29)
0
write for x € R,
xT
gla) = [ (7 ) = HP )~ 1)y (11.30)
0
Observe that by Ito formula
bs
QE[/ 9()dy] = Jp2 (11.31)
0
But by the corollary C.1.4
~
l9(x)] < 2Ko7- 1$(4’YpKORp L 2| ) (11.32)
min Tp
It follows that
’len \/_ K
|Jp2| < Kovp— S v— (8KoRy1 +t—) (11.33)
O

Lemma 11.3.4. Let f,G € C*°(T}) such that fo y)dy =0 and fo
r € N* such that R/r € N* andt >0

610 [ 015008 5)] < Wy Nl oy — ey

Proof. write

G(by) /O O f (rby) ds]

write fr and G the Fourier decomposition of f and G.
1‘) _ Z fk eik%x
keZ

Note that

A3 20y =R [ fal?
(Tg)

kEZ

Write for k,m € Z

ka:/tE[ zkr%bs zm bt] ds
’ 0

By a straightforward computation

t
ka:/ e_(_)Q(kT+m) _(%‘r 2m (t— S)
0

) —(22)2(802 )t

2”)2%1‘,1_6
s

=2 (% 5 Dk
(f) (5 + krm)

y)dy = 0, with R € N*, let

=il (11.34)

(11.35)

(11.36)

(11.37)

(11.38)

(11.39)
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223

(in last fraction in the above equation, if the denominator is equal to 0, consider it as a limit to

obtain the exact value t)
Now

27
Jemik— ftGm
> Jkmi =l

k,meZ?

Thus since fo =Gy =0

s m l l
H<2 Y e G (SRR

mezZ* keZ
with
=Y (1—6(2”(““5)2”“’"”“)2 e
m = b} €
kezx (% +Tm)(2§ﬂ)2
t 2m 27r 2m
L R A D D TETEI3P
= 21.2(2m
4 keZ*T k ﬁ
RQ
=~ ﬁ
Thus
10 _2myem?2, 1
1] < HfHLQ(T}%)HGHLQ(T}%)E( S e )
kezZ*
30 R .1
< G —)2
= HfHL?(T}{)H HLQ(T}*)TRti (%)2

Corollary 11.3.1.

E[ /0 t O HP Y (ws.e1)ds /0 bt(Hpvp(y) - np’p)dy]‘ <

5
mln RE
1552

rptd
Proof. Straightforward by the lemma 11.3.4.
Lemma 11.3.5. Assume Vimin > 1 and

Ky

Pmin = 8(K0'YmaX'Ymin + 1)7
Ymin — 1

then with

sl o]

Yenin — 1717 1Yp 1

(11.40)

(11.41)

(11.42)

(11.43)

(11.44)

(11.45)

(11.46)
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one has
I < t(5’)’2 ( “Ymin )2 + 8K0’)’ 1y “Ymin ﬁ)
p= p-1 ’Ymin_l b p Inin_1 Tp
2
2.2 Tp
+t° K3 T2
P
+ \/¥68’Yp—1’YpRp—1Kgﬂ (11.47)
“Ymin — 1
5
1 "len RE
+ 60K —20
t% 0 Ymin — 1’7]7 . Tp
Opr 11%2
and
I > typ_,
Ymin
- \/%68’Yp—1’7pRp—1Kg_7_1
5
in RZ (11.48)
- _60K077 Tp—17p 7
t1 —1 Tp
"len
- 4K0’Y£—1R;%—1(_7_1)2
Proof. Observe that
t
L—1,_ +E[(/ O HP P (w,.e1)ds)° | + 20, (11.49)
0
with
t t
Jp = E[(/ 61Hp’p(w8.el)ds)(/ 61Hp_1(ws.el)ds)} (11.50)
0 0
Now by the Ito formula (by = wy.eq)
t b t
/ O HPP(ws.e1)ds = 2/ (HPP(y) — kPP)dy — 2/ (HPP(bs) — kPP)dbs (11.51)
0 0 0
and
t b t
/ O HP Y w.e1)ds = 2/ (HP 1 (y) — kP V) dy — 2/ (HP~Y(bs) — kP~ 1)dbs (11.52)
0 0 0
It follows by the lemma 11.3.1 that,
T <vp-1Rp1 Ko— 202 Koyt + 4| Jp 0| + 2,.3]
pl SVp—141p—14%0 ] 0Yp p,2 p,3 (1153)
with
t
Jp2 = IE[/ (HP™(bs) — kP™H)(HPP(by) — KP) ds] (11.54)
0
and
t bt
Jp3 = E[/ 81Hp_1(w8.el)ds/ (HPP(y) — kPP)dy] (11.55)
0 0
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It follows by the lemma 11.3.2, the lemma 11.3.3 and the corollary 11.3.1 that

“Ymin “Ymin
I, < 5t’>’1§—1(7)2 + 4K02’Y§—1R12;—1(7)2
1

min — 1 min —
2
v
g2 v 2
“Ymin
+ Q’Yp—lRpflKOﬁ2K0’Yp\/% (11.56)
) K
+ K017y — 2 (8K Ry 1 Vi + =)
Ymin — 1 Tp
g
. R
=+ 60K§ﬂ7p—17p%
Ymin — 1 T‘ptZ
Thus
2 “Ymin 2 “Ymin Kl
Ip < t(57p_1(7min — 1) + 8K07p—1’7p in — 1 E)
2
272 p
TR
P
+ \/¥68’Yp—17pRp—1KgLnl -
min —
5
1 Ymin RE
+ —60K2—2 _~ =
t% 0 Ymin — 1’7]7 e Tp

+4K5, Ry
Similarly by using the lemma 11.3.2, the lemma 11.3.3 and the corollary 11.3.1 one obtains that

oo
I, > 2ty — 4K§7§71R§71(%)2
min

- 27p—1Rp—1K0&2K0’7p\/z

mln_1

i K
— 8Ky 17p— (8K Ry 1V +t—)
Ymin — 1 Tp

(11.58)

“Ymin Rg
Tp—17p 1
Ymin — 1 rpt4

— 60K3

Thus

Ymin
I, >t(2v5, — 8K07p717p%7‘_)
min D

Ymin
— V683, 17 Rp 1 K ——

min 1
5 (11.59)
1 “Ymin Rp
— 60KG "y, 1yt
t% 0 Ymin — 1 P P Tp
“Ymin
ARG Ry (2

Ymin —

Then the results follows by observing that

Pmin > 8KOK1’YmaXﬂ (1160)

o Ymin — 1
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implies
m K
2 > 8Ky, — i 2L 11.61
Tp—1 = 80 1’Yp,ymin 17, ( )
O
Lemma 11.3.6. Assume Vimin > 1 and
215(1 + K0)3(1 + Kl)gﬂq/ﬁiax < Pmin (1162)
Ymin — 1
then for
% g “Ymin 4 71,4
t>240— K ( )5(—)5
745 min 1 Y0
1
one has
" 1 Ymi
== <Ef(gee2)?]t <9730(—)2 (1 + Ka)? (11.63)
Ymin —
with
R? s “Ymin 4,7 4
p(t) =sup{p € N : t > 240—F K ( )5 (—2)5} (11.64)
TE Ymin — 1 Tp—1
and
m(t) =inf{pe N : t < R’} (11.65)
Proof. Since
t
Yp.€2 = Wy.€9 —|—/ O h(ws.eq)ds (11.66)
0
It follows that (by the independence of wy.eo with wy.eq),
t 2
E[(y1-c2)%] :t+ﬂz[(/ Ouh(ws.e1)ds)?] (11.67)
0
thus for all p € N*
t 2 t 2
E[(yt.eg)Q] :t—f—IE[(/ 81Hp(ws.el)ds) ] +E[(/ 81Hp+1’°°(w5.61)ds) ]
0 0 (11.68)

+2E|( /O oL oy e1)ds) ( /0 "o HP (,.01)ds)]

Thus by bounding the term with 9; HPT1> as a drift scale (see lemma 11.3.1) it follows that

El(yee2)?] >t + %E[(/Ot 81Hp(%-61)d5)2} - E{(/Ot aalHm(ws'el)ds)Q] (11.69)

1 t 2 Yp+1 Pmin 2
>t+ K| /8pr'e ds)’] - (ki
5 ( ) 1 ( s 1) ) ( 1 Rp+1 Pmin — "Ymax)
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and

E[(ys.e2)?] gt+2ﬂz[(/0t 81Hp(ws.el)ds)2] +2E[(/Ot aalﬂ,oo(ws.el)ds)?}
(11.70)

t .
9+mﬂ/&m@wmyymﬂm%ﬂ Pmin >
0 Rp+1 Pmin — Ymax

Then it follows by the lemma 11.3.5 that if ~,,;, > 1 and

K

— (11.71)
Ymin —

Pmin = 8(K0'YmaX'Ymin + 1)
one has

Ymin 2 “Ymin Kl
16 Kovp_1vpy——m——

2
0 Yp+1 Pmin 2
+t3(K22-L + 2(K,
( ! R}% ( Rp+1 Pmin — ’Ymax) )

+VEL32y, Ry K2R (11.72)

min ~— 1
5

1 “Ymin R;

+ F120K2—"2 ) 1,2

t% 0 Ymin — 1 P b Tp

E[(yr.e2)’] <t(1+ 10%3—1(

+ 8Ky, 1 Ry

and

E[(y-e2)?] > (222 + 1)

42 ( K, VTp+1 Pmin 2

Rerl Pmin — Ymax
— \/%34%71%]{1)71[(02&

mln_1

(11.73)
5
1 “Ymin R}%
— T 30KG "y 1y
t% 0 “Ymin — 1 P P Tp
2 2 2 Ymin 2
- QKO’Yp—1Rp—1(7%“in — 1)

Now observe that in the equation 11.73 the first member is greater than 8 times the second one if

2
Tp—1 Ymax \ 2
R? P 1— >t 11.74
p+1 167134_1 K12 ( pmin ) — ( )

In the equation 11.73 the first member is greater than 8 times the third one if

2
Tp 2 4, Tmin |2
R2_ KA (—min (11.75)
73_1 p=170 ’Ymin_l

¢ > 919

In the equation 11.73 the first member is greater than 8 times the fourth one if

2

Rz s .
t > 240-L K7 (—Imin g5 T3 (11.76)
3 Ymin — 17 Yp-1
P
In the equation 11.73 the first member is greater than 8 times the fifth one if
2 P2 Ymin 2
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Then choose

R? s -
p(t) =sup{p € N : t > 20-L K5 (—mn_)5( 125y (11.78)
TE VYmin — 1 Tp—1
Observe that with this choice
R12>+1 & Ymin (4, Vp+1.4
t < 2401 K ( HEAZSE (11.79)
=3 . _ 1
ro “Ymin Tp
p+1
and assume that
2514 Ko)*(1+ K1)* Lyt e < Ponin (11.80)

Then a straightforward computation shows that 11.78, 11.79 and 11.80 implies the conditions 11.74,
11.75, 11.76 and 11.77. It follows that

tvﬁ: < E[(ys.€2)?] (11.81)
Similarly with the choice
p(t) =inf{p e N : t < R} (11.82)
it follows under the assumption 11.80 that
E[(y-€2)?] < mg:ao(%)%l + Ky)? (11.83)
O

Theorem 11.3.1. assume Ymin > 1, Ymax, Pmax < 00,
Pmin > pO(’Yminvp)’maajaK& Kl) and t > tO(’Yminv’YmamaRlv KOaKl) then

Eo[|ye.e2]?] = t1H® (11.84)
with
In “Ymax 02
t) < - — 11.85
V()_lnpmin+ln%+lnt ( )
1 min C
v(t) > D L (11.86)
In ppaz + In ﬁ Int
Where the constants C1 and Cy depends on Pmin, Ymin, Ymaxs Pmax, 551, 52
Remark 11.53.1. Note that for ymin = Ymax and Pmin = Pmax = P
| C(~,
w(t) — | < . p) (11.87)
Inp Int
Proof. Straightforward by the lemma 11.3.6. O

Theorem 11.3.2. assume v, = V¥ and R, = p—l[%] with v,p > 1 and o > 1 Then for t >
to(v2, B2, Ko, K1)
C1t77 D < Bol|ys.eal?] < Coty”?) (11.88)
with
B(t) = 2(——)a(Int)a (11.89)

Where the constants C1 and Cy depends on p,~y, o, K1, Ko

2lnp
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Remark 11.3.2. Note that this theorem shows how the diffusion becomes more and more super dif-
fusive as « | 1: the ratio between scales tends to be constant.

Proof. Straightforward by the lemma 11.3.6. O






12. RATE OF CONVERGENCE TOWARDS THE LIMIT
PROCESS

12.1 Sharp upper bound for the rate of convergence towards the asymptotic process

12.1.1 Cluster expansion

Lemma 12.1.1. Let M; be a continuous square integrable F; adapted martingale such that Mg = 0
and for \,t > 0, E[e*t] < 0o.
Assume that there exists a function f:RT — RT such that for all ts >t >0

to ta—t1
E[/d< M, M >, |F,] < / f(s)ds a.s. (12.1)

t1 0

1. Then for all X\ € R and all ¢ > 1

+oo
Blexp(MM)] < [1+ Y2552

=l 1 (12.2)
/ T(up + - +up < t)f(ur) - flug)duy - - duy]a

u; >0

2. If f(s) = f1 for s <ty and f(s) = fa for s >ty with to > 0 and 0 < fo < f1 then with a = %
and = -~

2(q 1>)‘ fito)" Z (r —m)"C™(a — 1)m]% (12.3)

o<m<nAp

Efexp(AM; )] [1 + Z

Proof. (a) Note that for ¢ > 0
E[exp(AM;)] = Elexp(AM; — cA? < M, M >;) exp(cA\? < M, M >)]

Then by Hoélder inequality

Q=

E[exp(AM;)] < Elexp(pAM; — cpA* < M, M >t)]%E[eXp(cq)\2 < M, M >;)]

with 1/p + 1/q = 1; choose ¢ = p/2 then by the Ito formula exp(pAM; — (p?/2)\2 < M, M >;) is a
positive local martingale equal to 1 at t = 0 thus it is a sur-martingale and

Elexp(pAM; — (p%/2)A% < M, M >;)] <1
Thus for all ¢ > 1

q
2(¢—1)

Q[

E[exp(AM;)] < E[exp( N < M, M >y)]
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2

Write X; = exp(hqA? < M, M >;) with hq = 52

(¢-1)
Then
+o0 2 n
(hq)\ < M,M >t)
X =
t nzo n!
400
Xy =1+Z(hq>\2)"/1(0<t1 <<ty <) d < MM >y -o-d < MM >y,
n=1
Write

Wn:/1(0<t1 <<ty <t)d< MM >y -ood < M, M >y,
Now it will be proved by induction that

E[W,] < / 10 <up+--4u, <t)f(ur)-- flup)duy - - - duy,
u;>0
First of all,
t
E[W,] :E[/ 10<t; <<ty < t)IE[/ d<M,M >, |Fi, ]

tn—1

d<M,M >y ---d< M,M > ]

this leads to

t—tn—1
E[W,] gE[/ 10<t; < -+ <tp1<t) / flty)dt,d < M, M >y

0
ced < M, M >, ]

E[W,] gE[/l(O <t <<ty <tp <t)d < M, M >y
ced < MM >y f(tn — tp—1)dty]

and the following inequality completes the first step of the induction

E[W,] gIE[/l(O <t <<ty <H)10 <up <t—th_1)
d<M,M >y ---d< M,M > | f(u,)duy]
The mechanism is now clear: if

E[Wn]gE[/ 10 <ty < -+ <t <tpyr <OLO0 < upya+ -+ up <t —tgpyq)

u; >0

d< M,M >t d< M,M >t f(u,IH_Q) v f(un)duk_,_g v dun]
Then

E[Wn]gE[/ 10<ty <+ <t <)L0 < upqo+ -+ +uy, <t—tp)d < M, M >

u; >0
g o —un

ed < M, M >t E[ / d< M,M DT |Ftk]f(uk+2)f(un)duk+2dun]

173
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E[Wn]gE[/ 10<ty <+ <t <)L0 < upqo+ - +u, <t—tp)d < M, M >

u; >0
t—ty g pa——n
d < M, M >y, / S(ter)dtry 1 f(upga) - f (un)duggo - - - duy]
0

E[W,] SE[/ 10 < b1 < -or <t < )10 < Upsr + -+ tn < £ —13)
u; >0
d< M, M >t ed < M, M >t f(uk+1)f(un)duk+1dun]

And the following inequality is deduced from this induction
E[W,] < / 10 <up+ - +up <t)f(ur)--- flun)duy - - - duy,

u; >0

Thus

Elexp(AM,)] 1+Zh)\2 /1(0<u1+---
u; >0

+u, < t)f(ul)---f(un)dul---dun]é

This proves the first part of the lemma, now the second part will be proven.

(b) Assume that f(s) = fi for s<tgand f(s) = fofor s >ty with tg >0and 0 < fo < fy

Then write a = —f and p = - and

H, = / 10 <up+ - +u, <t)f(ur) - flup)duy - - duy,

u; >0

Now, by writing ¢g(z) = 1(z < 1) + al(z > 1) and u; = z;tp

Hy = (f1to)" / 10 <z 4+ 420 <p)g(z1) - g(zn)dzr - - dzn

2;>0

Define

:/1(0<z1+---—|—zn<u)g(zl)---g(zn)dzl---dzn
>0
n
Gn:/1(0<z1+---+zn<u H (zr <1)+al(zk > 1))dzy -+ dzy,
>0 k=1

Gn ZapC’p/ O<zi4+- 42z <pl(zn >0)
2i>0
1z > D1(2pe1 < 1) -+ 12y < D)dzy -+ - dzp
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Write

GP = / 10< 21442z, <p)l(z1 >1)--1(zp > 1)1(2p41 < 1)
2;>0
o (zy < 1)dzy -+ - dzy,

= / 1(0<21+"'+2n<ﬂ—p)1(zp+1<1)"'1(2n<1)dz1---dzn
z; >0

= /(u—p—zQ—---—zn)1(0<zQ—i----—i—zn<u—p)1(zp+1<1)
2;>0
o 1(zy < D)dzg -+ - dzy,

And by induction if (k < p)

J— J— —_ . e e — kil
Gfl:/('u P ?Z—l)' 2n) 10<zp 442z, <p—p)l(zp41 < 1)

2; >0
o 1(zn < D)dzy - - - dzy

Then
—p— B L
GP = / (=P =2 2n) 1(0 < 241 +
(k)!
2; >0
otz < p—p)l(zppr < 1) L(zp < D)dzggr - dzy,
Thus
—p— e — )P
GP = / (n=p zp+1| 2n) 1(0 < zp41 +
(p)!
2;>0

ot zy < p—p)(zpp1 < 1) 1z < D)dzpyr - dzy,

Now it will be shown by induction that

3

-P
D _ k
Gn - Un
k=0

(H—p—Fk)"
_pTl(p‘f' k < H)

Where the sequence vé‘? is defined by

Vji>0,0) =
VE>1vE=0
. k+1 k+1 k
V]EO,]{:ZO,UJ-L:UJ»JF —v;
indeed
M_p_z 2_..._z p+1
Gg:/(( IZJZZJrl)' 2 — ot <p—p-1)
2; >0
(u—p—1—2p+2—---—2")p+1)
(p+1)!

10 < zppo+ -+ 2 < pp—p)l(zpya < 1) -+ 12z < D)d2zpio---dzy
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If

G — / (b =P~ 2prj1 — - — 2PV
" (p+J)!
z; >0

stz < =) (zpyjp1 < 1) L(zp < D)dzpyjqr - - dzn +

1(0 < Zp+j+1 +

e p—k— 2 g — e — 2z )Pt
+/UI§(N p ptj+l n) 10 < zpigin +

! (p+7)
z; >0

et 2y < U —Dp— k)1(2p+j+1 < 1) s 1(Zn < 1)d2’p+j+1 coodzy +

(=P = = Zprjur — - = 2)P
+/v]- - 1(0 < zptj+1 +
7 (p+7)! Y
z; >0
ot 2y < p—p— ) 1(Zpgji1 < 1) Uzn < Ddzpgjgr - dzy

Then
p+j+1

Gp:/ (M—p—zp+j+2—"'—zn)

2; >0

j+1 ‘
+]Z (v&_kal)(“_p_k_szerrZ—"'—Zn)p+3+1
S (p+j+1)

1(0 < Zp+j+2 +

k:1Z¢>0

ot 2y < p—p— k) (zpprjp2 < 1) 1(zn < D)dzpgjpo---dzy

Which proves the induction.
Thus

o =P,

n=T (p<u)—(?"o—p)(“_pi_1

)Tl
1<y

—pn—p—1)(n—p—2)"
+(n p)(f; p—1)(u 1;' ) 1p+2 < )
k (:U'_p_k)n . nfp(u_n)n

Now it will be shown by a double induction that Vj > k
v}“ = Cf(—l)k

08 = 1 so this is true for j=0
Assume that it is true for j < jo Observe that v?o 41 = 1, now assume that the statement is true in
jo + 1 for k < kg < jo + 1 then

ko+1 ko+1 k
Vit :”j§+k_fj§k L
= (Ve £ Cl
— (_1)k0+1 (]0)! 1 + 1 ]
. (iO)!(le —ko—Dl'ko+1  jo—ko
_ +1 ~ko+
- (_1) 0 Cj00+1
Which proves the induction
Thus
n n—p
G =Y ey Y b (P
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Write m = k + p, then

1 n m
GTL = ﬁ Z (/’L - m) Z apcgcn pp( )(m - p)

" 0<m<pAn 0<p<m

But
|
PP = e —cmee
P plm = p)l(n —m)! e

Thus

1 m n

Gn = m Z Cn (M_m) Z apCf.’n(—l)(m—i—p)

" 0<m<pAn 0<p<m

- Y e e

T 0<m<uAn

In short, is has been obtained that

Q=

Efexp(AM;)] [1 + Z U flto S (-m)"Ca - 1)”]

0<m<nAp

12.1.2 A combinatorial lemma
The following lemma is quite technical and will be useful to exploit the previous one

Lemma 12.1.2. Put —% <zx<0
Write for n € N,

— £ m
0<m<n

Write u, the sequence defined by up =0 and up1 = exp(—zuyp)
Then uy, is increasing and converges to yo the smallest positive solution of yexp(xy) =1 and Vp €
N*, VneN

1 n
up(:c)> 1 — upexp(zuy)
Proof. Write
y1 =inf {y >0 : yexp(|z|y) =1}

(notice that 0 < y; < 1) and consider for —y; < y < y; the function

1
A ST
Observe that for y € (—y1,41)
400
Fy) = (yexp(ay))"
n=0

_ioy Z )m
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and since

Sy (nlzly)™ _ 1

| 1
0<n,m<+oo m: 1 yexp(|x|y)

with a normal convergence of the series, the order of the limits can be changed. So

= (Y X
o) = 3 LSy
m=0 ' n=0

+oo gy +©

=Y =Y —m)y”
m=0  n=m

+o0 n zm
_ n _ m=
=2y ) (n—m)
n=0 m=0
+oo
n=0
and deduce that Vn € N, [, = % Now, consider the function
g9y — yexp(zy)
R—R
Observe that,
9'(y) = exp(zy)[1 + zy]
, 1
gy)=0ey=—-=mp
T
Thus, g is increasing from —oo to yo then decreasing and g(y2) = —e)(pi,i_l) Thus, if —% < x < 0

then yo = inf {y > 0 : g(y) = 1} does exist.

Moreover Yy €] — y1, 90, ¥n, f™(y) >0

Deduce from the classical theorem of Taylor expansion that the series Z;ﬁ% y”% converges
towards f for y €] — y1, yo|

So for y €] — y1,yo|

- 1
>~ e
vt 1 — yexp(ay)

and this sum is finite for y €]0, yo

Deduce that Yy €]0,yo[ Vn € N I, = (%)"m

On the other hand if one consider the sequence ug = 0, up1 = exp(—xu,) then it is an exercise to
show that w, is increasing and will converge towards yo

SoVp e N VneN

1 \n
up(:ﬂ)) 1 — upexp(zup)
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12.1.2.i The main theorem: sharp control of the Laplace transform

Theorem 12.1.1. Consider My a continuous square integrable F; adapted martingale such that
My =0 and for \,t > 0, E[e*?] < co.
Assume that there exists a function f:RT — RT such that for all to > t1 > 0 one has a.s.

to to—t1
E[/d < MM >, |F,] < / F(s)ds
t1 0

With f(s) = f1 for s < to and f(s) = fa for s >ty with tg > 0 and 0 < fy < fi.
Then

1. for all
1
0< |\ < . (12.4)
(2e(f1 — f2)to)?
one has
3(1-1/g(\)) 9g(A) 1o
Elexp(AM;)] < e exp(=5= A" fat) (12.5)
with g(A\) = m which verify 1 < g < 2
2. for all
1
O<v< ——F— 12.6
2e(f1 — f2)to (12.6)
one has
t —
Efexp(v < M, M >;)] < exp(v fat) b (vho( = 12)) (12.7)

((f1 = fo)vto)?

observe that ¢ — 1 when A — 0 so the control is very sharp.

. 2
Proof. Write a = %, = % and h, = _2(;1_1)

According to the lemma 12.1.1 by the Hélder inequality for v > 1 and 1/v+1/0 =1

Elexp(AM;)] < Elexp(hA? < M, M >,)]d
t
< Efexp (hgX*(< M, M >4, +/ d< MM >,)]s

[K]to
N t

< Elexp(hquA® < M, M >{,34,)]% E[exp (hqA / d< M,M >, )]%
[u]to

Now

t
Elexp (9hg\? /[1 d< M,M >;)] <exp (0he\*(t — [u]to) f1)
Hto

and make v — 1 to obtain

Elexp(AM;)] < Elexp(hgA* < M, M >[u}to)]% exp (%)\2(75 — [ulto) f1)
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And by the lemma 12.1.1

Elexp(hy A2 < M, M >p,,)] < Z = (X fito)" S (W] - m) O (a— 1"

n!
n=0 0<m<nA[y]
Thus
(] 2
Elexp(hg\*> < M, M >[,1,)] (@a-1m > %([u] —m)
m<n ’
hg(a — 1)A2 fito)™ o
< explh it }j <;, RO () — iy

0<m<[u

But according to the lemma 12.1.2 for
1

(ehg(f1 — f2)t0)

1
—= < hy(a — DN f1tg <00 < |\ <

SIS

one has
([1] = m)™ (hg(a — DN frtg)™ )= LY 1
OS%:M m! (e =my™ = (up(y)) 1 —up(y) exp(yup(y))
With y = hy(a — 1)A2 fitg and uy(x) = us(z) = exp(—x)
Then by using exp(—y) — 1 > —y and —% <y<0
(] =m)™y™ 0 nem exp(y(u])
oggg:w m! (1 ) = I —exp (y(exp(—y) - 1))

_ expyl)

- 1—exp(—y2))

_ explyli)

< 2
So

exp(hg(a —1 A2 fit
E[exp(hq)\Q <M, M >Mt0)] < eXP(hq)\zfltO[,u]) I()Elq(é — 1)1\2f{7lfoggu])
and
exp(t 32
Blexp(hg\? < M, M >p))4 < 00t 2100)
(hq(1 —a)A? fito)«
Thus
exp(Pa )2
Blep(M)] < X POV B g )
(hg(1 — a)A? fitg)« B
and
exp(ta?
Blop(M)] < — 2 I Bt Ly - 1)
(ho(fr = fo)N2tg)a 1 o
exp(%‘z)ﬁfgt)

< 5 €Xp (@Azto(fl — f2))
(hq(f1 — fa)N?tg)a 4
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Thus it has been obtained that for all ¢ > 1 and all

0<il< 2 1 T (12.8)
(62(5—1) (fi — f2)to) 2
one has
sy N fat
Elexp(AM;)] < e?p(2(q n~ /2 ) 5 €Xp (2 q—l N2to(fr — fg)) (12.9)
(grgy (1 = f2)A%to) (¢—1)
Now if
0 <A< — (12.10)
(2e(f1 — fa)to)?
chose
: (12.11)

1= X2(f1 — fa)toe

then by a straightforward computation ¢ > 2 and the inequality 12.8 is satisfied. It follows after an
easy computation that

Elexp(AM;)] < 3171/900) exp(@,\%t) (12.12)

with g(\) = which verify 1 < g < 2.

1
1—)\2 (flffg)toe

Now consider
1

for ¢ > 1 chose A so that v = )\th.
Observe also that the inequality 12.8 is satisfied, thus

Elexp(hg\2 < M, M >)]s <

hq 2
exp(GA°fot) 5 €Xp (@Azto(fl —f2)
(hy(f1 = f)2t0)e 4

From which one deduces that

Elexp(v < M, M )] < —PUD) o0 to(fy — £2)

((f1 = f2)vto)
Which proves the theorem. ]

12.1.3 Application to bound from above the tail estimate of a martingale

Corollary 12.1.1. Let M, be the martingale given in theorem 12.1.1.
1
Write Cy = (2e(f1 — f2)to)2/f2. Then for

r=—<1 (12.14)
one has

(12.15)
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Note that 0 < g1(r) < 1 and that g; converges towards 1 with the speed 72 as r — 0, so this
upper bound gives an estimate the speed of convergence towards equilibrium of the behavior of
the martingale. Note that the homogenization behavior starts when r < 1 and converges towards
equilibrium as x/t — 0 with the speed given above.

Proof. For A >0 and z >0
P(M; > x) < Elexp(A(M; — z))] (12.16)
Thus according to the theorem 12.1.1, for

1

0< A<
(2e(f1 — f2)to)

(12.17)

N

one has
3(1—1/9())) gA) |2
P(My>z)<e g exp(T)\ fat — Ax) (12.18)

where ¢ is given in 12.1.1.

Now choose A = x/(f2t) and write r = Cyz/t with C1 = (2e(f1 — fg)to)%/fg. Then it follows that
for

r= % <1 (12.19)
one has
P(M, > z) < 2" exp (— g1(r) z” ) (12.20)
X e exX — r)——— .
t = = P 91 2fol
with
2
,
g(r)=1-5—3 (12.21)

O

12.1.4 Application to the upper bound estimate of the transition probability densities
of a diffusion

Consider y; is a diffusion on R? such that for ¢ > 0
ye =+ x(t) + M, (12.22)

where x(t) is a uniformly (in ¢) bounded random vector process (||x||cc < Cy) and M; is a continuous
square integrable F; adapted martingale such that My = 0 and for \,t > 0, E[e*¢] < oo.

Assume also that there exists a function f : RT — R such that for all | € R? with |I| = 1 for all
to > t1 > 0 one has a.s.

to ta—11
E[/d < M., M.l >, |F] < / F(s)ds
t1 0

With f(s) = f1 for s < tg and f(s) =Dl < fy for s >ty with to > 0 and 0 < fo < f1.
where D is a positive definite symmetric matrix.
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Assume also that the diffusion y; has symmetric Markovian probability densities p(¢, z, y) with respect
to the measure m(dy) such that for all 2,5y € R? and t > 0

C
plt,,y) < —2 (12.23)
t2
and for 0 > 0
2
P.(ly — 2| > 6) < Cye™ 1% (12.24)

where Cs, C3, C4 are constants.

Theorem 12.1.2. Assume that y; is the diffusion described above. Then with ki = (26(f1 —
1

)\min(D))tO) 5/)\min(D) and ko = 30 + IOd)\maX(D)(l =+ C4)

|z -y

While —y| <t, kg < —2 z—y| > 4C 12.25
il =9l < BB eyl > a0, (1225
one has
E; ly —x — 20, |2
t < — - (1-FF) 12.26
with
By = Cy(— " e 12.27
= 2(2)\mm(D)C4 +27C5) (12.27)
and
kilx —yl., NG 1
FE=8(———= 22— < — 12.28

Remark 12.1.1. Note that £ — 0 as |“;y| + % — 0, this gives an estimate on the rate of con-
vergence towards equilibrium. The exact homogenized behavior appears in the asymptotic regime
|z —y|/t — 0 and |z — y|?/t — oo.

It is interesting to note that the homogenization regime begins as soon as the time t is of order of
the distance x — y (which must be at least of the order of C,).

The condition k2v/t < |z — y| is a natural one in the sense that if it says that the behavior of the
diffusion is not too close to the center of the Gaussian, however with 20k;|x — y| < ¢ the large de-
viation regime is replaced by a homogenized regime. Note also that if one is only interested in the
behavior of the diffusion in the direction y — « all that is needed is that x.e,_, is upper bounded (x
may have a greater generality than the solution of the cell problem).

Proof. Observe that for ¢t >0, z,y € R and 0 < ¢ < 1
p(t,z,y) = /]Rd p(tq, =, 2)p(t(1 — q), z,y)m(d=z) (12.29)

So for As = {z € R? : (2 —z).ey_p > (1 —6)|z — y|} (where e,_, is the unit vector in the direction
y—x)

p(t,:ﬂ,y) = /A p(tanaz)p(t(l - Q)’Z’y)m(dz)

+ /A p(ta,z, 2)p(t(1 — q), 2, y)m(dz)
C; 1 : (12.30)
< — | /P (ytg-ty—2 = |z —y|(1 —
<5 [(1_q); (tg-ey—2 > | — /(1 ~ 9))

1
+ _gpy(|yt(1—q)| > d0lr —yl)
q2
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Now by the corollary 12.1.1, for » < 1 with r = %, p=lz—y|(l-26)—Cy, and C; = (2e(f1 —
1
D(ez—y))to)?/D(ez—y) one has
Poeys > o= 31(1 = 8)) < ¥ exp (= (1 =)L) (1231)
ey T — — ez exp(— (1 —7%)——— .
z\Ytq-Cy—z = Y = p 2D(ex_y)tq
Then choose
[z —y
§ = exp(———2" ) (12.32)
dD(ez—y) V1
write C5 = dD(ey—y) In(4D(eg—y)C4) and assume that
|z — y|/Vt > max(Cs, 3dD(e;—y)) then one has § < 1/10 and one can put
1
1-q=2DCi8 < 5 (12.33)
this equation associated to 12.24 imply
P > 6 <c v —yl” 12.34
y(|yt(17q)| >z —y|) < 3€XP(—m) (12.34)
Moreover equations 12.32 and 12.33 imply
1 1 [z —y> Vit
< exp ( — (12.35
1ot = @00 "3 )iy )
Note also that for |z —y| > 4C,
p < (Jz —yl =201 =) (12.36)
Observe that
2 —
qt t
Thus for 2C|x — y|/t < 1 one has by the equations 12.30, 12.31, 12.34 and 12.35
By ly — 2 — 20x?
pt,r,y) < —exp(— (1 — Fo)————"— 12.38
(e < Sewp (= (1= B Lm0 (12.3%)
with
By = oy 21C 12.39
1= 2(m +2°C3) (12.39)
and
z—ylyo  _VE |z — y|
By =8(C, )%+ + 2exp(————) (12.40)
t |z — y| dVtAmax (D)
and the result follows after a simple computation ]
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12.1.5 Application to homogenization in periodic media

The theorem 12.1.2 can be used to give estimates on the rate of convergence to equilibrium of a
diffusion in a periodic media as soon as a cell problem is well defined.

As an example, it will be applied here to obtain estimates on the rate of convergence towards
equilibrium of periodic potential form diffusions.

where U € CH(T{) (U(0) = 0)

Corollary 12.1.2. Consider p(t,x,y) the transition density probabilities of the diffusion 12.41 with
respect to the measure my . then for

< T2 s 40, (12.42)

20k |z —y| < t,
1| | \/%
one has

ly —x — 2(Z’X\2
2D(ey— )t

Eq

p(t,z,y) < T exp(—(1—E) ) (12.43)

where ki, ky,Cy, E1 are constants depending only on d and Osc(U). Moreover

Vi1

kilz —y| 1
|z —y| — 10

E=8(——

)’ +2 (12.44)
Remark 12.1.2. Since the constants appearing in this corollary doesn’t depend on ||[VU]|s but only
on Osc(U) it is an easy task to extend this result to case where U is only bounded (left to the reader,
see for instance the theorem 1.2 of [CQHZ9S]).

Note also that this control gives the rate of convergence towards equilibrium for the upper bound

and allows to complete the image associated to the different regimes:

1. Large deviation regime: for |z — y| >> ¢ the paths of the diffusion concentrate on the
geodesics and

Jz—yl?
ot

Inp(t,z,y) ~ (12.45)

2. Homogenization regime: for 1 << |r — y| << t and |z — y|? >> ¢, homogenization takes

place and
1 |z —y|?
t ~— _—— 12.46
p( 7x7y) t% eXp( 2D(ey_m)t) ( )

3. Heat kernel diagonal regime: for |z —y|?> << t, the behavior is fixed by the diagonal of the
heat kernel and

p(t,z,y) ~ —; (12.47)

Note that |z —y| << 1 and |z — y| << t imply |z — y|?> << t thus all the regimes are here.

Remark 12.1.8. Note also that one can consider a wider class of periodic diffusions such as the one
5.131 considered by J.R. Norris, combine the theorem 12.1.2 to the generalized Aronson type estimates
obtained by J.R. Norris [Nor97] (see subsection 5.3.2) in order to obtain estimates on the rate of
convergence towards equilibrium of the diffusions associated to those operators. This application is
left to the reader.
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Proof. Indeed this diffusion has symmetric probability densities with respect to the measure mg
(defined in 5.1) and the following Aronson type upper bound is available (see 3.28).

1 _ 2
Pl )W > 2L e ( Z%) (12.48)
t2
with
7 — (l0(4-+d) Osc(U) (12.49)

it follows directly that the conditions 12.23 and 12.24 are satisfied with constants Cs, C'3, Cy depending
only on d and Osc(U). Now write x; the solution of the cell problem 5.4 associated to this diffusion,
it follows that for I € R? (]I] = 1)

Ly =z + x1(y) — xu(2) —i—/o (I — Vxi)dws (12.50)

which is the form given in 12.22 (by the theorem B.2.1, ||x;|l« < Cy < oo where C, does only depend
on d and Osc(U)). The martingale is

t
.My = / (I — Vxi)dws (12.51)
0

Its bracket is equal to
t
<IM,I.M >t:/ Il — Vxi(ys)|*ds (12.52)
0

and since U € C'(T{), according to theorem B.2.1
1= Vxill% = fi < o0 (12.53)

where f; is a constant depending only on d, Osc(U) and ||VU||o. Moreover consider ¢ the solution
of the ergodicity equation B.39. Since ||¢||o is bounded by a constant Cy depending only on d and
OscU (see theorem B.2.2) it follows from the Ito formula

E[< I.M,1.M >, = E[¢(y:) — ¢(z)] + t"1D(U)! (12.54)

thus the martingale satisfies the conditions of the theorem 12.1.2 with

fo=1UD(U)I (12.55)
and
_ Co
to = (D) (12.56)

Now one can use the theorem 12.1.2 to obtain a sharp control on the heat kernel. It is very important

to note that all the constants appearing in that theorem only depend and d and Osc(U) except may
1

be k; = (2€(f1 — )\min(D))to) 2 /Amin(D) in which f; appears. This is where the trick operates, indeed

(f1 = Amin(D))tg = Cy which is a constant depending only on Osc(U) and d. Thus in reality all the

constants only depends on the dimension and on Osc(U). which proves the corollary U
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12.2 Lower bound: Sharp estimate of the rate of convergence towards the
asymptotic process

Consider the diffusion y; on R associated to the generator (U € C™(T{))
1
L= A-VUY (12.57)

Theorem 12.2.1. Forl € S% )\ > Cg(d, Osc(U)) and

C(d, Osc(U))A < t (12.58)
one has
Ply,.l > A\ > /OO e =2z (12.59)
T 4o Jx
with
X = #(1 + E) (12 60)
D)t '
and
1
p= GOy 6 0sc(U>)\/§ < (12.61)

Remark 12.2.1. Observe that all the constants appearing above only depends on d and Osc(U), thus
it is easy to extend this result to the case when U is only bounded and periodic (left to the reader).
Note also that £ — 0 as 1/\ + \/g — 0 giving the rate of convergence towards equilibrium. Note

also that one can consider a wider class of periodic diffusions such as the one 5.131 considered by
J.R. Norris (this extension is left to the reader)

Proof. write for (I € S? where S is the sphere of R? of center 0 and radius 1)
F(z) =l.x—x(z) (12.62)

where y; is the solution of the cell problem B.34 (x;(0) = 0) and write ¢; the solution of the ergodicity
problem B.39 (¢;(0) = 0).

Write (2, P, F, F;) the probability space associated to the diffusion y; (note that F; can be chosen as
the filtration generated by the Brownian motion w; appearing in the stochastic differential equation
associated to y).

Note that Fj(y;) is a (P, F;)-continuous local martingale vanishing at 0 such that (Ito calculus)

< Fi, Fy >=tD(l) + du(ye) + My (12.63)

with My = — [} Ve (ys)dws.

Now, since ¢; is bounded and M;/t — 0 a.s. (see for instance [RY91], chapter V, exercise 1.16) it
follows that < Fj, F] >..= o0 a.s.

Write

T; = inf{s : < F}, F} >,> t} (12.64)

Now apply the Dambis, Dumbins-Schartz representation theorem (see for instance [RY91] theorem
1.6 of chapter V) to see that B, = Fi(yr,) is a (Fr,)-Brownian motion and Fj(y;) = B<F, 5>, -
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Let A > 0, observe that
P[F, >\ =P[B >\
[ l(yt) = ] [ <E,Fi> = ] (12.65)
= P[Bpy + Er > Al
with By = B<p, r>, — Bpq):- Thus after an easy computation, for y >0
P[Fi(yt) > A 2 P[Bpay = A+ p] = P{Bpay > A+ p} N{|E] > p}]
> P[Bpay: > A+ p] = P E¢| > 4]
Now write Q¢ = ¢(yt) + My, then for v > 0,
P(|E| > p] = P[{|E¢| > p} N {Qs > v} + PH{|Ey| > pu} N {Qy < v/}]
<PlQt] > v] + P[‘SFP |Bp(tyt+= — Bpyl = 1
z|<v
It follows that
B[Ei| > 1) < Pl|Qu| > v] + 2B([B,| > 1
Now observe that
PllQ| = v] < P[|M| > v — | ¢1]|oc]
O
Finally for
v > o1l (12.66)
Plye.l = A] ZP[Bpay = A + |Xilloc + 1] = 2P| By| > p] = P[|M;] = v — ||| oc]
>P[Bpay > A+ IIxilloo + 1]
D(I)t
~ BB > | P B 2 v - ol
Write
1 * 9
- —x /2d
)= e x
9(@) = = /x
and note that
g(.’IJ) < CleyQ—mQ/Q
9(y)
It follows that under the additional condition
D)t
A+ [Ixilloo + 1 < Cop —(y) (12.67)
one has
1
Plyed > X] > SP[Boy 2 A+ Il + ] ~ PIA] > v~ 4] (12.68)

Now consider

t
<M,M >t:/ IVn|* (ys)ds
0
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Write H; the periodic solution of (H;(0) = 0)
1
(A= VUV)H; = IVoul? —mu([Verl?)

Observe that M; satisfies the conditions of the corollary 12.1.1 with fo = my(|Vi|?), f1 = |Vl

and to = |[Hilloo/(f1 = f2)-

(Note that ||Hj|leo < Cge€409%(V) indeed see theorem B.2.2 and observe that since with G(z) =
207 + ||é1]loo (F? + ¢) one has LyG > Ly H; and G > H; over [0,1]%) Observe also that (simple
integration by parts)

mu(IVorl*) < 4lléull D(1)

It follows from the theorem B.2.2 that fs is bounded by a constant which depends only on d and
Osc(U), by shifting f; one can take fo equal to that constant, it won’t change the proof. Thus for
Chyx < t one has

72
ol

where C)s is a constant depending only on d and Osc(U). It follows from the equation 12.68 that
under the additional conditions,

P(M; > z) <3exp(— (12.69)

Cu(v—lloillee) <t (12.70)
and
At IXilloo + 1 < C3(v = ||¢n]loo) (12.71)

(where C3 depends only on d and Osc(U)) one has

1
Plyed > X > 7F(Bpy > A+ [xalloe + 4 (12.72)
Now choose
2
v=|¢illoo + ?3(“ Ixtlloo + 1) (12.73)

with

At [I0 )
Ca/D(1) Cst

Then for A > ||xi||cc and ¢t > C4(d, Osc(U))A the conditions 12.70, 12.70 and 12.71 are satisfied and

(12.74)

A A
< Cs(d, Osc(U)))\\/; < 1 (12.75)

and it follows from 12.72 that

A
Plued > A > 2P{B: > A1+ Cayf2) + Il (12.76)

o |



13. SUB HARMONIC INEQUALITIES

13.1 General considerations

Let €2 be an open bounded subset of R? with smooth boundary. Let M be a strictly coercive matrix
with smooth coefficients on Q (M € I°(Q)): there exists v > 0 such that for all £ € RY, *6ME > ve?.
Consider in ) the operator

Ly = -VMV (13.1)

with Dirichlet conditions on 0f2.
Write G (z,y) = G5 (y) the Green functions associated to Ljs:

LasGar(,y) = 3z — y) (13.2)

Physical Interpretation In this chapter a physical interpretation of each mathematical object in-
troduced will be given to help the intuition in terms of electrostatics. For a good introduction to
the subject see [LL90]. Q represents a Dielectric cavity with conducting boundary 92 on which the
electrostatic potential is imposed to be equal to 0. The dielectric constant is a measure of how well
electromagnetic waves couple with the material. The relative dielectric constant has a real part that
is the permittivity of the material, and an imaginary part called the loss factor. Since this section
focus only on electrostatics, only the real part will be considered. Moreover this section focus on
anisotropic inhomogeneous dielectric materials, thus the permittivity is a second order tensor, here
it is the matrix M. In a real material the permittivity tensor reflects an equilibrium condition in an
electrostatic field of the molecular dipoles composing the material, thus it is obtained by the second
order partial derivatives of a thermodynamic function M;; o 810]-[7 associated to the free energy,
which imposes the symmetry of M. Thus in all the physical interpretations given here in terms of
electrostatics, M will be assumed to be symmetric.

Consider in this cavity an electrostatic potential ¢ and a density of charges g, its associated electro-
static field is given by —V¢ and the electrostatic displacement by —M V¢. Then the equation

Luo=g (13.3)

is the standard Poisson’s equation relating the electric displacement with the density of charges, (up
to the proportionality constant 47). Moreover Gs(x,y) is the electrostatic field created at the point
x by a punctual positive charge placed at the point y.

13.2 A sign inequality

13.2.1 Definitions and forms

13.2.1.i Extension of the notion of Dirichlet form

For ¢,¢ € H}(Q) and B € B(f) a Borel subset of Q consider the following form
E:(H}HQ)? xB(Q) — R

¢,w,B—>/BV¢(x)M(x)Vw(x) dx (134)
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Observe that (¢, 1, B) is bilinear in ¢ and v, it is symmetric if M is symmetric. Moreover for fixed
¢ and v it is a finite signed measure in B, thus it is natural to extend the argument B appearing in
€ to the space L>() of measurable bounded functions on €.

E:(HI(Q)? x L®(Q) — R

bbb — /Q Vo (@) M(2)Vi() h(z) do (13:5)

Physical interpretation £(¢,v,2) has a good physical interpretation in the sense that it represents
the energy of interaction between the charges Lj;¢ and Ly, that is to say if one consider the cavity
filled with charges Ljs¢ and one adds the charges L1, the total energy of the system will increase
by the energy of the system Ljs1) plus the energy of interaction £(¢,1,Q2) between those two family
of charges.

This is clear, however if one wants to give a physical interpretation to £(¢, v, B) for B € B({2) then
one is lead to introduce the concept of the localization of the energy. This concept will be discussed
here in a formal way but it should be handled with caution if one wants to give it an experimental
physical meaning.

Indeed, according to R. P. Feynman ([Fey79] page 142) "asking where the electrostatic energy is
localized is an interesting question but not necessary”, however ” ... it is natural to say that the
electrostatic energy is localized in the space, where an electrostatic field can be found because one
knows that when charges are accelerated they radiate an electrical field (see for instance the notion
of the Poynting’s vector)”. Now observe that the energy associated to the system of charges Ljs¢ is
equal to

5 | oot e =3 [ vouvodr (13.6)

In this formula the first member is the standard formula for the definition of the electrostatic energy,
the second member is interpreted (in a formal way) by saying that the energy has the density

oMV /2 (13.7)

with respect to the Lebesgue measure. However Feynman concludes by observing that since the
electrostatic energy of a single particle is infinite ”the idea of locating the energy in the field is in-
compatible with the assumption of existence of punctual charges. One way out of the difficult would
be to say that elementary charges, such as an electron, are not points but are really small distribution
of charge. Alternatively, we could say that there is something wrong in our theory of electricity at
very small distances, or with the idea of the local conservation of the energy. There are difficulties
with either point of view. These difficulties have never been overcome; there exists to this day.”

According to Landau-Lifchitz (see [LL90] page 13) the second member in the equation 13.6 is more
a formal condition than a physical one.

According to J.D. Jackson ([Jac62] page 22) the expression 13.7 for energy density ”is intuitively
reasonable, since regions of high fields must contain considerable energy”.

According to G. Goudet (author of a classical treaty on electricity: [Gou67] page 157) the expres-
sion 13.7 ”is more than a mathematical identity because modern theories show that the energy is
localized in the space where the electrostatic field is acting ... an electrical charge placed at a point
of this space is submitted to a force; actual science is based on the negation of the idea of action at
distance: one should admit that this force is due to the very action of the electrostatic field, even
if the dielectric is the void. The space where an electrostatic field does exist is modified, and does
posses an energy, which can be taken from where it is localized.”.

According to Mason and Weaver ([MW29] page 266), ”it is more sensible to inquire about the lo-
cation of energy than to declare that the beauty of a painting is distributed over the canvas in a
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specified manner.”
According to J. A. Stratton ([Strdl] page 110) ”it may be questioned whether the term ”energy
density” has any physical significance ... it is difficult to either justify or disprove such a hypothesis”.

Because of these difficulties the physical interpretation in terms of energy localization should be
taken on a formal point of view and with lots of caution: for B € B(2), £(¢, 1, B) is the electrostatic
interaction energy contained in the region B between the system of charges Lj;¢ and L.
13.2.2 The energy fluctuation form
For ¢,¢ € H} () consider the following form

V:(Hg(Q)? — Ry

by —> /Q IV6(x) M (@) V()| da

Observe that for ¢ € H} (), V(¢, ¢) = E(¢, ¢,Q) but V(¢,7) is not linear in ¢ or 1, V is symmetric
if M is symmetric. Observe also that V is sub additive in its arguments.

(13.8)

Physical interpretation Imagine that one adds to a system of positive charges Las¢, an other
distribution of positive charges L. The energy of interaction is £(¢, 1, ) is positive because one
has to work to add charges of the same sign, however the energy interaction density 13.7 is negative
in a region {2 and positive in the region €2/, since adding positive charges to positive only increase
the total energy, it is natural to interpret —&(¢,,€y) as an energy that has been displaced in .
Then V(¢, 1)) is equal to "energy imported + 2x energy displaced”.

13.2.3 The polarization form
For ¢,¢ € H} () x HZ(S2) consider the following form
P HNQ) x HE(Q) x B(Q) — R
6.0.8 — [ o(a)(VM@)Vo(a)) do+ | Vo) M(@)Vola)do
B B

Observe that P(¢, 1, B) is bilinear in ¢ and ¢ and is a finite signed measure in B. Note also that
P(o,,Q) = E(o,1,Q) and

(13.9)

P(¢; 4, B) = =P(¢,4, B°) (13.10)

Write C%(€2) for the space of C? functions on  null on the boundary 99 (D for Dirichlet condition).
Observe that if B is an open subset of ) with smooth boundary then by the Green formula for

.1 € CH(Q)
P(¢,9,B) = /BB (newt-M.V1p) ¢ dog (13.11)

where ney; is the exterior unit vector normal to the surface B at the point x and dop is the Lebesgue
surface measure associated to 0B.

13.2.4 The polarization measure

Write R(2) the set of open subsets of {2 with smooth boundary.
For B € R(f2) and ¢ € C%(Q) and consider the following application

op 1 CH(Q) x R(N) — M(Q)

¥, B — (f o /BB (nem.M.qu)fng) (13.12)
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The measure
op(¥), B) = (neat-M.V) dop (13.13)

is a finite measure with support 0B called to the polarization measure of the subset B generated by
the potential .
Write E,(b) the equipotentials of Gas(x,y)

E,(b)={2€Q : G(z,z) =b} (13.14)
and B, (b) the regions delimited by those equipotentials:
B.(b) ={z€Q: G(z,2) > b} (13.15)

Observe that if B is the set By (b) then for € int(B, (b)), 0,(G5,(.), Bz()) is, up to a multiplicative
constant, the harmonic measure associated to the generator —Lj; and the boundary E,.(b). In
particular, o,(G%,(.), Q) is the harmonic measure associated to the point z and the process generated
by —Ljs and killed while exiting €.

For a finite measure signed measure p on {2 write x = Gjpsp the weak solution of Lysxy = p with
Dirichlet condition on 0€). Observe that

E(d, Guop(¥, B),Q) = P(,1), B) (13.16)

Physical interpretation In the presence of a potential field 1, let’s isolate (in our mind) a dielectric
portion B € R(Q) of the cavity €2, then the electrical action of the polarized dielectric volume B
plus the free charges inside it is the same as a superficial distribution of charges corresponding to
the polarization measure o,(1¢, B). Now "fix” this distribution of charges and ”forget” the initial
potential field 1, then P(¢, 1, B) represents the energy of interaction of the potential field ¢ with the
abstract superficial distribution of charges o, (1, B) induced by + (if M has a discontinuity at the
boundary of 0B then this superficial distribution of charges can be observed). —o, (1, Q) represents
the density of charges induced on the conducting boundary 0f2.

13.2.5 Definition of some conditions

The operator Ly is said to verify the condition 13.2.1 if and only if the following condition is true.

Condition 13.2.1. There exists Cyy > 1 such that for all ¢, € C%(Q) Sub harmonic with respect
to Lyr (Laygéd >0 and Lyg >0)

V(1) < CyE(d,9,9) (13.17)

Define also the following conditions

Condition 13.2.2. There exists Cy > 1 such that for all ¢,y € C]%(Q) super harmonic with respect
to Lyr (L <0 and Lyp <0)

Condition 13.2.3. There exists Cy > 1 such that for all x,y € Q, x # y

/ \V.Gr(z,2) MV .Gy (z,y)| dz < CyGu(y, ) (13.19)
Q
Condition 13.2.4. There exists Cy > 1 such that for all ¢, € C% ()

V(6,v) < CvE (G| Lug], Gu| Ly, 2) (13.20)
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Condition 13.2.5. There exists Cyy > 1 such that for all ¢, € C%(Q) Sub harmonic with respect
to Ly and all B € B(Q)

Cy—1

E(9.9,9Q) (13.21)

This condition says that the energy that has been displaced is always less than (C) — 1)/2 times
the energy that has been imported.

Condition 13.2.6. There exists Cyy > 1 such that for all ¢,1p € C%(2) Sub harmonic with respect
to Ly and all B € B(Q)

Cy+1
2

E(#,9, B) < E(6,1,9) (13.22)

Condition 13.2.7. There exists Cyy > 1 such that for all ¢,vp € C%(2) Sub harmonic with respect
to Ly and all h € L*>®(Q)

Condition 13.2.8. There exists Cyy > 1 such that for all ¢, € C%(Q) Sub harmonic with respect
to Ly and all h € L*°(Q) such that

Cy+1
1<h< 13.24
- T Cy-—-1 ( 3 )
one has
E(¢, ¥, h) >0 (13.25)

Condition 13.2.9. There exists Cp > 1 such that for all ¢, € C%(2) Sub harmonic with respect
to Ly, and all B € B(2) one has

P(¢, 4, B) < Cp&(o,1,Q) (13.26)

This condition says that the energy of interaction of Lj;¢ with the superficial polarization charges
op(1, B) is always less than C'p times the energy of interaction of Ljy;¢ with the electrostatic potential
1 which is at the origin of the superficial distribution of charges.

Condition 13.2.10. There exists Cp > 1 such that for all ¢ € C%(Q) Sub harmonic with respect
to Ly, and all B € R(Q2), for all x € Q (except for a subset of 0 Lebesgue measure)

Griop(t, B)(@) < Cpu(a) (13.27)

This condition says that the potential field Gyrop(¢), B) created by the superficial polarization
measure o,(1), B) is always less or equal to Cp times the electrostatic potential 1) which is at the
origin of the superficial distribution of charges.

Theorem 13.2.1. The conditions 13.2.1, 13.2.2, 13.2.3, 13.2.4, 13.2.5, 13.2.6, 13.2.7 and 13.2.8
are equivalent with the same constant Cy. Moreover if the condition 13.2.1 is true for M it is also
true for 'M.

Proof. The equivalence between 13.2.1 and 13.2.2 is trivial.
13.2.1 = 13.2.4: Decompose Ljys¢ into its negative part (Lyas¢)— and positive part (Las¢)4+, do the
same with 1 to obtain (using the sub additivity condition of V)

V(o,¥) <V(Gu(Lymd)+, G (L)1) + V(G (L @), Gu (L)) -)
+V(Gr(Lym@)+, Gu(Lmp)-) + V(G (Lavd)—, G (L) +)
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Then use 13.2.1 and 13.2.2 to obtain
1

CVV(QWM <E(Gm(Lmd)+, G (Lah)4, Q) + E(Gur(Lyd) -, G (L) -, Q)

— E(Gm(Lyd)+, Gu(Lah) -, Q) = E(Gur(Lyd)—, Grr(Laryh) 4+, Q)
|

13.2.4 = 13.2.1 is trivial.
13.2.1 & 13.2.5 & 13.2.6: Fix ¢ and v, decompose  in Q7 which is the region where V¢V > 0
and 2~ which is the region where V¢V < 0. Observe that

V(¢a ¢) = 5(¢’ sz)’ Q+) - 5(¢’ sz)’ Q_)

this directly leads to the proof.
13.2.1<= 13.2.3: Let ¢, € C%(£2), Sub harmonic. Observe that

V00) < [ | L) V-G (e,2) MV G z,)| Lar o) d dy do
< [ Laol@)Garly ) Lasly) dy do (13.28)
< [ otLarvt)dy

which implies condition 13.2.1.

13.2.6= 13.2.3: Fix a,b € Q2, a # b. Choose for € > 0, g, fc € C°°(2) such that g, fc > € and as
€10, ge(z) and fc(z) weakly converge to d(a — z) and §(b — z).

Then by the condition 13.2.6, for ¢,¢’ > 0, and B € B(Q)

/( B 9e(x)V .G (2, 2) MV ,Gar(2,y) fer (y) dz dx dy
Z,T,Y eEBX

el (13.29)
< V2 / 9e(2)V.Gr (2, 2) MV .G (2, y) fer (y) dz dx dy
(z,2,y)€Q3
Then let ¢ | 0, next € | 0 to obtain
Cy+1
/ V.Cai(2 ) MV.Gar(2,b) dz < XL G(b,a) (13.30)
z€B

which leads to the proof since B is arbitrary.

13.2.1 & 13.2.7: straightforward computation.

13.2.1 < 13.2.8: Fix ¢ and 1), decompose Q in Q" and Q~ and use 13.2.5 and 13.2.6.

Finally it is straightforward to see that the validity of these conditions for the matrix M is equivalent
to their validity for the transposed matrix ‘M by observing that VoMV = V! MV ¢

Theorem 13.2.2. The condition 13.2.1 implies 13.2.9 with the constant

Cy+1
Cp = V; (13.31)
If M is symmetric then 13.2.9 implies 13.2.10 with the same constant Cp.
The condition 13.2.9 implies 153.2.1 with the constant
Cy=2Cp+1 (13.32)

If M is symmetric then 13.2.10 implies 13.2.1 with the constant above.
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Remark 13.2.1. Note that if M is symmetric then 13.2.10 implies all the conditions from 13.2.1 to
13.2.9. Moreover if C'»> = 1 then the formula 13.32 gives Cyy = 3. However the formula 13.31 with
Cy = 3 gives Cp = 2, thus either a better proof can be found, either the condition 13.2.10 with an
optimal constant Cp reflects a stronger phenomenon than the sign inequality 13.2.1 with an optimal
constant C.

Proof. 13.2.1 = 13.2.9 = 13.2.10 : Fix ¢ and ¢ in C% () and B € B(Q), observe that by the Green
Formula

P(¢, 1, B) :8(¢,¢,B)+/B¢(VMV¢) dx (13.33)

Using the equivalence of 13.2.1 with 13.2.6 and observing that the second term in the above equation
is negative if ¢ and v are Sub harmonic, this proves that 13.2.1 implies 13.2.9 with Cp = (Cy +1)/2.
13.2.9 = 13.2.10 Now if B belongs to R(£2), observe that

é(x)dop (v, B) = P(¢, 9, B) (13.34)
0B

thus for all ¢ € C%(Q), Sub harmonic (assume M to be symmetric)

/ Lar(2)Garoy (4, B) dz = P(6,, B)
Q (13.35)

< Cp/ﬂw(x)LMgb(x) dx

then choose for Lj;¢ a positive approximation of the identity to obtain that 13.2.9 implies 13.2.10
with the same constant Cp. 13.2.9 = 13.2.1: this is straightforward by the identity 13.33 and the
equivalence of 13.2.1 with 13.2.6.

13.2.10 = 13.2.1: Choose ¢ and 1 smooth and Sub harmonic with Dirichlet condition on 0.
Decompose €2 in

Qf ={z€Q: Vo.MVy >}
and
Ay ={ze€Q: Vo.MVy <A}

Let € > 0. By Sard’s theorem one can find |A| < € such that 99} has a smooth boundary. Then by
the equation 13.35 and the condition 13.2.10 if M is symmetric

P9, 0,Q)) < Cp&(9, 4, Q) (13.36)
it follows by making e converge towards 0, by the identity 13.33 that
E(¢, 1, Q) < (Cp +1)E(4,4,9) (13.37)

this proves the condition 13.2.6 with Cy = 2Cp + 1 which ends the proof by the equivalence with
13.2.1. (if ¢ and 1 are only C? regularize Lj;¢ and Lys1p and take the image of those regularizations
by Gjs to obtain the proof) O
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13.3 General Sub harmonic inequalities

13.3.1 The energy stress form
For ¢, € H} () consider the following form

S: (HY()? — R,

60— [ INO@NIM@To()] ds (13.38)

Observe that for ¢ € H} (),

E(D,0,9) < S(¢, ) (13.39)

and E(¢,d,Q) = S(¢,¢) if M is isotropic (a multiple of the identity matrix). Moreover S(¢, ) is
not linear in ¢ or ¥, S is symmetric if M is isotropic (a multiple of the identity matrix). Observe
also that S is sub additive in its arguments.

13.3.2 The permittivity left deformation energy form
For ¢, € H} () consider the following form

D: (Hy(Q))* x (C*(@)™! — R

60N — [ VoV @M@ T(e) do A
Where (C*(0))%*? is the set of smooth d x d matrices on Q. Observe that
D(, 1, 1q) = E(¢, ¥, 1) (13.41)
and
D(¢, 9, N) < [|N[[ooS(9,9) (13.42)
where
[Nlow=sup "eN(z)v (13.43)
z,v,E€QXS?
It is also important and easy to observe that
S@w)=  swp o D(6,N) (13.44)

Ne(coe@)ixd, Nzo [V ]l

So the energy stress form corresponds to the supremum of the permittivity left energy deformation
taken on the unit sphere in the space of smooth matrices.
Observe also that D is linear in all its arguments and for () smooth and coercive.

Dar(¢, 1, QM) = (o, 1, Q) (13.45)

13.3.3 Some conditions

Condition 13.3.1. There exists Cs > 1 such that for all ¢,1p € C%(2) Sub harmonic with respect
to LM (LM(b Z 0 and LM(b Z 0)

S(¢.¥) < Cs&(,1,9) (13.46)
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Condition 13.3.2. M is symmetric and there exists Cs > 1 such that if v — {e1(x),... ,eq(x)} is a
map from  to an orthonormal basis of R® diagonalizing M at the point = then for all ¢,v € C%(Q)
Sub harmonic with respect to Ly, for all (i,5) € {1,... ,d}?

201, @)[02, 06000, 6(0)] do < Csa (6,09 (13.47)

Where \(M )¢, (x) is the eigenvalue corresponding to the eigenvector e; of M at the point x.

Condition 13.3.3. M is isotropic (M = m(x)Iq) and there exists Csz > 1 such that for all ¢, €
C%(2) Sub harmonic with respect to Ly, for all (i,7) € {1,... ,d}?

| m@laeta)omta)| de < Cs 86, 1.2) (13.48)

Condition 13.3.4. There exists a constant Cs > 1 such that for all ¢,v € C%(Q) Sub harmonic
with respect to Ly, for all N € (C°°(Q))®*4.

D(6,1), N) < Cs|[N [ (6,1, Q) (13.49)
Condition 13.3.5. There exists a constant Cs > 1 such that for oll x,y € Q, © # vy,
S(Gu(2),Gu(.,y) < CsGul(y, x) (13.50)
and for all N € (C>(£2))4x4,
D(Gu (), G (-, y), N) < Cs|[N |l Gar (y, ) (13.51)

Theorem 13.3.1. The condition 13.5.1 implies the condition 13.2.1 with Cy, = Cs.

If M is symmetric, the condition 13.3.1 implies the condition 15.3.2 with Cs 2 = dCs.
The condition 13.5.2 implies the condition 13.5.1 with Cs = dQCSQ.

If M 1is isotropic then the condition 13.3.1 implies the condition 13.3.3 with Cs3 = dCs.
The condition 13.5.8 implies the condition 13.5.1 with Cs = dQC&g.

The conditions 13.83.1, 13.3.4 and 13.3.5 are equivalent with the same constant Cs.

Proof. 13.3.1 = 13.2.1 is trivial.
13.3.1 = 13.3.2: Assume M to be symmetric. Observe that at the point x

IVe(@)[[[|M V()| = %ZA(M)@ ()| Oe, &(2)De, () (13.52)

/[:7]'

which leads to the proof.
13.3.2 = 13.3.1: Observe that at the point x

IVo(@)[[| MV ()] < Z A(M)e, (x)|0e; $(2) e, ()] (13.53)

which leads to the proof.

The equivalence between 13.3.1 and 13.3.3 when M is isotropic is now trivial.

The equivalence between 13.3.1 and 13.3.4 is a direct consequence of the equations 13.42 and 13.44.
The proof of the equivalence between 13.3.4 and 13.3.5 is similar to the proof of the equivalence
between 13.2.3 and 13.2.1 in the theorem 13.2.1. U
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13.4 Local stability and Sub harmonic inequalities

13.4.1 Smooth admissible perturbation

Write Z°°(£2) the space of strictly coercitive d x d matrices with coefficients in C*°(2). Let € — M,
(0 < e <1) be asmooth application from [0, 1] to Z°°(£2) (smooth in the sense that 0. M, exists and
is a C*, d x d matrix on ().

Let € — g, be a smooth map from [0, 1] to C®(), g > 0 (smooth in the sense that d.g exists and is

an element of C'°(12)).
For € € [0, 1] write ¢, be the solution of

Ly be = ge (13.54)

with Dirichlet condition on 0.
Observe that

0
LMEEQIZ)G = Oe¢Ge — L8€M€¢€ (1355)

The family (M, gc, ) is called a smooth admissible perturbation of the operator Ljs and the
following equation is available:

0

5 Ve(®) = G, (Oege — Lo ) (@)

(13.56)
= G Ocge(T) — / VG (2,9)0:Mc(y)VyGrr (Y, 2)ge(2) dy dz
Q

The perturbation is called symmetric if My is symmetric and for all €, M, remains symmetric.

13.4.1.i Left perturbation

Let eg > 0, consider for € € [0,¢], ¢ — N a bounded (in the sense that the coefficients of N, are
uniformly bounded in the L> norm) smooth map from [0, €y] to (C>°(€2))?*¢ the set of smooth d x d
matrices.

Assume that for € € [0, ¢y], M, is the solution of

(1o

(13.57)
My € ()

and remains in Z°°(f2) for € € [0, ¢] (which is always true since N* remains bounded). Then
NE = (o.M )M (13.58)
is called the left perturbation of the operator Ljs, and the following equation is available

0

Sebde) = G 0.00) — [ 9,6, () NE WM, 02 dydz (1359

13.4.1.ii Right perturbation

Let ¢y > 0, consider for € € [0, €], ¢ — N a bounded smooth map from [0, ¢] to (C>(2))?*? the
set of smooth d x d matrices.
Assume that for € € [0, ¢y], M, is the solution of

(1o

(13.60)
My € ()
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and remains in Z*°(Q2) for € € [0, ¢9]. Then

NE = (9. M )M (13.61)
is called the right perturbation of the operator Ly, and the following equation is available
0
e Ve(2) = G Ocge(z) = /Q VyGur, (2, y) Mc(y) NE () Vy Gy, 2)ge(2) dy dz (13.62)
13.4.1.iii Isotropic perturbation

Let ¢ > 0, consider for € € [0, ¢g], € — n. a bounded smooth map from [0, eg] to C(12).
Assume that for € € [0, ¢y], M, is the solution of

{% = el (13.63)
My € ()
and remains in Z*°(2) for € € [0, ¢9]. Then
ne = (OeM )M (13.64)
is called the isotropic perturbation of the operator L,z and the following equation is available
%we(aﬂ) = G 0cge(x) — /Qng(y)VyGMe (2, y)Mc(y)VyGu.(y, 2)ge(2) dy dz (13.65)

13.4.2 Operator perturbation and maximal stress vortex

For M € Z°°(9Q), write

CV(M) = sup V(GM(’:C)’GM(’?/))

13.66
z,€Q,x#y GM(?/’ -T) ( )

The permittivity isotropic deformation constant Cy (M) is the optimal constant appearing in the
condition 13.2.1 (by the equivalence with 13.2.3), it might be infinite.
Define also

— su S(GM(vx)vGM(vy))
CS(M) B x,EQ,Iz);éy GM(yv (L‘)

(13.67)

The permittivity anisotropic deformation constant Cs(M) is the optimal constant appearing in the
condition 13.3.1 (by the equivalence with 13.3.5), it might be infinite.

13.4.2.i Integration along maximal stress vortices

Theorem 13.4.1. Let (Me,ge,we)se[m] be a smooth admissible isotropic symmetric perturbation of
the operator Lyy,, write n. its isotropic perturbation. Assume that g.(x) = go(z) > 0 (ge(x) does not
depend on €) then

o I OO Inelloode < V1E) 1 oy o de (13.68)
Yo(z)

Proof. By using the equation 13.65 the symmetry of M, and the definition of the permittivity isotropic
deformation constant it follows that:

L) < IneloeCu(Mo)oa(a)

> _HneHooCV(Me)¢e(x)
An the proof follows by the positivity of 1. and a simple integration. O

A

(13.69)
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Corollary 13.4.1. Let (Me)ee[o,l] be a smooth admissible isotropic symmetric perturbation of the
operator Lyy,, write n. its isotropic perturbation. Then for all z,y € Q, x #y

o I OO el de < GMLTY) oy (M) o de (13.70)
GMO (TI,', y)
Proof. Straightforward since the previous theorem is valid for all g > 0. O

Theorem 13.4.2. Let (Me,ge,¢€)ee[0’1} be a smooth admissible anisotropic symmetric perturbation
of the operator Lyy,, write N its left perturbation. Assume that g = go > 0 then

Proof. By using the equation 13.59 the symmetry of M, and the definition of the permittivity
anisotropic deformation constant it follows that:

o= I O Nellow de < VL&) [ O (M)l Ne o de (13.71)

Sr@) < IV C (M)
Z _HNEHOOCS(Me)wE(x)

(13.72)

An the proof follows by the positivity of 1. and a simple integration. O

Corollary 13.4.2. Let (Ms)ee[o,l] be a smooth admissible anisotropic symmetric perturbation of the
operator Ly, write N its anisotropic perturbation. Then for all x,y € Q, x #y

o I3 Cs M INelloode o G (T:9) 3 s (MOIIN. o e (13.73)
GMO (TI,', y)
Proof. Straightforward since the previous theorem is valid for all g > 0. O

13.4.2.ii Deformation Vortex
Let My € I°(€2). Write S((C*(€))?*9) the elements N € (C*(Q))?*? such that |[N|j« = 1.
Consider for € > 0 the solution of

dM,
de

= NM. (13.74)

with initial condition M. Note that
M, = N M, (13.75)
With this definition of M, consider the deformation operator
D: C(Q) x S((C*(Q))™4) — CH(Q)
d(G.9) (13.76)
Oe

D(.,N) is called the deformation vortex of the operator Ly, in the stress direction N. If N is
isotropic, the vortex is said to be isotropic.

g7N—>

Theorem 13.4.3. For My € I1*°(Q2), My symmetric
D(g,nlq)(x)

Cy(My) = sup (13.77)
neS(C>(Q)),geC(Q),g>0,2€Q (GMog) (:C)
and with M, = e 1,
d
Cv(Moy) = sup B (GMe(x’y))‘ (13.78)

neS(C>=(Q)),z,yeQ,z#y
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Remark 13.4.1. This theorem is important because it says that the stability of the operator Ly,
under a small isotropic perturbation dM, = de nM is completely and exactly reflected in the permit-
tivity deformation constant Cy(M).

In other words, consider a dielectric material with permittivity M and a fixed distribution of charges
g, this distribution of charges creates an electrostatic potential field ¢ by the equation Ljv = g,
now one can wonder how much v will be perturbed under a small isotropic perturbation of M, then
the sharp upper bound to the question "how much” is completely reflected in the constant Cy (M ).
Note that if C)(Mp) = oo, with the material associated dielectric constant My one can find bounded
distribution of charges 0 < g < 1 and small perturbations of the permittivity tensor dM, = denM
producing a deformation of the potential electrostatic field Gz, (g) without a priori bound.

Note also that if sup /¢ e () Cv(M) = oo (M symmetric in the supremum) then one can find dielec-
tric materials reacting to the perturbation of its dielectric constants by a very strong deformation of
the potential electrostatic field (without a priori bound).

Proof. Straightforward by using the equation 13.65 the symmetry of M, and the definition of the
permittivity isotropic deformation constant. ]

Theorem 13.4.4. For My € I*°(Q), My symmetric

D(g, N
Cs(Mp) = sup Dig, N)() (13.79)
Nes((Co ()dxd) geC(Q),g>0,2€0 (Gao9) (@)
and with M, = e*NI,
d
Cis(Mo) = sup |0 (G, (2,0)| (13.80)

Nes((0=(@)dxd) zyearty

Remark 13.4.2. This theorem is also important because it says that the stability of the operator
Lz, under a small anisotropic perturbation dM, = de NM is completely and exactly reflected in the
permittivity anisotropic deformation constant Cg(M).

In other words, consider a dielectric material with permittivity M and a fixed distribution of charges
g, this distribution of charges creates an electrostatic potential field ¥ by the equation LY = g, now
one can wonder how much ¢ will be perturbed under a small anisotropic perturbation of M, then
the sharp upper bound to the question "how much” is completely reflected in the constant Cs(M).
Note that if C's(My) = oo, with the material associated dielectric constant My one can find bounded
distribution of charges 0 < g < 1 and small perturbations of the permittivity tensor dM, = de N M
producing a deformation of the potential electrostatic field Gz, (g) without a priori bound.

Note also that if supjeje(q) Cs(M) = oo (M symmetric in the supremum) then one can find
dielectric materials reacting to the anisotropic perturbation of its dielectric constants by a very
strong deformation of the potential electrostatic field (without a priori bound).

Proof. Straightforward by using the equation 13.59 the symmetry of M, and the definition of the
permittivity anisotropic deformation constant. ]

13.5 Strong Sub harmonic functions and sign inequality

13.5.1 Some tools
Lemma 13.5.1. For all M € I*(Q),b>0, 2,y € Q, x #y

/ V.Gr(z,2) MV .G (2,y)dz =
G (z,2)>b

(GM(y,x) — b) I(GM(y,x) > b)

(13.81)
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Proof. Write for z € 2, b > 0
BL(b) ={2€Q: Gu(z,z) > b} (13.82)

Observe that by Sard’s theorem complementary of the set S(B.) of b > 0 such that B.(b) has a
smooth boundary is of Lebesgue measure 0.

N Now let ,y € Q, x # y and choose b € S(BL) such that b # G (y,z). Observe that by the Green
formula

/ V.Gur(z, )MV .G (z,y)dz = / Gr(z,x)0(z —y)dz
BL(b) BL(b)

+b/ nethszM(z’y)dO—(z) (1383)
OB (b)
= (Guly,) =) Uy € Ba(0))

Now since the equation 13.83 is valid for all b € S(BL) which complementary is of 0, Lebesgue
measure and for x # y,

/ V.G (2, 2) MV ,Gr(2,y)| dz < 00 (13.84)
Q
it follows that for all ¢ > 0

/ V.Gr(z,2)MV .Gy (2,y)dz =
Gulaz)> (13.85)

li V.G , )MV ,G y)d
blc,bgg’l(B;)/B;(b) m(z, ) m(z,y)dz

which proves the result O

13.5.2 Proof of the sign inequality in dimension one

Theorem 13.5.1. Ford =1, Cy = Cs and Cy is a homotopy invariant: for all M € 1°°()
Cy(M)=3 (13.86)

Proof. There is no loss of generality by assuming that € is the segment (0, 1). Observe that Gs(x,y)
is symmetric, moreover Gs(x, z) is increasing from 0 to = and decreasing from x to 1. It follows that
for x,y € Q, V.Guy(x,2)V,. Gy, z) is negative in (z,y) and positive in (0,z) U (y,1). It follows
that

V(GM(xv ')7 GM(yv )) - g(GM(xv ')7 GM(yv ')7 (07 1‘))

= E(Gutl. ), Gy ). (#:9)) + E(Gar(a, ), Goar (y,.), (9 1) 15570
but by the lemma 13.5.1,
E(Gu(z,.),Gu(y, ), Gul(,.) > Gula,y)) =0 (13.88)
But observe that
(z€(0,1) : Garlz,2) > Gulz,y)} = (z,y) + Ay (13.89)

where A, is a subset of (0,z) It follows that

E(Gu(x,.),Gu(y,.),(0,2)) > —E(Gum(z,.),Gu(y,.), (z,y)) (13.90)
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Similarly

g(GM(:C’ ')’ GM(?/’ ')’ (ya 1)) > _g(GM(:C’ ')’ GM(?/’ ~)’ (:C, y)) (13'91)
From the equations 13.87, 13.90, 13.91 and

Gu(z,y) = E(Gu(z,.),Guly,.), (0,2))

+E(Gu(z,.),Gu(y, ), (z,9) + E(Gm(z,.),Gu(y,.), (y,1)) (13.92)

it follows that

V(Gu(z,.),Guy,.)) <3Gum(z,y) (13.93)

which proves that Cy (M) < 3.
Now by computing the precise value of Gys(x,y) (easy task left to the reader) one sees that Cy (M)
is the optimal constant, moreover for all z,y € (0,1)

V(Gu(z,.),Guy,.)) < 3Gum(z,y) (13.94)
and forx [Oand y T 1

3 (13.95)

O

Remark 13.5.1. The proof given above is geometrical and explains why it is natural to expect that
Cy(M) = 3 is also an homotopy invariant for all dimensions.

13.5.2.i Consequence on the Green functions

For d = 1, U € C*®(Q) write G,—»w) the Green function associated to M = e 2V with Dirichlet
conditions on 0f).

Corollary 13.5.1. Ford =1 and U, P € C*(2) one has

e_6||P||oo S Ge—Q(U+P) (xay) S e6||P||oo (1396)
Ge—2)(2,9)
Proof. This is a direct consequence of the theorem 13.5.1 and the corollary 13.4.1 by considering the
following isotropic deformation path: M, = e2(U+<P) for € € [0, 1]. O
13.5.2.ii Consequence on the exit times

For U € C*(Q) write EV the expectation associated to the diffusion generated by the operator and
T its exit time from 2.

1
Ly = 54 - VUV (13.97)
Corollary 13.5.2. For U,P € C®(Q), z € Q

674OSC(P) < ExU+P[T] <

4 Osc(P) 1
= "B <e (13.98)

Proof. This is a direct consequence of the corollary 13.5.1 by observing that

Ej[r] =2 / Go2v (z,y)e VW) dy (13.99)
Q
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13.5.2.iii Geometric point of view

Corollary 13.5.3. Ford =1 and X\ € C*®([a,b]) (a < b and X\ > 0) one has for all f,g € C([a,b])
such that Af and g\ are both increasing or decreasing functions.

/[a,b]‘(f x)— )\(IE) f[avb} ﬁy)dy))\(x)(g(x)_ )\(IE) f[a’b] ﬁy)dy)‘d.fﬂ

z) — o) L Jiaw 9)dy
S3/[a,b] (f( ) A(z) f[a,b] Ldy))\( )(g( ) A(z) f[a,b] L_dy

(13.100)

)dac

z ap fW)d
¢(z):/ (f(z) - A(lx)ﬁ[[’: %d;j)dw (13.101)
a a,b] Ay
z ) 9()d
w<z>:/ (9(z) — Agx)“ﬁ’:i(i)dz)dx (13.102)
a a Y

1 and ¢ are both null on z = a and z = b, moreover, there are both Sub harmonic or both super
harmonic with respect to Ly; = —VAV U

13.5.3 Extension to dimension d > 2

Theorem 13.5.2. Let ¢, € C3(Q), M € I*(Q). Assume that there exists a Z : @ — W a
diffeomorphism from Q to a smooth bounded open set W of R such that F~*(0W) C 09Q and

DZ DZ Dz

TOMZ)V (F)|5

Do | = k(Z (13.103)

such that for alli € {1,...,d}, for all (Z1,... ,Zi 1, Zi1,... ,Zq) € RI7L ¢4 (as functions of Z;)
are both Sub harmonic or super harmonic with respect to the operator

— 2 (M(Z)5y) on Wi={Z €R : Z €W} then

| Vet M@ 0ta)ldo < 3 | V.0(0)M (@) Vabla) da (13.104)
Proof. Observe that for h € C°°($) one has,
| MoV @@ o = [ MR 02V )iz (3109
with
DZ DZ Dac

(13.106)



13. Sub harmonic Inequalities 265

It follows from the theorem 13.5.1 the theorem 13.2.1 and the property 13.2.7 that

d
/ WMZ)k(Z)V 20(Z)N 2(Z) dZ:Z/ dZy...dZ;_1dZi+1...dZ,
w =1 Rd—1

99(2) 09(Z)
/Ziew.h(Z)k(Z) 57 on

< 7y ...dZi_1dZi+1...dZ
= Z/Rdl ' ' a (13.107)

< / K(Z)V 26(2)V 20(Z) dZ
W
< 3hllne /Q V() M (2)V () di

Thus by the theorem 13.2.1

/ V(@) M (2) Vath(a)| da < 3 / Vo(2) M (2) Vaip(z) de (13.108)

O

Let A € C*(€) such that A > 0 on Q, then ¢ € C3/(Q) is said to be strongly Sub harmonic
(resp. strongly super harmonic) with respect to the operator —V(AV) if for all z € Q, all e € S?

_%()‘(fﬂ)aeéb) >0 (resp < 0)

Theorem 13.5.3. For all 1, ¢ € C%(S2) strongly Sub harmonic or super harmonic with respect to
the operator —V (AV) one has

[ 19N Vi@l de <3 [ V@) Vi) da (13.109)

Proof. As for the theorem 13.5.2 it is a direct consequence of the theorem 13.5.1. O

Corollary 13.5.4. Assume that ¢, are both convexr or both concave and null on 052, then
[ 19260 Vvl de <3 [ V.000)Vo0(0) do (13.110)
Q Q

13.5.4 Weak stability results

Theorem 13.5.4. Assume that M,Q are symmetric smooth coercive matrices on Q and d > 1.
Assume M < \Q with X\ > 0, then for all f € C°(Q),

/GQ z,y)f(y)f(z)dzdy < )\/ Gu(z,y)f(y) f(z)dzdy (13.111)

Proof. Let f € C%(Q). Write ¥y , ¢ the solutions of Ly = f and Lgibg = f with Dirichlet
conditions on 9€). Observe that 1ys and g are the unique minimizer of the following variational
formulae

b, 1) = 5Eai(h Q) - /Q W) f(z) da (13.112)
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To(h, 1) = 2Eq(h,h,©) - /Q W) f(z) da (13.113)

and at the minimum
Dl £) = =5 | vw@)f (@) do (13.114
Ialba. f) = =3 [ vala)f()ds (13.115)

Moreover observe that

I, 1) < 5Ea(hh.) = [ hia)(w) ds
F @ (13.116)

< Ag(h, <

and the minimum of the right member in the equation 13.116 is reached at 1)g/A. It follows that

-5 | ew@) @ ds < 55 [ vo)f@ (13.117)
thus
/ o) f(x) < A / ur () £ () (13.118)
Q Q

which proves the result O
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A. ONE OBIJECT - DIFFERENT FACES -ABSTRACT
CONNECTIONS

It had been known for a long time that there exist deep and close connections between the Dirichlet
integral, the Laplace Operator, the heat equation, and Brownian motion. With the notion of Dirichlet
forms, Beurling and Deny ([BD58], [BD59]) provided the proper axiomatic setting for exploring these
connections abstractly. In subsequent developments (Fukushima, Silverstein and others), Markovian
semigroups and probabilistic potential theory based on symmetric Markov processes played a promi-
nent role (see the monograph of M. Fukushima, Y. Oshima and M. Takeda [FOT94]). The analysis
of these connections is an active field of research [JKM™98]. Indeed Dirichlet forms play a prominent
role in various fields of mathematics, this is mainly due to the fact that they allow the development
of highly nontrivial extensions of classical theories under minimal regularity hypotheses.

In this chapter some abstract connections given in [FOT94] will be summed up.
Let H be an abstract real Hilbert space with inner product (.,.)

A.1 Semigroup

A family {P;,t > 0} of linear operators on H is called a semigroup (of symmetric operators) on H if
it satisfies the following conditions:

e cach P, is a symmetric operator with domain D(FP;) = H.
e semigroup property: P;Ps = Piyg, t,5 >0
e contraction property (Pu, Pu) < (u,u), t >0, u € H

It is called strongly continuous if in addition

o forue H, limy_g(Pu—u,Pu—u)=0

A.2 Resolvent

A family {G,,a > 0} of linear operators on H is called a resolvent on H if it satisfies the following
conditions:

e cach GG, is a symmetric operator with domain D(G,) = H.

e resolvent equation: Go — Gg + (oo — 3)GoGg = 0.

e contraction property (aGqu,aGqu) < (u,u), o >0, u € H
It is called strongly continuous if in addition

o for u € H, limy o0 (aGou,aGuu) =0
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Given a strongly continuous semigroup {F;, t > 0}, the strong limit of the Riemann sum
[e.e]
Gou = / e~ Pudt (A.1)
0

determines a strongly continuous resolvent {G,,a > 0} on H called the resolvent of the given
semigroup.
Given a strongly continuous resolvent {G,,« > 0}, the limit

Pu = ﬁlLH;OnZ:O (tﬁ)n (BGg)"v uwe H (A.2)

determines a strongly continuous semigroup {P;, t > 0} on H called the semigroup of the given
resolvent.

The operations A.1 and A.2 are injective, inverse of each other and put into one to one corre-
spondences the family of strongly continuous semigroups with the family of strongly continuous
resolvents.

A.3 Generator

The generator L of a strongly continuous semigroup {P;, ¢ > 0} on H is an operator on H defined
by

: Pru—u
{Lu = lim; 0 =% (A3)

D(L) ={u € H : Lu exists as a strong limit}

Given a strongly continuous resolvent {G,, a > 0} on H, for a > 0, G, is invertible and the operator
defined by

Lu = _ -1
{u au— G u (A4)

D(L) = Ga(H)
is independent of a > 0, called the generator of the resolvent {G,, a > 0} and is a non-positive
definite self-adjoint operator. Moreover the generator A.3 of a strongly continuous semigroup on H

coincides with the generator A.4 of its resolvent A.l.
Let —L be an non-negative definite self-adjoint operator on H. Then

P, =exp(tL), t>0 (A.5)

Go=(a—L)a>0 (A.6)
are a strongly continuous semigroup and a strongly continuous resolvent on H respectively.

The operations A.5 and A.3 are injective, inverse of each other and put into one to one corre-
spondences the family of strongly continuous semigroups with the family of non-negative definite
self-adjoint operators on H.

The operations A.6 and A.4 are injective, inverse of each other and put into one to one corre-
spondences the family of strongly continuous semigroups with the family of non-negative definite
self-adjoint operators on H.
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A.4 Symmetric forms and Dirichlet forms

€ is called a symmetric form on H if it is a non-negative definite symmetric form on H, that is to
say if the following conditions are satisfied:

e & is defined on D[] x D[E] with values in R, D[E]being a dense linear subspace of H called
the domain of £.

e for a € R and u,v,w € D[E]
E(u,v) = E,u), Eut v,w) = E(u, w) + E(v,w),
a€(u,v) = E(au,v), E(u,u) >0

For each o > 0 and a given symmetric form £ on H,

Ealu,v) = E(u,v) + a(u,v), wu,v e DI[E]
D[€a] = DIE]

defines a new symmetric form on H and a symmetric form £ is said to be closed if

e u, € D], limy, ;m— o0 E1(Un — Uy, Up, — Upy) = 0
= Ju € D&, limp oo & (Up — uyup —u) =0

Let —L be a non-negative definite self-adjoint operator on H, write { E'\ } the spectral family associated
with —L. Then the expression

{D[E] =D(V-L)={u€H : [, (Exu,u) < oo} (A.8)

E(u,v) = (V—Lu,/—Lv) = f[O,oo) Ad(Ey\u,v)

defines a closed symmetric form on H.
Conversely, given a closed symmetric form £ on H, there exists by the Riesz representation theorem
a unique element G,u € D[£] such that

Ea(Gou,v) = (u,v), Vv e D[E] (A.9)

for each @« > 0 and u € H. The family {G,, @ > 0} defined in this way is a strongly continuous
resolvent and allows to associate to £ a unique non-positive definite self-adjoint operator L on H.

The operations A.8 and A.9 are injective, inverse of each other and put into one to one correspon-
dence the family of closed symmetric forms on H and the family of non-positive definite self-adjoint
operators L on H.

Thus the family of closed symmetric forms on H is also into a one to one correspondence with the
family of strongly continuous semigroup and resolvent on H and the associated applications are given
by the following operations A.10 and A.11:

For any u € H, w is non-decreasing as t | 0 and

D] ={ue H : lim_, w < oo} (A.10)
E(u,v) = limy_,9 w u,v € D[E] .
For any v € H, 3(u — fGu,u) is non-decreasing as t T oo and
DIE] ={u e H : limg_,, B(u — fGgu,u) < oo} (A1)
E(u,v) = limg_,o0 f(u — BGgu,v) u,v € DIE] .
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If H is the L?-space L?(X,m) associated to a o-finite measure space (X, B,m); consisting of square
integrable m-measurable extended real valued functions on X and endowed with the inner product

(u,v) = /Xu(x)v(:ﬂ)dm(x), u,v € L*(X,m) (A.12)

then a closed symmetric form € on L?(X,m) is called Markovian if the unit contraction operates on
&; that is to say

e ueDE],v=(0Vu)Al=veD& and E(v,v) < E(u,u)

A closed, Markovian symmetric form is called a Dirichlet form. Then the couple (€, D[£]) is called
a Dirichlet space relative to L*(X,m).

To say that a closed symmetric form is Markovian is equivalent to say that its associated semigroup
P, or resolvent G, are Markovian, a linear operator S on L?(X,m) with D(S) = L?(X,m) being
called Markovian if u € L2(X,m) and 0 < u < 1 me-a.e.imply 0 < Su < 1 m-a.e.

A.5 Symmetric Markov Process - Hunt Process - Diffusion and Dirichlet Space

Let X be a locally compact separable metric space and m be an everywhere dense positive Radon
measure on X. A Markov process (see [FOT94] for a definition) M on (X,B(X)) is called m-
symmetric if the transition function p; of M is m-symmetric in the sense that for all non-negative
measurable functions u and v.

/ u(a)(pe)(@)m(dz) = / (pets) (@)o(z)m(de) (A.13)
X X

A Hunt process (for a definition see [FOT94] page 314) is a special Markov process that possesses
useful properties such as the right continuity of sample paths, the quasi left continuity and the strong
Markov property.

A Hunt process on X is called a diffusion if for every x € X, P, a.s., X3 is continuous in ¢ until it
reaches its cemetery state.

The transition function {p;, ¢ > 0} of a m-symmetric Hunt process M on X uniquely determines
a strongly continuous Markovian semigroup {P;, t > 0} on L?(X,m) and thus uniquely a Dirichlet
space (€, D[€]) on L*(X,m).

A symmetric form £ is said to be regular if and only if

e DIE]INCyH(X) is dense in D[E] with £ norm and dense in Cy(X) (the set of continuous functions
on X with compact support) with uniform norm.

Conversely, given a regular Dirichlet form £ on L?(X,m), there exists an m-symmetric Hunt process
M on (X,B(X)) whose Dirichlet form is the given one £. This Hunt process is unique (up to an
equivalence) in the sense that if two m-symmetric Hunt processes have a common regular Dirichlet
space on L?(X, M) then they possess a common properly exceptional set outside which their transi-
tion functions coincide. Moreover this Hunt process is equivalent to an m-symmetric diffusion if and
only if its associated Dirichlet form &£ possesses the local property that is to say if

e u,v € D[£], Supp[u] and Supplv] are disjoint compact sets
= E(u,v) =0
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B.1 Sharp estimates from the theory of elliptic operators

This section introduce some sharp estimates from the theory of divergence form and non divergence
form elliptic operators. For a good introduction to the subject see the books of M. Giaquinta [Gia83],
[Gia93]; D. Gilbarg and N.S. Trudinger [GT83]; D. Kinderlehrer and G. Stampacchia [KS80] and al-
though the course of G. Stampacchia on elliptic equations with discontinuous coefficients [Sta66] was
published in 1966, it is still interesting and contains powerful and beautiful proofs.

B.1.1 Divergence form operator with bounded coefficients

Throughout this subsection, the operator (considered in the weak sense) on which the results will be
given is

L =V(AV) (B.1)

defined on some open set Q C R? (for d > 3) with smooth boundary Q. A is a d x d matrix with
bounded coefficients in L>(£2) such that for all £ € R,

A€ < PeAL (B.2)
and for all ¢, 5
|Asj| < M (B.3)

for some positive constant 0 < X\, M < oo.

Here a theorem concerning elliptic equation with discontinuous coefficient from G. Stampacchia is
presented. Its proof in a more general form can be found in [Sta66], chapter 5, theorem 5.4 (see also
[Sta65])

The explicit dependence of the constants in M and A\ have been obtained by following the proof of
G. Stampacchia [Sta66]

B.1.1.i Sharp estimates of the L°° norm

Letp>d>3
For 1 <i<dlet f; € LP(Q)
if x € HL () is a local (weak) solution of the equation

d
V(AVY) == oifi (B.4)
i=1

where A is coercive B.2 and bounded B.3 then y is in L*>(Q2) and if 29 € Q@ and R > 0
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Theorem B.1.1. The solution of B.4 wverify the following inequality (in the essential supremum
sense with Q(zg, R) = QN B(xo, R))

1 1
max x| <K ({7 [ [P}
R { Rd Q(a:o,R) }

Q(zo, L) (B3
d =y |
+)° ||f¢||LP(Q(:v07R>)¥}
i=1
with
. Cd(%)% (B.6)

B.1.2 A short reminder on Laplace operator
Let Q C R? be a bounded open set with smooth boundary and x € C%(Q) the solution of

Ax=f (B.7)
with f bounded.

B.1.2.i Gradient estimates for Poisson’s equation

Write p, = dist(z, 0f2) and pg, = min(p,, py) where dist is the Euclidean distance. Then the following
theorem is proven in [GT83] (theorem 3.9, page 41)

Theorem B.1.2. The solution of Poisson’s equation B.7 verify the following gradient estimates
sup pz|Vx(2)| < Cq[sup |x| + sup p2|f ()] (B.8)
€N Q Q

and for all z,y € Q, x # y

2 [Vx(z) — Vx(y)l
Y lz —y

< Calsup x| + sup 2| f(@)[] [1 + [ In 22 (B.9)
0 0 |z —y

It is interesting to notice that this theorem is essentially sharp and the estimate B.9 cannot be
improved without further continuity assumptions on f ([GT83] page 41).

B.1.2.ii Estimates of the Hélder continuity of the second derivates of the solution of the
Poisson equation

Assume that the second member f in B.7 is uniformly Hoélder continuous with exponent « that is to
say [fla,n < oo with

[fla,o = sup M, 0<a<l (B.10)
T,y ‘.%' - y‘a
TFy
Define also the following norms to control
9l0.0.0 = SUp |9l + (diam ©2)%[ga,0 (B.11)

|9l2,0.0 =sup |g| + (diam ©) sup|d;g| + (diam Q)* sup [9;9; 9]
Q Q,i Q1,5
) (B.12)
+ (diam Q)*T* sup[9;9;9a.0
.3
Then it is proven in [GT83] (theorem 4.6, page 60) that the second derivates of the solution x of B.7
are uniformly Holder continuous with exponent o and the following estimate is available.
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Theorem B.1.3. Let x be the solution of B.7. Let xg € 2 and R > 0 such that Bs = B(zg,2R) C 1,
write By = B(zg, R) then

|X|2,a,Bl < C(d’ a)(|X|O,BQ + R2|f|0,a,Bg) (B13)

B.1.3 Application to a particular case

Let x € C%(Q) such that |Vx| is bounded, be the solution of
1
(§A+bV)X =g (B.14)
where g and b are continuous and bounded.

B.1.3.i Control of the gradient

Lemma B.1.1. Let x be the solution of B.1j and assume that xo € § is such that |Vx(zo)| =
IVXlloo- Then for p < min(m,dist(xo, o))

Vho < Ca[ 222 4+ sup g (B.15)
P B(wo,p)
Proof. Observe that
Ax =2(g —bVy) (B.16)
Since p < dist(xo, §2) an application of the control B.8 in theorem B.1.2 to the ball B(zy, p) gives
p|Vx(@o)| < Cd[B?;IOI?p X1+ 2% (llglloo + l1Bllo IV xlo0)] (B.17)

Thus for p < 1/(Cq||b]|c0)

SUPB(zg,0) IX| + 0° SUDB (2. ) 9]

Yl < (B.18
IVl p— Callblloor® )
Thus for p < 1/(2C4||b]|c0)
SUD Bz,
[Vx|oo < 2Cq [wlxl +p sup Igl] (B-19)
B(x07p)
O

B.1.3.ii Holder continuity of the gradient

In the sequel it is shown that a bound on the L* norm of b and g leads to a control on the Holder
continuity of the gradient of x for all exponents « € [0, 1).

Lemma B.1.2. Let x be the solution of B.14 and R > 0 such that 2R < dist(xo,2). Then for
a€(0,1) and x,y € B(zo,R), z #y

\Y -V
reD =N g )] sup x+ B2 sup (lg]+ BV X)]
[z =y B(x0,2R) B(z0,2R) (B.20)
1+ R
Proof. Since 2R < dist(zg, ) an application of the control B.9 in theorem B.1.2 to the ball B(x¢,2R)
gives for x,y € B(zo,R), x #y and f = 2(g — b.Vx)
2R

Vy(z) -V
2 IVx(@) X(y”gcd[ sup [x|+R? sup |f(@)]][3+ |In ——] (B.21)
[z =yl B(z0,2R) B(z0,2R) [z =yl

which leads to the proof. O
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B.1.3.iii  Application to linear harmonic functions in periodic medium

Let F' € C?(R?) such that be the solution of

(%A +OV)F =0 (B.22)
where b is continuous and periodic on R? of period Tld. Assume also that

F(z)=1lxz— xi(x) (B.23)
where x; € C%(T{) and [ € R? is such that |I| = 1.
Lemma B.1.3. Let l.x — x;(x) be the solution of B.22 then

IVxilloo < CalL + [|Blloc [l xilloc] (B.24)

and for all a € [0,1), z,y € R?

IVxi(r) = Vxi(y)]

P—T < C(d, @)1+ [Ixalloo) (1 + [1blloo)? (B.25)
and if b € CYTE) for alli,j € {1,... ,d}
19:05xillo0 < Ca(1 + [IXtlloo) (1 + [1Blloc)* (1 + |l SUp Ojblloo) (B.26)
Proof. By the lemma B.1.1
IVFlloc < Call + [bllocllxilloc] (B.27)
which leads to
IVxilloo < CalL + [|Blloc [l xilloc] (B.28)

Thus by the lemma B.1.2 for all z,y € R?,  # y

[VE(x) - VF(y)|

|z — y|*

< C(d,a) [1 + X1 lloo + 116]]oo (1 + HbHooHXlHOO)] (B.29)

< O(d, @) (14 [|xalloe) (1 + [|b]|c)?
which leads to

Vxi(@) — Vxi(y)|

=g < C(d, @) (1 + [[xilloo) (1 + [[Blloo)? (B.30)

Assume that b € C*(T{) (b Holder continuous is sufficient) then by the theorem B.1.3 for all i, €

(1,....d)
1059 x1lloo < C(d,1/2)(1 + IIxilloo + | Sup Fblloo [V Flloo + [[blloc| VFlo,1/2) (B.31)

which leads to

19:05x1llo0 < Call + [[xtlloo) (1 + [[Blloc)* (1 + ] Sup bl o0) (B.32)

O
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B.2 Application to the Cell problem
B.2.1 Potential Diffusion
Let d >3, U € C®°(T{) and Ly be the operator

Lu = %A VUV (B.33)

B.2.1.i Control of the Cell problem
Let x; € C%°(T¢) be the solution of the cell problem

Luxi = —L.VU (B.34)
with x;(0) = 0, 1 € R%, |I| = 1, then the following theorem gives a control on this solution.

Theorem B.2.1. The solution of the above cell problem satisfies the following inequalities:

1.

IXilloo < Caexp ((3d + 2) Ose(U)) (B.35)

19 xloe < Cald + VU o) exp ((3d +2) Ose(1)) (B.36)

3. for all a € 10,1), x,y € RY

Vxi(z) = Vxu(y)]

p—" < C(d,a)(1 4 ||VU||0)? exp ((3d +2) Osc(U)) (B.37)
4. foralli,je{l,...,d}
10:0xi1llo0 < Ca(1 4[| VU |oo)*(1 + | sup U [loo) exp ((3d + 2) Osc(UV)) (B.38)
P

Remark B.2.1. For d = 1, this theorem is trivial, for d = 2, consider U(zy,z2) as a function on T}
to obtain the same results (just change in all the constants d by d + 1).

Proof. x; satisfies
V(exp(—2U)Vyx;) = .V exp(—2U)

then by the theorem B.1.1 for zg € [0, 1]¢

1
max | < Caesp(BOss@ID( [ ) + 11l exp(2 0se(0)]
xg,1

Z0,5

Now by periodicity

/ |Xz|2d$§/ xi|*dz
B(zo,1) T

and by the Poincaré inequality

/ if*de < Cd/ Vi |*da
T T
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thus (see 5.1 for the definition of the measure my)

/ huPde < Cyexp(2 Ose(U))) / VP (dz)
B(xzo,1) Ty

And since
/ yz—lePmU(dx):z?—/ Voa[2mo (dz)
T T

one has

[ waPmy ) < 2
T

1

and the bound on ||x;||~ is proven. Now the controls on Vy; and 0;0;x; are a direct consequence of
the lemma B.1.3 by noticing that l.z — y;(z) is harmonic with respect to L. O

B.2.1.ii Control of the ergodicity
Let ¢; € C*(T{) be the solution of

Loo= 1=Vl = [ 1= Vxilmo(da) (B.39)
1

with [ € R? |I] = 1, ¢;(0) = 0. Remember that ¢; reflects the speed at which the diffusion associated
to Ly converges towards its homogenized behavior, that’s why in the following theorem a control on
¢ will be given.

Theorem B.2.2. Let ¢; be the above solution of B.39. Then
1.

[¢1lloc < Caexp ((9d + 4) Osc(U)) (B.40)

IVérlloe < Caexp ((9d + 4) Osc(U)) (1 + [[VU||) (B.41)

Remark B.2.2. For d = 1, this theorem is trivial, for d = 2, consider U(z1,x2) as a function on T}
to obtain the same results (just change in all the constants d by d + 1).

Proof. Write
Fr=lx—x
Since
Ly(F7) = |l = Vx|
if one writes ¢y = Fl2 — ¢; then
V(exp(~20)90) = 2exp(=20) | 1= Vo (o)
1
Thus by the theorem B.1.1 for zq € [0,1]%
max [¢(z)| <Cyexp (3 Osc(U)d) {(/ \wl\de)%
B(zo,1)

B(zo,%)

+ exp(2 Osc(U)) /Td |l — Vxl]2mU(dx)]
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But

([ wai<c[([ date([  F]
B(zo,1) B(zo,1) B(zo,1)

and

([ mant<o([ (@) o)
B(zo,1) B(zo,1)

< Ca(l® + all%)
< Cy 1P exp ((6d + 4) Osc(U))

where in the last inequality the theorem B.2.1 has been used Moreover, by periodicity

/ Hdx < | P*dx
B(zo,1) T

and by the Poincaré inequality

¢*dx < Cd/ \Vo|?dx
T

T
but
1
5/ |Vo|*my (de) = —/ & Lygymy (dz)
T T
__ / on(|l = Vol - / 11— VP (dy))ymo (da)
T T
< 201l / 11— Va2 (dy)
T
And since

[¢tlloe < max [Fy(x)|* + max |y(z)|
z€0,1]¢

z0€[0,1]¢

one obtains

I1lloe < Ca I* exp ((9d + 4) Osc(U)) + Call] exp (3d Osc(U)) loull

and since
2 <a+ bz
- b+ Vb2 44
x>0 émﬁ%#aﬁg(bz—f—éla)
a,b>0

One obtains
¢1llco < Caexp ((9d + 4) Osc(U)) i
O

Then the bound B.41 results from an application of the lemma B.1.1 and an optimization on the
choice of p.
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B.2.2 Scaling Behavior

Let U € C®(T{), 1 € R?
and x; € C°(T¢) and ¢; € C*°(T{) be the solutions of B.34 and B.39 For R > 0 write

Xi,r(z) = RXZ(%)

x
= R*¢i(
¢1,r(T) a(%)

Then by a straightforward computation

Lemma B.2.1.

1
(GA = VV-V)xip = ~LVV

1
(§A - VV.V)(?LR = ‘l - le,RP - /Td ‘l - VXLszmU(dx)

1



C. PROBABILISTIC TOOLS

C.1 Thermodynamics and mixing tools

The purpose of this section is to apply the thermodynamic formalism and the theory of level 3-large
deviations to a particular case. For an introduction to the subject see [Rue78|, [ElI85] and [Kel98].
The main result is the following theorem

Theorem C.1.1. Let V € CYT{) (Hélder continuous with exponent o > 0). Let R € N. Then

n—1

1
lim —In [ ex V(RFz))dz = Pr(V) (C.1)
fim o [ e (3 .

Where Ppgr is the pressure associated to the scaling shift induced by R on the torus, it will be
studied and characterized below.
One of the useful property of this pressure, is given in the following theorem

Theorem C.1.2. Let V € C(T{), and Pr the pressure associated to the shift induced by R € N.
Then

PV)+P(-V)>0 (C2)
and
PV)+P(-V)=0s [V - / V] € Zs, (T (C.3)
i

Where s, (T{) is the closed subspace of C(T{) generated by the elements U(z) — U(RFz) with
U c O(T¢) and k € N (defined in subsection C.1.2).

C.1.1 Level-3 Large Deviation
Let R € N/0,1 and define the shift operator s acting the torus Tld by

sp: T — T4

(C.4)
r — Rz
To sg is associated a scaling operator Sgi acting on the periodic continuous functions on Tld
Sg: C(T{) — C(T¢
r:C(TY) (1) (C.5)

(= f(@)) — (v = f(srz) = [(Rx))
Thus one can see the torus as a shift space equipped with the transformation sg

sp:T¢ — T4
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where for each k, z¥ is a vector in B = {0,1,... ,R—1}% and for each i € {1,... ,d} ppay z—i is the
expression of x; in base R (zF € {0,... ,R—1})

Gift B with the discrete topology and BY with the product topology. Write v the probability
measure on B affecting identical weight 1/R? to each element of B and write P, the associated
product measure on BY .

Then, with respect to the probability space (BN* ,B(BY), IE”,,) the coordinate representation process
r = (z!,...,2P,...) is a sequence of i.i.d. random variables distributed by v. When z is seen as
an element of the torus Tld then the probability measure induced by v on the torus is the Lebesgue
measure.

Now define the empirical measure E,, associated to the process x by

1 n—1
En(x’ ) == E 265% cycle(m,n) (C?)
k=0
where cycle(z,n) is the periodic point in BY" obtained by repeating (x!,... ,2") periodically. For

each z, E,(r,.) is an element of the space M(BY") of measures on BY" and invariant by the shift

SR.

Then {QS’)}, the P, distribution on M(BY") of the empirical process {E,} have a large deviation
property (see for instance [ElI85], theorem 9.1.1) with speed n and entropy function 153) such that
for P € M(BY")

% = /B . I (P)dp (C.8)

)

where P denotes the marginal distribution of z! associated to P and L£2 is the relative entropy of

P with respect to v

d
72 :/1 a .
(1) L dp (C.9)

Now chose V € C(T¢), Holder continuous with exponent . Since {Qgﬁ)} have a large deviation
property by Varadhan’s theorem

lim llm/ exp (nEy(z,V))dz = Pr(V) (C.10)
G

n—oo N

Where Pgr(V) is the pressure of V and is given by the following variational formula:

Pr(V) = sup {/VdP—IP(P)} (C.11)
PeM;,(BNY)

where M, (BY") is the space of measures on BY invariant by the shift sp.
Now since V' is Holder continuous

n—1 n—1
Ci o
[nBa (2, V) = Y V(R'2) < 3 (55)
h=0 = (C.12)
1
< C(d,a)zm <C(d,a,R) <
k=0
It follows from C.10 that
1 n—1
lim - ln/ exp (Z V(RFz))dx = Pr(V) (C.13)
n—oo 7? =0
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C.1.2 A reminder on the Pressure
C.1.2.i Basic Properties

The following basic properties of the pressure can be found in [Kel98] theorem 4.1.10. (except the
first one, note that the definition of the pressure given here differs from the standard one of the
topological pressure by a constant which is d1n R)

e Pr(0)=0

e Pr is a convex function on the space of upper semi continuous functions on the torus to [—oo, o)
e Pp is isotonic: U <V = Pr(U) < Pr(V)

e For U and V upper semi-continuous |Pr(U + V) — Pr(U)| < ||V~

For U upper semi-continuous, V' continuous on the torus and k € N

Pr(U + SEV — V) = Pr(U) (C.14)
and hence Pr(U + SEV) = Pr(U +V)

C.1.2.ii Strict convexity of the pressure

Write Zg,, (T{) the closed subspace of C(T{!) generated by the elements V — SEV with V' € C(T{)
and k € N. Write [U] the equivalence class of U, then by the proposition 4.7 of [Rue78] the function

Pr 2 C(T{) [ Lsp (T1) — [~00,+00)

U] — Pa() (G.15)

is well defined on the set of equivalence classes induced by Zg, (T{) on C(T{). Moreover it is strictly
convex on the subset

(0] € Oy Toy(T) = [ UGa)dn =0} (C.16)

In other words, for U,V € C(T¢)
W € Zs, (T{) = Pr(U + W) = Pr(U) (C.17)

Andfor0<t <1
tPr(U) + (1 —t)Pr(V) =Pr(tU + (1
= [U v

—0)V)
~ [w-w)] ez, ) (€19
G

C.1.3 Gibbs measure

Let U € C*(T¢) (a > 0) then U induces a regular local energy function and there exists a unique
shift-invariant ergodic measure py minimizing the variational formulation C.11 of the pressure P(U)
(see corollary 5.3.2 of [Kel98]). This measure is called equilibrium state and is a Gibbs measure (see
[Kel98] chapter 5).
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C.1.4 A functional mixing property

In the subsection a technical functional mixing lemma will be introduced,it is quite simple but will
proves efficient and useful when it will be combined to a cohomological framework to deduce sharp
estimates on the effective diffusivities in a multi-scale medium.

First define the translation operator 6, (y € R?) acting the torus T by

Hy:Tld—>T1d

r—T+y

(C.19)

To 0, is associated a translation operator ©, acting on the space of continuous periodic functions.

0, : C(T) — C(T{)
(z = f(x) — (z = f(Oyz) = f(z +y))

Then the following link the mixing property of the scaling operator Sg with the translation operator

©

(C.20)

Lemma C.1.1. Let (g, f) € (C(Tld)2 and R € N* Then

| s@ser@e = [ o [ s
i (C.21)
// ,0,Skf(2)(Oug(=) - g(=))dydz

Proof. By a straightforward computation

y
//(Tld)Qf(Rz +y)(9(z+ }—%) — g(2)))dy dz

:/ dy/ f(Rz+y)g(z + g)dz
yerd  Jaerd R

- /ze[o,l}d o)z /yeTfl fz ey
- / 9(@)f (Re)de — / ,9(@)dz ” f(z)dx

I7 I7

In the last equality the periodicity of the functions has been used. Thus

Ty T s
Yy

From this lemma, the following corollary directly follows.

Corollary C.1.1. Let (g, f) € (CH(T%)? and R € N* Then for a € (0,1]

‘/ 2)Spf(@ d:c—/ng( Dz | fe)ds )da| < ”gHa /Td|f|dx (C.22)

with ||glla = sup,4, |9(z) — g(y)|/]x — y|*




C. Probabilistic Tools 285

Corollary C.1.2. Let g, f,V,T € CYT{ and R € N* Then for a € (0,1] and U = SRV + T

my(g(Srf)) =mv(f)mr(g)

(C.23)
VI 20 4 g o [T + gl

+
Proof. Observe that

-2V —2T
led e dx led e dzx I

my(9(Srf)) = mv(f)mz(g) Tae Wdz + Te
Tl
with
de 672de
L < —2T ali
<Dl 1o

but it follows from the corollary C.1.1 that

‘led e 2Vdx led e 2Ty

_ 1‘
led e 2Udy

(C.24)
2 :
< EHVTHOO62OSC(T)
observe also that
lge ™ fla < e 2™ (|lglla + 21 VT [lsollgllso)
it follows that
m ,
mu(9(55.1)) = my (Pmr(g) + "D 200 (4151 10T+ gla)
|
Corollary C.1.3. Let f,g € C®(T}) and ¢ € C>(R) such that f,g,¢ > 0. Let R € N*.
|fo y)f(Ry)$(y)dy Jo 9)8(y)dy <L (©.25)
JLaw) f(Ry)dy — Jdgw)dy fy fy)dy' ~ R
with
dy Villeo | 2 su
ooy Vol 2 sups
fO lnfg R yElz—1/R,x] Hlf(ﬁ
Rx] 1 [Rz]-1
||v9Hoo

k Y
sup ¢(= + =) + |Vallo sup |V¢
afe” 2w o+ Vel 3 s 190(7 + )

Proof. Let z € R, observe that

But
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Note also that, by the corollary C.1.1
‘ 1 B 1 |< 1 2Hv9Hoo
Jo s F Ry fy 9)dy fy fw)dy ~ R [ 9(y)f(Ry)dy [y 9(y)dy
It follows by the corollary C.1.1 after some straightforward computation that
|f0 y)f(Ry)¢(y)dy Jo 9(w)e(y)dy | I
Jo o) f(Bydy — [o oy [, fwdy' ~ R
with
y)d .
_Jo 9wy, [Vl , 2 A L.
fO inf g R y€lz—1/R,x] inf ¢
Rx]fl [Rz]—1
HVgHoo ko LY
sup ¢(= + %) + Vgl sup |V¢( =)
inf g = yelo,l] R R kZ:O yel0,1] R R
O
Corollary C.1.4. Let f,g € C(T}). Let R € N*.
T 1 I
!/ f(Ry)dy — / g(y)dy/ Fly)dy| < & (C-26)
0 0
with
I'= || fllso(2llglloo + /| Vgllso)
Proof. Let = € R, observe that
T [z}f] T
| s = [ awrrmdy+ [, a1y
R
But
[z R]
R zR] !
o) f(Ry)dy = L [ f(Re)g(z)a
0 0
Then the result follows by the corollary C.1.1 after some straightforward computation. U

C.2 Smooth pre-fractal measure

In the section the notion of smooth pre-fractal measure will be introduced and analyzed (this name
is given according the name ”Sierpinski pre-Carpet” introduced by H. Osada). It will constitute the
medium on which the sub-diffusions will take place, this medium will also be called a smooth periodic

pre-fractal.

C.2.1 Definitions

Definition C.2.1. A smooth pre-fractal measure is a collection {(ry,Up)nen} where for each n,

r, € N/{0,1} and U, € C®(T¢) such that U,(0) = 0 and

Ky =sup ||VU,||eo < 0
neN

Which implies that Ky = sup,, Osc(U,) < oo

(C.27)
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Write pmin = ming,>1 7, and ppee = supry, < 00.
A smooth pre-fractal measure will be written SPFM (pmin, Pmaz, K1)-
It induces a potential of order —p (where p € N)

_ iUn(R T
n=0

(where R,, = [[}_,7) which is a well defined function in C*°(R%).

(C.28)

e A SPFM will be said "with bounded ratio” if ppae < 00.

e A SPFM will be said self-similar if for all n, r,, = p and U,, = Uy € C>®(T{).

C.2.2 Properties of the measures induced by a SPFM
C.2.2.i Mixing properties

It is natural to associate the potential of order —p induced by a SPFM with the measure on R%:

e—QU*P(m)d‘T

i C.29
mU p led e_QU—p,O(x)dx ( )
where for k € Z, k > —p
k+p
Z Un( (C.30)

Now by the Corollary C.1.1 and by a simple induction one obtains easily the following proposition.

Proposition C.2.1.

B p 2Ky
/ e 2UP0(x) g < / e~ 2Uo(z H / e 2Uk(@ dw(l + ML)} (C.31)
Td Ty "k
1 k=1

and for pmin > 2K ;250

p 2Ky
—2U PO (z) / —2Uo(x / o—2Uk(@ _ 2Ke
e dx > I | ) dx(1 C.32
/Tld - Jrd bl ( T ) ( )

C.2.2.ii Growth rate

It is then interesting to investigate on the growth rate of this measure. More precisely

Definition C.2.2. The Growth rate at infinity of a measure y on R? is the segment [dF min (1), dF max ()]
where

(B(0,7))

Fonin(2) = lim inf B (C.33)
B(0
% (1) = lim sup (B0.7)) (C.34)

r—00 Inr
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Now it is easy to see that the growth rate at infinity of my-» is independent of the order —p
thus it will be sufficient to investigate the growth rate at infinity of myo. Now by a straightforward
computation for r» > 10

0 In [, exp(—20 "0 (z))dz .
Inmp,(B(0,r)) Cd+ led n C(d, K1, pmin) (C.35)
Inr Inr Inr
where
n(r)=sup{n e N : R, <r} (C.36)

It follows that

In [0 exp(—20 "0 (z))dx
® in(mY) = d 4 lim inf T

(C.37)

fomin roe p(r)n(r)
In [q exp(—20 "0 (z))dz
d® . (m9%) =d -+ 1 C.38
f,mln(mU) + lim fi}lgo p(T)TZ(’I“) ( )
where
Inr
p(r) = () (C.39)
is the geometric mean ratio between scales at the length 7.
It follows immediately that p(r) — oo imply d;’cf’max(m?]) = d??min(m?]) =d.
Moreover by the proposition C.2.1,
S | e 0] 1n(1 — o)
d¥ . (m%) > d+lim inf —— L + Pmin C.40
Faialr) T e o0 (40
and if ppin > 2K;e*50
ST [ frg e 2V0e@dg] (1 4 2aeko
d;’comax(mOU) > d+lim inf =l [le ] + ( pmin ) (C.41)
’ roo n(r)p(r) p(r)

Growth rate at infinity of the measure associated to a self-similar SPFM From the equations
C.37 and C.38 and the theorem C.1.1 it follows that for a self-similar SPFM.

P(—2Up)
p

fmax(mOU) = fmln(m%) = d}ofo(mOU) =d+ (C42)
Note that this definition of growth rate at infinity dimension is not invariant under a translation of
Up (indeed under a translation by ©,, Uy should be modified to z — Up(z +y) — Up(y) so that U°
is well defined). It is interesting to note that the value of d;’co(mOU) is fixed by the necessity of e2U"
to be a well defined density measure but it can be greater than the dimension of the space.

Thus d;’co(mOU) is not translation invariant and one can have djio(m?]) > d (be careful if you try to

link it with a sort of Hausdorff fractal dimension of the pre-fractal).
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C.2.3 Growth rate at 0

One might think, well this definition of d; that gives back a value that can be greater than d is
unsatisfactory, and may be by looking at the growth rate at 0 of the torus one might obtain a better
characterization, this is the object of this subsection.

The natural way to define a growth rate at 0 is to consider the measure m;—po on the torus T,
observe that this measures are invariant if one add to each U,, a different constant c¢,, then define

the growth rate at 0 at the point 2 by the segment [d(}%mm, do,a},maz] by for 0 < a < 1
—In (mep,o (B(z, L)))
&, = lim i (C.43)
T poe In Rppa
Proposition C.2.2. d%m does not depend on 0 < a < 1 and
0 i inf In fo’ 6_2(U_n(r)’o(y)_U_n(r)’o(“”))dy C
@} o in = d + lim inf ) (C-4)
& d+ i In [ (U 0T 00w) dy C.45
max — @+ 11m su .
e Bk o) (€4)
Proof. Easy to check. O

This proposition says that the growth rate at 0 at the point 0 is the same that the growth rate at
infinity at the point 0, moreover it depends on the point = and d can be greater than d. Thus
the growth rate at 0 does suffer from the same pathology.

,&,max

C.2.4 From a SPFM to a fractal measure

The purpose of this subsection is to investigate on the following problem: how to build a fractal
measure on the torus from a given smooth pre fractal measure.

C.2.4.i Completion of a self similar SPFM

If the SPFM is self similar the problem is easy and there are basically two ways: The first one is to
consider the sequence (my—».0)pen of probability measures on the torus 7%, where

e2U"0(@) gy

led e—2U7P0@) dg

mep,O - (C46)

Since the torus is compact this sequence of measures in tight and one can extract a subsequence
converging to a measure on the torus and call fractal measure the limit.

The second one is to consider the sequence (my—p.+o)pen of probability measures on the cube R,
where

e 2UTP (@) gy

my-p,+o = -
de e—2U7P0(@)dy
1

(C.47)

This sequence of measures in tight and one can extract a subsequence converging to a measure on
the each compact subset of R? and call fractal measure the limit.
Unicity problems will be studied in a sequel work.
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C.2.4.ii Completion of a non self similar SPFM

In this case the problem is more serious because it requires an a priori choice. Indeed the first way
would be to consider the sequence mgr—p,0 on the torus, this sequence is tight and one can call fractal
measure the limits of converging subsequences. It is easy to see that with this method the limits
are not unique because the scale of order 0 is always changing. The same pathology happens if on
consider the sequence of probability measures m/—p. on the unit cube [0, 1]%

The alternative way to avoid this pathology would be to complete the non self similar SPFM by
smaller scales (U_)ren+ (U_t € C°(TH)) and (r_1)ken+, (7_k)ken+=- Then write

1
E =7r_1...T"— (C48)
and
P o
VTP = U'(— C.49
> UH) (C49)
k=—m
then consider the measure
e~ 2VTP@) gy
my—-p0 = de 6_2V7p’0($)dx (050)
1
on the torus T{ or the measure
e "2V TP @) gy
T e (C51)
on R?. With theses choices the obstacle of order 0, —1,... , —k does not change for p > k, as usual

one can extract subsequences and call fractal measure the limit measure. The unicity problem is
postponed to a sequel work.

C.3 Control induced by the linearity of harmonic functions

C.3.1 Quasi-harmonic functions
C.3.1.i Perturbation of the mean squared displacement

Let U, T € C®(R% be smooth potentials with bounded gradient. Write V = U + T and y; the
diffusion associated to the generator Ly .

Lemma C.3.1. Assume that Fy is smooth and harmonic with respect to Ly and V Fy is bounded.
Then

t
E[F{ (y:)] < QE[/ |V Fy (ys) PPds]e!I V715 (C.52)
0
Proof. Observe that Ly Fyy = —VTV Fy. It follows by the Ito formula that
t t
E[F (y1)] :E[/ [V F(ys)[*ds] — ZE[/ (FuVTV Fy)(ys)ds]
0 , 0 ¢ , Loopt
<Bl[ IVFo)Pas +21VT | [ BRI [ [
1
E[|V Fu(ys) Jds]

< 9E| /0 IV Fy (y)[2ds) + [V T|%E| /0 F(ys)ds]
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It follows by Gronwall lemma that

E[F{(y.)] < QE[/Ot IV Fyy (ys)[2ds] etV T 1%

O
Lemma C.3.2. Under the assumptions of the lemma C.5.1, fort >0
1 t
E[FG ()] = (5 — tHVTH?,o)E[/O |V s (ys) | ds] (C.53)
Proof. Observe that
¢ t
Fy(y) :/ V Fy(ys)dws —/ VTV Fy(ys)ds
0 0
It follows that
9 1 t 2 2 ! 2
E[Fy (y)] = SE[( ; VEy(ys)dws) ] — VT E] ; IVEy (ys)|ds]
1 t
> (5~ IV TIZ)EL | [VFu(u0)Pds
Which finishes the proof U

C.3.1.ii Control induced by the linearity of harmonic functions and the quadradicity of ergodic
functions

Let W € COO(T}‘%W) of period Ry € N/0,1. Let T € C®(RY) with bounded gradient and write

V = W 4+ T and y, the potential diffusion associated to Ly. Assume that for I € S? there exists

X{oxi € C=(Th,,),

CX,Cx,cV,c?,C9,¢1, o, Rp > 0 such that

XtV =xV +xf (C.54)
and
d
Ofa? < Z(%’ - x,)? < C¥a? (C.55)
=1
R
It llee < Y (C.56)
P
and for all t > 0
d t R2
SBL[IVEY Pluis] < Cohu(DOV)) 1+ wect (C.57)
=1
: ! W2 Ry o
SEL[ IVEY Pluds] = Ghua(DOV))E = e (C.58)
=1

then
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Lemma C.3.3. Under the assumptions C.54, C.55, C.56, C.57 and C.58 fort > 0
2d /R 2 R?
2) < W ~U VT2, W ~¢ .
B < g () + el (e (DOV) 1 + o) (C.59)
and for 2t|VT||%, < 1
11 2 Ry o d Rw v
Bly) 2 e (g~ VT (GAmas (DOV) = FECE) — e (oe)t (c60)
Proof. Upper bound: by the lemma C.3.1, for t > 0
d 2
R 2
S EIE P(un)] < 2(Chma (DOW))t + Y )HIVT TR (C.61)
i=1 P
Now by the assumptions C.54, C.55 and C.56:
d d )
STEQEY P =3 (n -k - XL
i=1 i=1
: 1 2 U2
> Ay — PV
=3 (500 —xE)* = K712
(G2 R
> 1.2 W AU
2~ T d( RPC )
Thus
2d /R 2 R?
2 < W U HVTI W o _
Ely;] Cic ( Rp c ) Cice <C2)‘max (D(W))t + R CQ) (C.62)
Lower bound: by the lemma C.3.2
d 2
1 R
SOEIFY Pw) = (5~ VT (G Amax (D))t = ) (C.63)
i=1 2 Rp
Now by the assumptions C.54, C.55 and C.56:
d d )
STEIFYPI =Y (- xE - xY)
i=1 i=1
d
2
<> 2((m—x) IV
=1
Ry
<2052 +2d(—~C
2 2B vy
It follows that
11 R? d R 2
Ely?] > —=(= — t||VT) %) [ Amax (D(W))t — =2 C¢ W ou 64
21> 55 (5 = VTR (s (DO = T CY) = () (C.64)
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C.4 Control induced on the upper bound of the transition probability densities

Lemma C.4.1. Let X be a positive bounded random variable, p > 0 and X\ > 0
Then

2
Bloxp(u/ )] < 1+ wexp(55), [ TEiep(1x)]
Proof. Observe that

Elexp(uv/X)] = /O " exp(uv/D)dP(X > )

oo ex x
= [exp(ui)f(X 2(xi]/g_°;° + /O M%Z—)P(X > 2)da
exp(p/x M
<1 +/0 MWE[GXP()\(X )ld

+oo
< 1+ E[exp(AX)] /0 pexp(py — Ay*)dy

But
2 1RV H2
exp(uy — M\y?) = exp (— (Vy — —2\/X) ) exp(5)
So
“+o0o 9 “+o0o 9
/ exp(puy — Ay°) S/ exp(—Ay°)
0 —00
2
I s
< 2N /2
< exp(4/\) h

Which proves the lemma

C.4.1 A General Lemma

Let W € COO(T}‘%W) of period Ry € N/0,1. Let T € C*(R%) with bounded gradient and write V =
W 4+ T and y; the potential diffusion associated to Ly . Assume that there exists Céb ,Co, Rp > 0,CX%

such that for I € S% and for all ¢t > 0 and all z € R?

t R2
Bl [ VR P)is] < QUDOV)IE+ T
0 P

It lloo < CXRyy

Lemma C.4.2. Assume that

CXRy < h/2
1 h
|97 2 (GDW)) = < > < _Br_Lupawy
RW\/CT;ZS
and
2
LCztlD(W)le_W < h
RW\/CZZ5 t
then

h2

Pll.y; > h] < Ce &It

(C.65)

(C.66)

(C.67)

(C.68)

(C.69)

(C.70)
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Proof. Let I € S and A > 0, then for A > 0
PlLy, > h] < E[Mtuh)]
Observe that

t t
Lye =V (o) + / VEN (ys)dws — / VTVE (ys)ds
0 0

It follows by the Cauchy Schwartz inequality that

(ST

Plly, > ] < MO Rw R[N o VY (y)dos S [o2VEIVT oA (J3 IV (us) Pds)

Now by the lemma C.4.1 with X = fg VW (ys)|?ds, N = 8\? and p/ = 20\V/t||VT || it follows that

1
E[e2VIVTIA (5 IVEY )Pd) ) < 1 4 97|y ) el VTIR/S 83 Jg VY (3 2ds)
- 2

Observe also that as in the proof of the lemma 12.1.1

B2 o VR (y)des] < (o83 Jo IV (us)Pds) 5

It follows that

Plly, > h] < CeMO Bw—h) VT I5t/4p 8 I IVEY (ys)|ds)

Now observe that fot VFW (ys)dws satisfies the conditions of the theorem 12.1.1 with fo = (UD(W),

and to(f1 — f2) = %Cﬁs . It follows that for
P

2
82 < i
26]:512,1,(3’575
8A2¢tID(W)it
E[GS/\Q fot |VFZW(?JS)‘2dS] < CR%#
XH(CF)? Ry,
and
8A\2CHID(W)it
P[l.y, > h] < CeMORwh)IVTIt/4 pd &
T N(C)2RY,
assume CXRyy < h/2 and choose
h
A= —————
320D (W)t
for
h < i@’sz(W)zt
Ru\/CS
the condition C.71 is satisfied and it follows that
2 4 (-t 4
Plly, > h] < O~ Tt VT4 Bp (D (W)it)

h(C3)2Riy

(C.71)

(C.72)
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assume now that
h2
TP t< ——— .
it follows that
2 4 t 4
Pll.y; > h] < Co” FGHBT Rp (G IDUW)1Y)
o W(Cy)2 Ry
and under the condition
2 t 2 2
Rp(@ D) W g fiar
rR2.0f GUD(W)E
which is implied by
2
Rp C2tlD(W)le*2411<2t}fp(w)zt < % (0.74)

it follows that

R/

h2

Plly, > h] < Ce P@UDINR
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