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GPs: More theoretically well-founded and with a long history of
interplays with numerical approximation
but were limited to linear/quasi-linear/time-dependent PDEs



Generalization of GP methods to arbitrary nonlinear PDEs
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Y. Chen, B. Hosseini, H. Owhadi, AM. Stuart.
(https://arxiv.org/abs/2103.12959, JCP)

Properties

e Provably convergent for forward problems

e Interpretable and amenable to numerical analysis

e Solve forward and inverse problems

e Inherit the complexity of SOA solvers for dense kernel matrices

e Could be used to develop a theoretical understanding of PINNs


https://arxiv.org/abs/2103.12959

A simple prototypical non-linear PDE

—Au' +7(u') = f, z € ()
u'=g, €N

f:Q—=>R,g:00 —Rand 7: R— R: given continuous functions.

7: Such that the PDE has a unique strong solution

Generalizes to arbitrary
non-linear PDEs



—Au' 4+ 7(ul) = f, z € ()
u'=g, €N

The method

K :R? x R?Y — R: Given kernel.
Xq,...,Xn: Collocation points on €2 and 90X

Approximate u' with the minimizer u of

Minimize %
subject to —Au(X;) + 7(u(X;)) = f(X;), X; €,
and u(X;) = g(X;), X; € 01,




Theorem

Assume that
e K is chosen so that

o H C H*(Q2) for some s > s*,
where s* = £ + order of PDE (order of PDE= 2)

o ul ¢ H

e Fill distance of {X1,..., Xn} goes to zero as N — o

Then, as N — o0
e u — ul pointwise in

e u—ulin HY(Q) for t < s

‘H: RKH space defined by kernel K



Implementation |{ Minimize |2
§ subject to —Au(X;) 4+ 7(u(X;)) = f(X;), X; € Q,
| and u(X) 9(X;), X,; €09,
mmuIIuIIK
) P52 s.b. w(X;) = z(l) and — Au(X;) = zi(2
(2)—|—’7' 1)) forX € )
\ f” = g(X;) for Xz € aﬂ
Reduction theorem ‘
2= (W) () = K(z,¢)K(),0)”
Qb — (Qb(l)a ¢<2)) ( minz(l)’z(Q)ZTK<¢, gb)_l
oV =5y, a () = f(X) for X, €0
@) \ z,L-(l) = g(X;) for X; € 09
¢z’ — 6X~ O A
(K(z,9)), = [ K(z,y)¢:(y) dy

(K(¢,9)),,; = [ i(x)K

(z,y)0;(y) dx dy



( . —
min, o 2’ K(¢, )~ 'z

z,L-(Q) + T(Zgl)) = f(X;) for X; € ()
\ 27;(1) = g(X;) for X; € 09

Eliminate z(2) I

min, (1) (zz-(l),g(Xz-), f(X;) — T(zz-(l)))TK(ﬁba ¢)~* (Zz'(l)ag(Xz')a f(X5) — T(Zi(l)))|

Loss function history

2\

Gauss-Newton Iteration o}
1 1 1 1 10
- T 5T

ming, 1) £ K(gb,gb) Z R R B

Gauss-Newton step

Z = (20" + 020" g(X0), F(X0) =m0 = 00" (20T))

Converges in 2 to 7 steps
Inherits the complexity of fast linear solvers for K (¢, ¢)
[Schifer, Katzfuss and O., 2020]: O(N log2d(ﬁ)) complexity

€



Gauss-Newton Iteration <mmm) Successive linerization of the PDE
( f Ty —

—Au' +1(u') = f, z € ()
W=g, e

\

u T =y + du”

Given u™ solve for du™

(AW + 6u”) + (W) + V(W) = f, x € ()
u” +ou" =g¢qg, x € 0f)

\




Numerical experiments

m(u) =0 7(u) = u®
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K(z,2') =exp (- =)

FD: Finite difference



Burger's [9,u + ud,u — v97u = 0, V(s,t) € [-1,1] x [0,00)]
u(s,0) = —sin(mx),
u(—1,t) =u(l,t) = 0.

K((z,t), (2',t") = exp ( — 20|z — 2'|? = 3]t — ¢'|?)
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Eikonal

IVu(z)||* = f(z)* + eAu(z), Ve
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Loss function history
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Inverse Problem

|

—div (exp(a)Vu) (z) = f(z),
u(x) =0,

x € (),
x € 0.

a,u: Unknown. u observed at pink points.
Problem: Recover a and u.
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 Minimize
subject to

and

and

\

lullk + llallt

—div (exp(a)Vu) (X;) = f(X;), X; €,
(X;,Y;) is data point,

U(XZ) =0, X; € 89,




Inverse Problem —div (exp(a)Vu) (z) = f(z), = €9,
x € 0f),

|
=

u(z)

a,u: Unknown. u observed at pink points.
Problem: Recover a and u.
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