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Abstract. We introduce a near-linear complexity (geometric and meshless/algebraic) multigrid /multi-
resolution method for PDEs with rough (L°°) coefficients with rigorous a priori accuracy
and performance estimates. The method is discovered through a decision/game theory
formulation of the problems of (1) identifying restriction and interpolation operators, (2)
recovering a signal from incomplete measurements based on norm constraints on its image
under a linear operator, and (3) gambling on the value of the solution of the PDE based on
a hierarchy of nested measurements of its solution or source term. The resulting elementary
gambles form a hierarchy of (deterministic) basis functions of H}(2) (gamblets) that (1)
are orthogonal across subscales/subbands with respect to the scalar product induced by the
energy norm of the PDE, (2) enable sparse compression of the solution space in H& (©2), and
(3) induce an orthogonal multiresolution operator decomposition. The operating diagram
of the multigrid method is that of an inverted pyramid in which gamblets are computed
locally (by virtue of their exponential decay) and hierarchically (from fine to coarse scales)
and the PDE is decomposed into a hierarchy of independent linear systems with uniformly
bounded condition numbers. The resulting algorithm is parallelizable both in space (via
localization) and in bandwidth/subscale (subscales can be computed independently from
each other). Although the method is deterministic, it has a natural Bayesian interpretation
under the measure of probability emerging (as a mixed strategy) from the information
game formulation, and multiresolution approximations form a martingale with respect to
the filtration induced by the hierarchy of nested measurements.
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I. Introduction.

I.1. Scientific Discovery as a Decision Theory Problem. The process of scien-
tific discovery is often based on intuition, trial and error, and plain guesswork. This
article is motivated by the question of the existence of a rational decision framework
that could be used to facilitate/guide this process or turn it, to some degree, into
an algorithm. In exploring this question, we will consider the problem of finding a
method for solving (up to a prespecified level of accuracy) PDEs with rough (L)
coefficients as fast as possible with the following prototypical PDE (and its possible
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discretization over a fine mesh) as an example:

—div (a(z)Vu(z)) = g(z), z€Q;g€ L*(Q)orge H ),

(1.1)
u=0 on 01,

where ) is a bounded subset of R? (of arbitrary dimension d € N*) with piecewise

Lipschitz boundary and a is a symmetric, uniformly elliptic d x d matrix with entries

in L°°(2) such that, for all € Q and [ € RY,

(1.2) Amin (@)[1]? < 17 a(x)l < Amax(a)]1)?.

Although multigrid methods [41, 16, 50, 51, 101] are now well known as being the
fastest for solving elliptic boundary problems and have been successfully generalized
to other types of PDEs and computational problems [123], their convergence rate can
be severely affected by the lack of regularity of the coefficients [37, 114]. Furthermore,
although significant progress has been achieved in the development of multigrid meth-
ods that are, to some degree, robust with respect to mesh size and lack of smoothness
(we refer, in particular, to algebraic multigrid [94], multilevel finite element splitting
[124], hierarchical basis multigrid [9, 24], multilevel preconditioning [106], stabilized
hierarchical basis methods [107, 109, 110], energy minimization [65, 114, 122, 121, 108],
and homogenization based methods [37, 34]), the design of multigrid methods that
are provably robust with respect to rough (L) coefficients has remained an open
problem of practical importance [17].

Alternative hierarchical strategies for the resolution of (1.1) are (1) wavelet based
methods [18, 15, 3, 29, 38] (2) the fast multipole method [49], and (3) hierarchi-
cal matrices [52, 11]. Although methods based on (classical) wavelets achieve a
multiresolution compression of the solution space of (1.1) in L2, and although ap-
proximate wavelets and approximate L? projections can stabilize hierarchical basis
methods [109, 110], their applications to (1.1) are limited by the facts that (a) the
underlying wavelets can perform arbitrarily badly [7] in their H} () approximation
of the solution space, and (b) the operator (1.1) does not preserve the orthogonal-
ity between subscales/subbands with classical wavelets. The fast multipole method
and hierarchical matrices exploit the property that submatrices of the inverse dis-
crete operator are of low rank away from the diagonal. This low rank property can
be rigorously proven for (1.1) (based on the approximation of its Green’s function
by sums of products of harmonic functions [10]) and leads to provable convergence
(with rough coefficients), up to the prespecified level of accuracy € in the L?-norm,
in O(N1In® N In***2 1) operations (see [10] and [11, Thms. 2.33 and 4.28]). Can the
problem of finding a fast solver for (1.1) be, to some degree, reformulated as an uncer-
tainty quantification/decision theory problem that could, to some degree, be solved as
such in an automated fashion? Can discovery be computed? Although these questions
may seem unorthodox their answer appears to be positive: this paper shows that this
reformulation is possible and leads to a multigrid /multiresolution method/algorithm
solving (1.1), up to the prespecified level of accuracy € in the H'-norm (i.e., finding
u®P such that |u — u™P|[g1() < €llglla-1(q) for an arbitrary g decomposed over

N degrees of freedom), in O(N In3? (max(%, Nl/d))) operations (for e ~ N~=1/¢ the
hierarchical matrix method achieves e-accuracy in the L? norm in O(N In?**™8 N)
operations and the proposed multiresolution method achieves e-accuracy in the H!
norm in O(NIn®@ N) operations). For subsequent solves (i.e., if (1.1) needs to be

solved for more than one g), the proposed multiresolution method achieves accuracy
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e~ N~ in the H'-norm in O(N In®*! N) operations (we refer to subsection 5.4 and,
in particular, to Table 1 for a detailed complexity analysis of the proposed method,
which can also achieve sublinear complexity if one only requires L?-approximations).

The core mechanism supporting the complexity of the method presented here is
the fast decomposition of H{ (2) into a direct sum of linear subspaces that are orthog-
onal (or near-orthogonal) with respect to the energy scalar product and over which
(1.1) has uniformly bounded condition numbers. It is, to some degree, surprising that
this decomposition can be achieved in near-linear complexity and not in the complex-
ity of an eigenspace decomposition. Naturally [84], this decomposition can be applied
to the fast simulation of the wave and parabolic equations associated with (1.1) or
with its fast diagonalization.

The essential step behind the automation of the discovery/design of scalable nu-
merical solvers is the observation that fast computation requires repeated computation
with partial information (and limited resources) over hierarchies of levels of complex-
ity and the reformulation of this process as that of playing underlying hierarchies of
adversarial information games [111, 112].

Although the problem of finding a fast solver for (1.1) may appear to be dis-
connected from that of finding statistical estimators or making decisions from data
sampled from an underlying unknown probability distribution, the proposed game
theoretic reformulation is, to some degree, analogous to the one developed in Wald’s
decision theory [113], evidently influenced by Von Neumann’s game theory [111, 112]
(the generalization of worst-case uncertainty quantification analysis [83] to sample
data/model uncertainty requires an analogous game theoretic formulation [80]; see
also [79] for how the underlying calculus could be used to guide the discovery of new
Selberg identities). We also refer to section 1.3 for a review of the correspondence
between statistical inference and numerical approximation.

1.2. Outline of the Paper. The essential difficulty in generalizing the multigrid
concept to PDEs with rough coefficients lies in the fact that the interpolation (down-
scaling) and restriction (upscaling) operators are, a priori, unknown. Indeed, in this
situation, piecewise linear finite elements can perform arbitrarily badly [7] and the de-
sign of the interpolation operator requires the identification of accurate basis elements
adapted to the microstructure a(z).

This identification problem has also been the essential difficulty in numerical
homogenization [117, 6, 4, 18, 59, 33, 85, 17]. Although inspired by classical ho-
mogenization ideas and concepts (such as oscillating test functions [68, 36, 35], cell
problems/correctors and effective coefficients [13, 90, 1, 72, 39, 46], harmonic coor-
dinates [61, 6, 4, 76, 12, 2, 85], and compactness by compensation [100, 45, 67, 14]),
an essential goal of numerical homogenization has been the numerical approximation
of the solution space of (1.1) with arbitrary rough coefficients [85], i.e., in particular,
without the assumptions found in classical homogenization, such as scale separa-
tion, ergodicity at fine scales, and e-sequences of operators (otherwise, the resulting
method could lack robustness to rough coefficients, even under the assumption that
coefficients are stationary [8]). Furthermore, to envisage applications to multigrid
methods, the computation of these basis functions must also be provably localized
[5, 86, 64, 48, 87, 58] and compatible with nesting strategies [87]. In [77] it was
shown that this process of identification (of accurate basis elements for numerical ho-
mogenization) could, in principle, be guided through its reformulation as a Bayesian
inference problem in which the source term ¢ in (1.1) is replaced by noise £ and one
tries to estimate the value of the solution at a given point based on a finite number
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of observations. In particular it was found that rough polyharmonic splines [87] and
polyharmonic splines [54, 30, 31, 32] can be rediscovered as solutions of Gaussian
filtering problems. This paper is inspired by the suggestion that this link between
numerical homogenization and Bayesian inference (and the link between numerical
quadrature and Bayesian inference [92, 27, 97, 74, 75]) are not coincidences, but
particular instances of mixed strategies for underlying information games, and that
optimal or near-optimal methods could be obtained by identifying such games and
their optimal strategies.

The process of identification of these games starts with the (information based
complexity [119]) notion that computation can only be done with partial informa-
tion. For instance, since the operator (1.1) is infinite-dimensional, one cannot di-
rectly compute with v € H(2) but only with finite-dimensional features of w.
An example of such finite-dimensional features is the m-dimensional vector wu,, :=
(Jour,..., [, udm) obtained by integrating the solution u of (1.1) against m test/
measurement functions ¢; € L?(£2). However, to achieve an accurate approximation
of u through computation with u,, one must fill the information gap between w,,
and u (i.e., construct an interpolation operator giving u as a function of w,,). We
will, therefore, reformulate the identification of this interpolation operator as a non-
cooperative (min max) game where Player I chooses the source term g (1.1) in an
admissible set/class (e.g., the unit ball of L?(£2)) and Player II is shown u,, and must
approximate u from these incomplete measurements. Using the energy norm

(1.3) [ w||? ::/QVUT(:C)a(x)Vu(x) dx

to quantify the accuracy of the recovery and calling u* Player I'’s bet (on the value
of u), the objective of Player I is to maximize the approximation error |u — u*||q,
while the objective of Player II is to minimize it. A remarkable result from game
theory (as developed by Von Neumann [111], Von Neumann and Morgenstern [112],
and Nash [70]) is that optimal strategies for deterministic zero sum finite games are
mixed (i.e., randomized) strategies. Although the information game described above
is zero sum, it is not finite. Nevertheless, as in Wald’s decision theory [113], under
sufficient regularity conditions it can be made compact and therefore approximable
by a finite game. Therefore, although the information game described above is purely
deterministic (and has no a priori connection to statistical estimation), under com-
pactness (and continuity of the loss function), the best strategy for Player I is to
play at random by placing a probability distribution 7; on the set of candidates for
g (and select g as a sample from 77), and the optimal strategy for Player II is to
place a probability distribution 7;; on the set of candidates for g and approximate
the solution of (1.1) by the expectation of u (under 7r; used as a prior distribution)
conditioned on the measurements fQ UuQp;.

Although the estimator employed by Player II may be called Bayesian, the game
described here is not (i.e., the choice of Player I might be distinct from that of Player
IT) and Player II must solve a min max optimization problem over 7; and 7 to
identify an optimal prior distribution for the Bayesian estimator (a careful choice of
the prior also appears to be important due to the possible high sensitivity of posterior
distributions [81, 79, 82]). Although solving the min max problem over 7; and 7y
may be one way of determining the strategy of Player II, it will not be the method
employed here. We will instead analyze the error of Player II’s approximation as a
function of Player II'’s prior and the source term g picked by Player I. Furthermore, to
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preserve the linearity of the calculations we will restrict Player II’s decision space (the
set of possible priors 77;) to Gaussian priors on the source term g. Since the resulting
analysis is independent of the structure of (1.1) and depends solely on its linearity,
we will first perform this investigation, in section 2, in the algebraic framework of
linear systems of equations, identify Player II's optimal mixed strategy, and show
that it is characterized by deterministic optimal recovery and accuracy properties.
The mixed strategy identified in section 2 will then be applied in section 3 to the
numerical homogenization of (1.1) and the discovery of interpolation interpolators.
In particular, it will be shown that the resulting elementary gambles form a set of
deterministic basis functions (gamblets) characterized by (1) optimal recovery and
accuracy properties, (2) exponential decay (enabling their localized computation),
and (3) robustness to high contrast.

To compute rapidly, the game presented above must not be limited to filling the
information gap between u,, € R™ and u € HZ (). This game must be played (and
repeated) over hierarchies of levels of complexity (e.g., one must fill information gaps
between R* and RS, then R'® and R%, etc.). We will, therefore, in section 4, con-
sider the (hierarchical) game where Player I chooses the right-hand side of (1.1) and
Player II must (iteratively) gamble on the value of its solution based on a hierarchy
of nested measurements of u (from coarse to fine measurements). Under Player II's
mixed strategy (identified in section 2 and used in section 3), the resulting sequence
of multiresolution approximations forms a martingale. Conditioning and the indepen-
dence of martingale increments lead to the hierarchy of nested interpolation operators
and to the multiresolution orthogonal decomposition of (1.1) into independent linear
systems of uniformly bounded condition numbers. The resulting elementary gambles
(gamblets) (1) form a hierarchy of nested basis functions leading to the orthogonal
decomposition (in the scalar product of the energy norm) of H{ (), (2) enable the
sparse compression of the solution space of (1.1), (3) can be computed and stored in
near-linear complexity by solving a nesting of linear systems with uniformly bounded
condition numbers, and (4) enable the computation of the solution of (1.1) (or its
hyperbolic or parabolic analogues) in near-linear complexity. The implementation
and complexity of the algorithm are discussed in section 5 with numerical illustra-
tions.

1.3. On the Correspondence between Statistical Inference and Numerical
Approximation. As exposed by Diaconis [27], the investigation of the correspon-
dence between statistical inference and numerical approximation can be traced back to
Poincaré’s course in probability theory [92]. It is useful to recall Diaconis’s compelling
example [27] as an illustration of this connection. Let f : [0, 1] — R be a given function
and assume that we are interested in the numerical approximation of fol f(t)dt. The
Bayesian approach to this quadrature problem is to (1) put a prior (probability distri-
bution) on continuous functions C[0, 1], (2) calculate f at z1, 2, ..., z, (to obtain the
data (f(z1),...,f(zn))), (3) compute a posterior, and (4) estimate fol f(t) dt by the
Bayes rule. If the prior on C[0, 1] is that of a Brownian motion (i.e., f(t) = By where
By is a Brownian motion and By is normal), then E[f(z)|f(z1),..., f(z,)] is the
piecewise linear interpolation of f between the points x1,...,z, and one rediscovers
the trapezoidal quadrature rule. If the prior on C[0, 1] is that of the first integral of a
Brownian motion (i.e., f(t) ~ [} By ds), then the posterior E[f(z)|f(z1), ..., f(zn)]
is the cubic spline interpolant and integrating k& times yields splines of order 2k + 1.

Subsequent to Poincaré’s early discovery [92], Sul'din [102] and (in particular)
Larkin [62] initiated the systematic investigation of the correspondence between con-
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ditioning Gaussian measures/processes and numerical approximation. As noted by
Larkin [62], despite Sard’s introduction of probabilistic concepts in the theory of lin-
ear approximation [95], and Kimeldorf and Wahba’s exposition [60] of the correspon-
dence between Bayesian estimation and spline smoothing/interpolation, the applica-
tion of probabilistic concepts and techniques to numerical integration/approximation
“attracted little attention among numerical analysts” (perhaps due to the counterin-
tuitive nature of the process of randomizing a known function). However, a nat-
ural framework for understanding this process of randomization can be found in
the pioneering works of Wozniakowski [118], Packel [88], and Traub, Wasilkowski,
and Wozniakowski [104] on information based complexity [71, 119], the branch of
computational complexity that studies the complexity of approximating continuous
mathematical operations with discrete and finite operations up a to specified level of
accuracy. Indeed, the concept that numerical implementation requires computation
with partial information and limited resources emerges naturally from information
based complexity, where it is also augmented by concepts of contaminated and priced
information associated with, for example, truncation errors and the cost of numer-
ical operations. In this framework, the performance of an algorithm operating on
incomplete information can be analyzed in the usual worst case setting or the average
case (randomized) setting [93, 73] with respect to the missing information. Although
the measure of probability (on the solution space) employed in the average case set-
ting may be arbitrary, as observed by Packel [88], if that measure is chosen carefully
(as the solution of a game theoretic problem), then the average case setting can be
interpreted as lifting a (worst case) min max problem (where saddle points of pure
strategies do not, in general, exist) to a min max problem over mixed (randomized)
strategies (where saddle points do exist [111, 112]). As exposed by Diaconis [27]
(see also Shaw [97]), the randomized setting also establishes a correspondence be-
tween numerical analysis and Bayesian inference, providing a natural framework for
the statistical description of numerical errors (in which confidence intervals can be
derived from posterior distributions). Furthermore [89, 27], classical min max numer-
ical quadrature rules can be formulated as solutions of Bayesian inference problems
with carefully chosen priors [27] and, as shown by Hagan [74, 75], this correspon-
dence can be exploited to discover new and useful numerical quadrature rules. As
envisioned by Skilling [99], by placing a (carefully chosen) probability distribution on
the solution space of an ODE and conditioning on quadrature points, one obtains a
posterior distribution on the solution whose mean may coincide with classical numer-
ical integrators such as Runge-Kutta methods [96]. As shown in [23] the statistical
approach is particularly well suited for chaotic dynamical systems for which deter-
ministic worst case error bounds may provide little information. While in [99, 96, 23]
the probability distribution is directly placed on the solutions space, for PDEs [77]
argues that the prior distribution must be placed on source terms (or on the image
space of an integro-differential operator) and propagated/filtered through the inverse
operator to reflect the structure of the solution space. In particular, [77] shows that
this process of filtering noise with the inverse operator, when combined with condi-
tioning, produces accurate finite element basis functions for the solution space whose
deterministic worst case errors can be bounded by standard deviation errors using
the reproducing kernel structure of the covariance function of the filtered Gaussian
field. As already witnessed in [23, 96, 77, 56, 55, 19, 25], it is natural to expect that
the possibilities offered by combining numerical uncertainties/errors with model un-
certainties/errors in a unified framework will stimulate a resurgence of the statistical
inference approach to numerical analysis.
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2. Linear Algebra with Incomplete Information.

2.1. The Recovery Problem. The problem of identifying interpolation opera-
tors for (1.1) is equivalent (after discretization or in the algebraic setting) to that
of recovering or approximating the solution of a linear system of equations from an
incomplete set of measurements (coarse variables) given known norm constraints on
the image of the solution.

Let n > 2 and A be a known real invertible n x n matrix. Let b be an unknown
element of R™. Our purpose is to approximate the solution z of

(2.1) Az =b
based on the information that (1) z solves
(2.2) Sz =y,

where @ (the measurement matrix) is a known, rank m, m x n real matrix such that
m < n and y (the measurement vector) is a known vector of R™, and (2) the norm
bTT~1b of b is known or bounded by a known constant (e.g., b"7~'b < 1), where
T~ is a known positive definite n x n matrix (with T~! being the identity matrix as
a prototypical example). Observe that since m < n, the measurements (2.2) are, a
priori, not sufficient to recover the exact value x.

As described in section 1, by formulating this recovery problem as a (noncoopera-
tive) information game (where Player I chooses b and Player II chooses an approx-
imation z* of x based on the observation ®z), one (Player II) is naturally lead to
search for a mixed strategy in the Bayesian class by placing a prior distribution on
b. The purpose of this section is to analyze the resulting approximation error and
select the prior distribution accordingly. To preserve the linearity (i.e., simplicity and
computational efficiency) of calculations we will restrict Player II’s decision space to
Gaussian priors.

2.2. Player I's Mixed Strategy. We will, therefore, in the first step of the analysis,
replace b in (2.1) by &, a centered Gaussian vector of R™ with covariance matrix @
(which may be distinct from 7T') and consider the stochastic linear system

(2.3) AX =¢.

The Bayesian answer (a mixed strategy for Player II) to the recovery problem of

section 2 is to approximate x by the conditional expectation E[X|®PX = y].
THEOREM 2.1. The solution X of (2.3) is a centered Gaussian vector of R™ with

covariance matric

(2.4) K=A1'QAHT.

Furthermore, X conditioned on the value ®X = y is a Gaussian vector of R™ with

mean E[X|®X = y] = Wy and of covariance matriz K®, where ¥ is the n x m matriz

(2.5) U= KT (dKdT)!

and K® is the rank n—m positive n xn symmetric matriz defined by K® := K —V®K .
Proof. (2.4) simply follows from X = A~!¢. Since X is a Gaussian vector,

E[X|®X = y] = Ty, where ¥ is an n x m matrix minimizing the mean squared

error E[|X — M®X|?] over all n x m matrices M. We have E[|X — MO®X|*] =

Trace[K] + Trace[M®K®T MT] — 2 Trace[PK M|, whose minimum is achieved for

M = U as defined by (2.5). The covariance matrix of X given ®X = y is then obtained
by observing that for v € R", vT K®v = E[|UTX—7)T\I/<I>X|2] =0T Kv—vTU®Kvy. O
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2.3. Variational/Optimal Recovery Properties and Approximation Error. For
an n X n symmetric positive definite matrix M, let <', > 1y be the (scalar) product on
R™ defined as follows: for u,v € R", <u,v>M := ul Mv and write ||v||as := <v,v>%\4 as
the corresponding norm. When M is the identity matrix, we write (u,v) and [jv|| as
the corresponding scalar product and norm. For a linear subspace V of R™ we write
Py ar for the orthogonal projections onto V' with respect to the scalar product <-, >
For a (possibly rectangular) matrix B we write Im(B) as the image (range) of B and
Ker(B) as the null space of B. For an integer n, let I,, be the n x n identity matrix.

THEOREM 2.2. Forw € R™, Ww is the unique minimizer of the quadratic problem

(2.6) Mi@imize <U, U>K_1
subject to  Pv=w andv € R".

In particular, v = Uy, the Bayesian approzimation of the solution of (2.1), is the
unique minimizer of |Av||g-1 under the measurement constraints ®v = y. Further-
more, it also holds true that (1) ®¥ = I,,, (2) Im(V) is the orthogonal complement
of Ker(®) with respect to the product {-,-) and (3) V& = Py, gor),x-1 and
I, — U0 = Pyora) k-

Proof. First observe that (2.5) implies that ®¥ = I,,,, where I,,, is the identity
m x m matrix. Therefore, ®(¥Yw) = w. Note that (2.5) implies that for all z € R™,
<\I/z, ’u>K_1 =27 (<I>K<I>T)71<I>v. Therefore, if v € Ker(®), then <\Ilz,v>K_1 =0 for all
z € R™. Conversely, if <\Ifz, U>K_1 =0 for all z € R™, then v must belong to Ker(®).
Since the dimension of Im(¥) is m and that of Ker(®) is n — m, we conclude that
Im(¥) is the orthogonal complement Ker(®) with respect to the product <~, ~>K,1
and, in particular,

K*l )

(2.7 (Yw,v), , =0 VweR™ and Vv € R" such that ®v=0.

Let w € R™ and v € R™ such that ®v = w. Since Yw — v € Ker(®P), it follows from
(2.7) that <v,fu>K_1 = <\I/w, \Ilw>K_1 + <v — Vw,v — \I’w)K_l. Therefore, Ww is the
unique minimizer of (v,v),, over all v € R™ such that ®v = w. Now consider f €
R"; since Im(¥) = Im(K®7) and Im(¥) is the orthogonal complement of Ker(®) with
respect to the product <~7 *) -1, there exist a unique z € R™ and a unique g € Ker(®)
such that f = K®7z + g. Since V& = KOT(®K®T)~1®, it follows that VO f =
K®Tz and (I, — ¥®)f = g. We conclude by observing that g = Pxer(a),x-1/- |

THEOREM 2.3. For v € R", w* = ®v is the unique minimizer of ||v — Vw|| g1
over all w € R™. In particular, |[v — U®v|| -1 = min,epm ||[v — K®Tz||x-1 and if
x is the solution of the original equation (2.1), then ||z — Uy| g-1 = mingerm || —
Vw| g-1 = min,epm ||z — K®T2||x-1.

Proof. The proof follows by observing that v — W®v belongs to the null space of
® which, from Theorem 2.2, is the orthogonal complement of the image of ¥ with
respect to the scalar product defining the norm || - || g-1. Observe also that the image
of ¥ is equal to that of K®7T. O

Remark 1. Observe that, from Theorem 2.2, v — v spans the null space of @,
and [|v|%_, = HU_‘I’CDUH;A +H‘I"b’l}Hi(71. Therefore, if D is a symmetric positive def-
inite n x n matrix, then sup,cgn [|v— \IJ(P’UHD/H’U”K—l = SUP,ern, av—o [Vl D/ V]l K -1
In particular, if 2 is the solution of (2.1) and y the vector in (2.2), then ||z —
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yl|,/Ibllg-1 < sup,cgn, =0 lvllp/|[v] k-1 and the right-hand side is the small-
est constant for which the inequality holds (for all b).

Remark 2. A simple calculation (based on the reproducing Kernel property
<v,K.’i>K,1 = v;) shows that if = is the solution of (2.1) and y the vector in (2.2),

then |(z — y);| < (K%) 2 [|b]|g-1, i.e., the variance of the ith entry of the solution of
the stochastic system (2.3) conditioned on ®X = y controls the accuracy of the ap-
proximation of the ith entry of the solution of the deterministic system (2.1). In that
sense, the role of K® is analogous to that of the power function in radial basis function
interpolation [116, 40] and that of the Kriging function [120] in geostatistics [69].

2.4. Energy Norm Estimates and Selection of the Prior. We will from now on
assume that A is symmetric positive definite. Observe that in this situation the energy
norm || - |4 is of practical significance for quantifying the approximation error and
Theorem 2.3 leads to the estimate ||z —Uy| x—1 = min.cpm [|Q 2b—Q 2 A2 K207 2|,
which simplifies to the energy norm estimate expressed by Corollary 2.4 under the
choice @ = A (note that K~! = A under that choice).

COROLLARY 2.4. If A is symmetric positive definite and QQ = A, then forv € R™,
|lv — ¥Pv||4 = min,epm ||[v — A71®T2||4. Therefore, if x is the solution of (2.1)
and y the vector in (2.2), then ||z — Py|l4 = mingerm ||z — Yw||a = mingepm || —
A71®T2|| 4. In particular,

(2.8) lz — y]la = min [A"2b— A 207 2|
zER™

Remark 3. Therefore, according to Corollary 2.4, if Q = A, then Uy is the
Galerkin approximation of x, i.e., the best approximation of z in the || - || 4-norm
in the image of ¥ (which is equal to the image of A=1®7). This is interesting because
Py is obtained without prior knowledge of b.

Corollary 2.4 and Remark 3 motivate us to select Q = A as the covariance matrix
of the Gaussian prior distribution (mixed strategy of Player II).

2.5. Impact and Selection of the Measurement Matrix ®. It is natural to
wonder how good this recovery strategy is (under the choice QQ = A) compared to
the best possible function of y and how the approximation error is impacted by the
measurement matrix ®. If the energy norm is used to quantify accuracy, then the
recovery problem can be expressed as finding the function € of the measurements y
minimizing the (worst case) approximation error infg supy <1 [z — 0(y)[|a/||b]| with
x=A"1band y = PA~1b. Writing 0 < A\(A4) < -+ < A\, (4) as the eigenvalues of
A in increasing order, and a1, ..., a, as the corresponding eigenvectors, it is easy to
obtain that (1) the best choice for ® would correspond to measuring the projection of
on span{ay, ..., a;,} and would lead to the worst approximation error 1/4/A,41, and
(2) the worst choice would correspond to measuring the projection of z on a subspace
orthogonal to a; and would lead to the worst approximation error 1//A;. Under
the decision @ = A the minimal value of (2.8) is also 1/4/A;+1 and is achieved for
Im(®7T) = span{ay, ..., a;}, and the maximal value of (2.8) is 1/4/A; and is achieved
when Im(®7) is orthogonal to a;. The following theorem, which is a direct application
of (2.8) and the estimate derived in [53, p. 10] (see also [66]), shows that the subset
of measurement matrices that are not nearly optimal is of small measure if the rows
of ®T are sampled independently on the unit sphere of R”.
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THEOREM 2.5. If ® is an n X m matriz with i.i.d. N(0,1) (Gaussian) entries,
Q = A, x is the solution of the original equation (2.1), and 2 < p, then with probability

at least 1 —3p~P, |lo — Wy|l4/[]b|| < (1 +9vm + pv/n)/\/Am+1-

Although the randomization of the measurement matrix [42, 63, 43, 78] can be
an efficient strategy in compressed sensing [105, 21, 20, 28, 44, 22] and in singular
value decomposition/low rank approximation [53], we will not use this strategy here
because the design of the interpolation operator presents the (added) difficulty of
approximating the eigenvectors associated with the smallest eigenvalues of A rather
than those associated with the largest ones. Furthermore, ¥ has to be computed
efficiently and the dependence of the approximation constant in Theorem 2.5 on n
and m can be problematic if sharp convergence estimates are to be obtained. We will
instead select the measurement matrix based on the transfer property introduced in
[14] and given in a discrete context in the following theorem.

THEOREM 2.6. If A is symmetric positive definite, Q = A, and x is the solution
of the original equation (2.1), then for any symmetric positive definite matriz B, we
have

(2.9)

vT By vT By
inf 4/ i —®T 2| g1 < |z — Wylla < \/ ——— mi — Tz 5.
vein \ 9T Ay 2erm o Az < e lla < useungl VT Ay 2ekm Ib -

Proof. Corollary 2.4 implies that if « is the solution of the original equation (2.1),
then ||z — ¥y||4 = min,ecgm ||b— T 2| 4-1. We finish the proof by observing that if A
and B are symmetric positive definite matrices such that a1 B < A < asB for some
constants aq,as > 0, then cvng_1 <Al < ale_l. 0

Therefore, according to Theorem 2.6, once a good measurement matrix ¢ has
been identified for a symmetric positive definite matrix B such that a3 B < A, the
same measurement matrix can be used for A at the cost of an increase in the bound
on the error by the multiplicative factor afl/ > Asa prototypical example, one may
consider a (stiffness) matrix A obtained from a finite element discretization of the
PDE (1.1) and B may be the stiffness matrix of the finite element discretization of
the Laplace Dirichlet PDE

(2.10) — Av/(z) = g(z) on Q with ' = 0 on 99,

obtained from the same finite elements (e.g., piecewise-linear nodal basis functions
over the same fine mesh 7). Using the energy norm (1.3), Theorem 2.6 and Remark
3 imply the following proposition

PROPOSITION 2.7. Let uy, (resp., uj,) be the finite element approzimation of the
solution u of (1.1) (resp., the solution u' of (2.10)) over the finite nodal elements of
Thn. Let ug (resp., uy) be the finite element approzimation of the solution u of (1.1)
(resp., the solution u' of (2.10)) over linear space spanned by the rows of A=1®T
(resp., over the linear space spanned by the rows of B~1®T ). It holds true that

_
Amin (CL)

Observe that the right-hand side of (2.11) does not depend on Apax(a), therefore, if
Amin (@) = 1, then the error bound on ||up — ug||, does not depend on the contrast of

a (i.e., Amax(@)/Amin(a)).

1
(211)  ———=llun = Uyl o) < llun —unlla < luh, = el g 0)-

maX(a)
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3. Numerical Homogenization and Design of the Interpolation Operator in
the Continuous Case. We will now generalize the results and continue the analysis
of section 2 in the continuous case and design the interpolation operator for (1.1) in
the context of numerical homogenization.

3.1. Information Game and Gamblets. As in section 2 we will identify the in-
terpolation operator (that will be used for the multigrid algorithm) through a nonco-
operative game formulation where Player I chooses the source term g (1.1) and Player
IT tries to approximate the solution u of (1.1) based on a finite number of measure-
ments ([, u¢;)1<i<m obtained from linearly independent test functions ¢; € L*(€2).
As in section 2, this game formulation motivates the search for a mixed strategy for
Player II that can be expressed by replacing the source term g with noise £. We will
therefore consider the stochastic PDE (SPDE)

- (- rses) . s
v=0 on 09,

where 2 and a are the domain and conductivity of (1.1). As in section 2, to preserve
the computational efficiency of the interpolation operator we will assume that £ is a
centered Gaussian field on §2. The decision space of Player II is therefore the covari-
ance function of £&. Write as £ the differential operator — div(aV) with zero Dirichlet
boundary condition mapping H} () onto H1(£2). Motivated by the analysis (Re-
mark 3) of section 2.4 (which can be reproduced in the continuous case) we will select
the covariance function of £ (Player II's decision) to be £. Therefore, under that
choice, for all f € Hi(Q), [, f(z)¢(z)dx is a Gaussian random variable with mean
0 and variance [, fLf = ||f]|2, where || f]|4 is the energy norm of f defined in (1.3).

Introducing the scalar product on HE () defined by

(3.2) <v,w>a = /Q(Vv)Tan,

recall that if (e1,es,...) is an orthonormal basis of (H3 (), || - ||.) diagonalizing L,
then & can formally be represented as & = > °,(Le;)X; (where the X; are i.i.d.
N(0,1) random variables) and, therefore, £ can also be identified as the linear isometry
mapping Hg (Q2) onto a Gaussian space and f = Y2, (f,e;) e; onto [, f(x)§(x) dx =
iz (fren) Xi

Observe also that [77], if ¢ is white noise on Q (i.e., a Gaussian field with covari-
ance function &§(z — y)), then & can be represented as & = £72¢’. Furthermore [77,
Prop. 3.1], the solution of (3.1) is a Gaussian field with covariance function G(z,y)
(where G is the Green’s function of the PDE (1.1), i.e., LG(z,y) = 0(z — y) with
G(z,y) =0 for y € 09).

Let F be the o-algebra generated by the random variables fQ v(x)p; for i €
{1,...,m} (with v solution of (3.1)). We will identify the interpolation basis elements
by conditioning the solution of (3.1) on F. Observe that the covariance matrix of the
measurement vector ([, v(2)¢i)1<i<m is the m x m symmetric matrix © defined by

(33 0 = [ i()Gla.1)0,0) dedy,

Note that for I € R™, [T = ||w||2, where w is the solution of (1.1) with right-hand
side g = 31", l;¢;. Therefore (since the test functions ¢; are linearly independent), ©
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is positive definite and we will write © ! as its inverse. Write d; ; as the Kronecker’s
delta (6;; =1 and 6; ; = 0 for i # j).

THEOREM 3.1. Let v be the solution of (3.1). It holds true that

(3.4) sz / V)6i(y) dy,

where the functions 1; € HE () are defined by

(3.5) e ‘/ dy = di 5, j € {1,. }}

and admit the representation formula

(3.6) wi<x>=j§:jl@;j /Q G, )y () dy

Furthermore, the distribution of v conditioned on F is that of a Gaussian field with
mean (3.4) and covariance functwn I(z,y) = G(z,y) + 22:1 Vi ()Y (y)Os 4
St iz fQ (2)dz =30 iy fQ (2,2)pi(2)dz .

Proof. The proof is similar to that of [77, Thm. 3.5]. The identification of the co-
variance function follows from the expansion of I'(z,y) = E[(v(z) —E [v(z)| F]) (v(y) —
E[v(y)|F])]. Note that (3.6) proves that 1; € Hj(€). 0

Since, according to (3.5) and the discussion preceding (3.1), each 1); is an elemen-
tary gamble (bet) on value of the solution of (1.1) given the information [, ¢;u = d;
for j =1,...,m, we will refer to the basis functions (¢;)1<i<m as gamblets. According

o0 (3.4), once gamblets have been identified, they form a basis for betting on the value
of the solution of (1.1) given the measurements ( [, ¢;u)1<i<m-

3.2. Optimal Recovery Properties. Although gamblets admit the representa-
tion formula (3.6), we will not use it for their practical (numerical) computation.
Instead, we will work with variational properties inherited from the conditioning of
the Gaussian field v. To guide our intuition, note that since £ is the precision func-
tion (inverse of the covariance function) of v, the conditional expectation of v can
be identified by minimizing [, ©¥£1) given measurement constraints. This observation
motivates us to consider, for i € {1,...,m}, the quadratic optimization problem

(37) . 1 o
subject to ¢ € Hj() and [, ;0 =8, for j=1,...,m,

{Minimize 9]
where ||¢)]|4 is the energy norm of ¢ defined in (1.3).

The following theorem shows that (3.7) can be used to identify v; and that gam-
blets are characterized by optimal (variational) recovery properties.

THEOREM 3.2. It holds true that (1) the optimization problem (3.7) admits a
unique minimizer ; defined by (3.5) and (3.6), (2) for w € R™, 37" w;t); is the
unique minimizer of ||| subject to [, (x)¢;(x) = w; for j € {1,...,m}, and (3)
(using the scalar product defined in (3.2)) <wi,¢j>a = @;jl.
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Proof. Let w € R™ and v, = Y .-, w;1; with ; defined as in (3.6). The defini-
tion of © implies that fQ Yw(z)@j(z) = w; for j € {1,...,m}. Furthermore, we obtain
by integration by parts that for all ¢ € H{(Q), (Yu,¢), = die 1w1®” Jo d50.
Therefore, if ¢ € H(Q) is such that [, ¥(x)¢;(x) = w; for j € {1,...,m}, then
<1/Jw,¢ — ww>a =0 and

(3-8) 19112 = Ivwllz + 1v — vull2,

which finishes the proof of the optimality of ¥; and ),,. 0
3.3. Optimal Accuracy of the Recovery. Define

(3.9) w(@)i= Y i) [ uwon(o)d,

where wu is the solution of (1.1) and 4; are the gamblets defined by (3.5) and (3.6).
Note that u* corresponds to Player II’s bet on the value of u given the measurements
(fqu( Y) dy)1<i<m. In particular, if v is the solution of (3.1), then

(3.10) u* |/ dyf/Qu(y)gbz(y) dy}.

For ¢ € H-1(Q) write £~ 1¢ as the solution of (1.1) with g = ¢. The follow-
ing theorem shows that u* is the best approximation (in the energy norm) of u in
span{L ', i € {1,...,m}}.

THEOREM 3.3. Let u be the solution of (1.1), with u* as defined in (3.9) and
(3.10). It holds true that

3.11 u—u|, = inf u—1|,.
(3.11) I lo = ey 1

Proof. By Theorem 3.1, span{L~t¢; : i € {1,...,m}} = span{¢y,... ,wm} and
(3.11) follows from the fact that [,,(u — u*)¢; = O for all j implies that v — u* is
orthogonal to span{s,...,¥.,,} with respect to the scalar product < , >a. 0

3.4. Transfer Property and Selection of the Measurement Functions. We will
now select the measurement (test) functions ¢; by extending the result of Proposition
2.7 to the continuous case. For V a finite-dimensional linear subspace of H~1(Q),
define

(3.12) (divaV) ™'V := span{(divaV) !¢ : ¢ € V},
where (divaV)~1¢ is the solution of (1.1) with g = —¢. Similarly, define A=V =
span{A~1¢p : ¢ € V}, where A~1¢ is the solution of (2.10) with g = —¢.

PROPOSITION 3.4. If u and u' are the solutions of (1.1) and (2.10) (with the
same right-hand side g) and V is a finite-dimensional linear subspace of H~1(Q),
then

1
———— inf v vl < inf  Ju—va
)\max(a) vEATIV 0 ve(divaV)—1V
(3.13) i

— inf ’U/ — v 1 .
— = vl
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Proof. Write G as the Green’s function of (1.1) and G* as the Green’s function
of (2.10). Observe that for f € V and v = (divaV)~'f, lu —v[|2 = [ (g9(z) —
f(@)G(z,y)(9(y) — f(y)) de dy. The monotonicity of Green’s function as a quadratic
form (see, for instance, [12, Lemma 4.13]) implies [.(g(z) — f(2))G(x,y)(9(y) —
fy))dzdy < sy Jor(9(2) = f(2))G* (2, 9)(9(y) — f(y)) dwdy (with a similar in-
equality on the left-hand side), which concludes the proof. 0

This extension, which is also directly related to the transfer property of the flux-
norm (introduced in [14] and generalized in [103]; see also [115]), allows us to select
accurate finite-dimensional bases for the approximation of the solution space of (1.1).

CONSTRUCTION 3.5. Let (7;)1<i<m be a partition of Q such that each 7; is Lips-
chitz, convex, and of diameter at most H. Let (¢;)1<i<m be elements of L*(Q) such
that for each i, the support of ¢; is contained in the closure of T; and le ¢; # 0.

PROPOSITION 3.6. Let (¢;)1<i<m be the elements of Construction 3.5 and let u
be the solution of (1.1). If V =span{¢; : 1 <i < m}, then

(3.14) inf lu—vllo < CH|glz20)

n =
ve(divaV)—1V
R

1 L
W)z) (writing |7;| as the volume

with C = (7T )\min(a))_l (1 + maxi<i<m (
of 7;).

Proof. Using Proposition 3.4 it is sufficient to complete the proof when a is the
constant identity matrix. Let u’ be the solution of (2.10) and v € A~*V. Note that

Av = 3" ¢i;, therefore, [|u/ — UH%’I(Q) = — Jo' —v)(g — > ci¢y). Taking
0

¢i = J. 9/ [, ¢ we obtain that [ (g — 37" ¢;¢;) = 0 and, writing |7;| as the

volume of 75, i — ol ) = — St Jo (0 — v — by [ (0 — 0))(g — Sy i)

which by Poincaré’s inequality (see [91] for the optimal constant 1/m used here) lead
to [ju’ — v||?{3(9) < s ([, IV =v)?)* ([ (9 — X ¢65)?)?. Therefore,
by using the Cauchy—Schwarz inequality and simplifying, ||u’ — v]| Q) < %Hg -
Yiey CidillL2(q) - Now, since each ¢; has support in 7;, we have || 3250, ci¢il|72q) =

[, ¢ g Jr 47 ,
S ([ 9)? T S ||g||2L2(Q) maxi<;<m (‘%‘f7¢)27 which concludes the proof. 0O

The value of the constant C' in Proposition 3.6 motivates us to modify Construc-
tion 3.5 as follows.

CONSTRUCTION 3.7. Let (¢i)1<i<m be the elements constructed in Construction
3.5 under the additional assumptions that (a) each ¢; is equal to one on T; and zero
elsewhere, and (b) there exists § € (0,1) such that for eachi € {1,...,m}, 7; contains
a ball of diameter 0H .

Let (¢;)1<i<m be as in Construction 3.7. Note that the additional assumption (a)
implies that the constant C' in Proposition 3.6 is equal to 2/(m/Amin(a)). Assumption
(b) will be used for localization purposes in sections 3.5 and 3.6 (and is not required
for Theorem 3.8). The following theorem is a direct consequence of Proposition 3.6
and Theorem 3.3.

THEOREM 3.8. If u is the solution of (1.1) and (v;)™ are the gamblets identified
in (3.5), (3.7), and (3.6), then

(3.15) inf [lu — vl <
vespan{y1,...,¥m} T4/ Amin (@)

Hl|g||L2(0)
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and the minimum in the left-hand side of (3.15) is achieved for v = u* defined in
(3.9) and (3.10).

Remark 4. The assumption of convexity of the subdomains 7; is only used to
derive sharper constants via Poincaré’s inequality for convex domains (without it,
approximation error bounds remain valid after multiplication by ). Similarly, the
transfer property can be used to derive constructions that are distinct from Construc-
tions 3.5 and 3.7.

Remark 5. Gamblets defined via the constrained energy minimization problem
(3.7) are analogous to the energy minimizing bases of [65, 114, 122, 121] and, in par-
ticular, [108]. However, they form a different set of basis functions when global con-
straints are added: the (total) energy minimizing bases of [65, 114, 122, 121, 108] are
defined by minimizing the total energy > ||¢;]|2 subject to the constraint Y, v;(x) =
1 related to the local preservation of constants. Numerical experiments [122] suggest
that total energy minimizing basis functions could lead to an O(v/H) convergence rate
(with rough coefficients). Note that (3.7) is also analogous to the constrained min-
imization problems associated with polyharmonic splines [54, 30, 31, 32, 87], which
can be recovered with a Gaussian prior (on §) with covariance function §(x —y) (corre-
sponding to exciting (3.1) with white noise). We suspect that the basis functions ob-
tained in the orthogonal decomposition of [64] can also be recovered via the variational
formulation (3.7) by identifying the null space of the Clement quasi-interpolation op-
erator with that of appropriately chosen measurement functions ¢;.

3.5. Exponential Decay of Gamblets. Theorems 3.2 and 3.3 show that the gam-
blets 1; have optimal recovery properties analogous to the discrete case of Theorem
2.2 and Corollary 2.4. However, one might wonder why one should compute these
gamblets rather than the elements (divaV)~!¢; since they span the same linear space
(by the representation formula (3.6)). The answer lies in the fact that each gamblet
1); decays exponentially as a function of the distance from the support of ¢;, and its
computation can therefore be localized to a subdomain of diameter O(H In ;) with-
out impacting the order of accuracy (3.15). Consider the construction 3.7. Let 1; be
defined as in Theorem 3.2 and let x; be an element of 7;,. Write B(z,r) as the ball of
center x and radius r.

THEOREM 3.9 (exponential decay of the basis elements ;). It holds true that
(3.16) / (Vi) TaVip; < e'~tm / (Vb)) T aVey;
QN(B(z;,7))° Q

with 1 = 14 (e/7) v/ Amax(@) /Amin (@) (1 + 22 (2/8)114/2) (where e is Buler’s number).

Proof. Let k,l € N* and i € {1,...,m}. Let Sy be the union of all the domains
7; that are contained in the closure of B(z;, klH) N, let S; be the union of all
the domains 7; that are contained in the closure of (B(z;, (k+ 1){H))° N, and let
S* = 5§NSFNE be the union of the remaining elements 7; not contained in Sy or S;.
Let n be the function on Q defined by n(z) = dist(x, Sy)/(dist(z, So) + dist(x, S1)).
Observe that (1) 0 < n < 1, (2) n is equal to zero on Sp, (3) 1 is equal to one on
S1, and (4) [Vl pe(o) < 757- Observe that — [, ni; div( avm = [ V(ni)ay; =
Jo (V)T aVips + [, (V)T aVip;. Therefore, Js, (Vi) TaVip; < I + I with

1

> / ) ( / (V) aw}i)z Do (@)

(817 L= |Vl m(
T;CS*
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and Iy = — [, mp; div(aVip;). By (3.6), —div(aV1;) is piecewise constant and equal
to 6;]1 on 7;. By the constraints of (3.7), ij ¥; = 0 for i # j. Therefore (writing n;
the volume average of n over 7;), we have

(3.18)

L<- ), / n= e dv(@V) < 7 3 Willzage |l div(@Ven)lzace,
T3 CS1US* T;CS*
We will now need the following lemma.
LEMMA 3.10. If v € span{ey, ..., ¥}, then

(3.19) | div(aVo)| L2y < H™Y0lla(Amax(@)2570/8%4) 3.

Proof. Let c € R™ and v = ) ;" | ¢;¢b;. Observing that —div(aVv) = Y7" | 016_
in 7; and using the decomposition || d1v(aVv)||L2(Q) S div(aVv)HLz(Tj), we
obtain that

(3.20) || div(aVv) ||L2(Q Z (ch ”> |75

Furthermore, v can be decomposed over 7; as v = vy +v2, where v1 solves — div(aVvy)
= Z:’;l ciG;jl in 7; with vy1 = 0 on 97j, and vy solves —div(aVve) = 0 in 7j
with v3 = v on d7;. Using the notation [£|2 = ¢Ta&, observe that ij Vo2 =
ij |Vor |2 + ij |Vva|2. Furthermore, ij Voi|2 = 300 05 ) ij v1. Writing G; as
the Green’s function of the operator —diV(aV ) with Dirichlet boundary condition
on 97j, note that [ vy = (31", ¢0 f G,(z,y) dz dy. Using the monotonicity of
J
the Green’s function as a quadratlc form (as in the proof of Proposition 3.4), we have
f Gi(z,y)drdy > x—— f G (z,y) dx dy, where G7 is the Green’s function of the
operator —A with Dlrlchlet boundary condition on J7;. Recall that 2 fT, G* (z,y)dy
J

is the mean exit time (from 7;) of a Brownian motion started from z, and the mean
exit time of a Brownian motion started from z to exit a ball of center x and radius r
is % (see, for instance, [12]). Since 7; contains a ball of diameter 6H, it follows that
2 ijz Gi(z,y)dzdy > (6H/4)**4V, (where Vj is the volume of the d-dimensional unit

ball). Therefore (using |;| < Vy(H/2)¢ and simplification),

(3.21) / Vo2 2 (Zcz ) I 2624 /(2540 (),

which finishes the proof after taking the sum over j. |

Now observe that since fT, ¥; = 0 for i # j, we obtain, using Poincaré’s inequality
J

(with the optimal constant of [91]), that 1VillL2(ry < [IVWillp2(r,)H /7. Therefore,
combining (3.17), (3.18), and the result of Lemma 3.10, we obtain after simplification

1

(3.22) /S (Vi) @V < 253 M@)o (@)1 423 (2/6)+412) /S (V) v

Taking | > £/ Amax(@)/Amin(a)(1 + 23(2/6)14/2) and enlarging the integration do-
main on the right-hand side, we obtain fsl(VdJi)TaVi/)i < et fs*usl(VdJi)TaVr/)i.
We conclude the proof via straightforward iteration on k. ]
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3.6. Localization of the Basis Elements. Theorem 3.9 allows us to localize the
construction of basis elements v; as follows. For r > 0, let S, be the union of the
subdomains 7; intersecting B(z;,r) (recall that z; is an element of 7;) and let ¢}°"
be the minimizer of the quadratic problem

(3.23) Minimize [ (V¢))"aVy
’ subject to 1 € H(S,) and fST ¢j1 = 0, ; for j such that 7; C S,.

We will naturally identify 1°°" with its extension to HZ(Q) by setting gbioc’r =0

i
outside of S,.. From now on, to simplify the expression of constants, we will assume
without loss of generality that the domain is rescaled so that diam(2) < 1.

THEOREM 3.11. It holds true that
(3.24) s — )" o < Ce™ 2,

where 1 is defined in Theorem 3.9, C' = (Amax(a)/\/Amim (@) H ~2 222449 /(\/V;54+2)
and Vy is the volume of the d-dimensional unit ball.

Proof. We will need the following lemma.

LEMMA 3.12. It holds true that
(3.25) [illa < (H8) ™21\ Anan (@) 2392 (V) "2,

where Vg is the volume of the d-dimensional unit ball and

5d+11

(3.26) (Wi )| < 2 H270N 0 (a)2°5° / (Vad ),

where | is the constant of Theorem 3.9 and r; ; is the distance between T; and ;.

Proof. Since 7; contains a ball B(z;,0H/2) of center z; € 7; and diameter §H/2,
there exists a piecewise-differentiable function 7 equal to 1 on B(z;,dH/4), equal
to 0 on (B(z;,6H/2))¢, and such that 0 < n < 1 with [|[Vn||p~@) < 75. Since
P = n/( fﬂ 7)) satisfies the constrains of the minimization problem (3.7), we have
[¢illa < l¥blla, which proves (3.25). Theorem 3.2 implies that (¢;,¢;), = ©;}

= Y
Observing that — div(aV1;) is piecewise constant and equal to @;]-1 on 7; and applying
(3.21) (with v = 1); and using ij |V |2 < ij |Vv|?), we obtain that

1
2

@21 8;;l< (Amax<a>25+d/<62+d|n|>)EH1( / _(W»Tawl«) :

which leads to (3.26) by the exponential decay obtained in Theorem 3.9 and (3.25). 0O

Let us now prove Theorem 3.11. Let Sy be the union of the subdomains 7; not
contained in S, and let S; be the union of the subdomains 7; that are at distance
at least H from Sy (for So = () the proof is trivial, so we may assume that Sy # (;
similarly, it is no restriction to assume that S; # (). Let 7 be the function on
defined by n(z) = dist(x, Sp)/(dist(x, Sp) + dist(x, S1)). Observe that is a piecewise-
differentiable function on £ such that (1) 7 is equal to one on Sy and zero on Sy, (2)
[Vl L) < %, and (3) 0 < < 1. Since PI°°" satisfies the constraints of (3.7), we
have from (3.8),

loc,r loc,r
(3.28) [l = "1 = 102" 12 = Nl

© 2017 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 07/19/17 to 131.215.225.9. Redistribution subject to CCBY license

MULTIGRID WITH ROUGH COEFFICIENTS 17

Let 4" be the minimizer of [ (V4)"aVe subject to ¢ € HJ(S,) and [g ¢ = 6
for 7; C S,. Write w; = [, ni¢;. Let 9l = > wji/);-’r. Noting that %" =
wioc’r + ijcs* ij;’r7 where S* is the union of 7; C S, not contained in S, and
using property (3) of Theorem 3.2 (with @2;,1 = f s, vw,i”)Tavw;’T), it follows that

> ijj-” +2 3 ety

T, C5* T, C8*

(3.29) 57112 = (|47 |12 +

Noting that 7¢; € Hg(S,), Theorem 3.2 implies that [|¢5" [|o < [|7%illa, which, com-
bined with (3.29) and (3.28), leads to ||1;—¥1°%"||2 < ||ne:]|2— ||1/)z||2 23, cs- 07 ~lw,

K2

and (using [l 17 — 1villZ < [o. V(i) aV (nedy))

(3.30) [ — ;%%

/ V()T aV () + 2

Z @’L,*l

75 CS*

Now observe § [o V(i) TaV (0:) < o, 5o, oz (Vi) TaV42220 [ a2,
Applying Poincaré’s inequality we obtain |, s* ¥il> < LH? erc s Jo \V¢1|2 (since

f % = 0 for T C S* and fs* ¢1i2 -7 )\mm fQﬂ(B (zs,7—2H)) (Vl/Jl)Tavwl Com-

bining these equations with the exponential decay of Theorem 3.9 we deduce

(3310 | V) eV ) < 2(1+ Amax(a)/ (T hmin()) ) e T il

1— 72H

Similarly, using the Cauchy—Schwarz and Poincaré inequalities we have for Tj C S,
Jwjl < |52 1ill 2y < 17312 ([, (Vo) a(Vehi)) /\/ min(a) and | 3, g. ©777 ] <
|ZUCS*(@zgl)Q\TjH%(fs*(Vwi (Vz/Ji)/)\min(a)) . Using (3.27) we obtam that
5 s @ H2m1F < (Amax(@)25+4/8200) S H=1( [ (Vi) aVi") 2, which by
the exponential decay of Theorem (3.9) (and [|¢;]lo < [|¥;"||a) leads to

1
. b\ (a)25+d LR ) ey
7,—1 max 1 2,712 1
(3.32) Z ei,j wj| < <W H ||1/}z ||a€ TH
T3 CS*
Using (3.25) to bound |[¢)""||, and combining (3.32) with (3.31) and (3.30) concludes
the proof. 0

The following theorem shows that gamblets preserve the O(H) rate of convergence
(in the energy norm) after localization to subdomains of size O(H In(1/H)). They can
therefore be used as localized basis functions in numerical homogenization [5, 86, 64,
87]. Section 4 will show that they can also be computed hierarchically at near-linear
complexity.

THEOREM 3.13. Let u be the solution of (1.1) and (" )1<i<m be the localized
gamblets identified in (3.23), then for r > H(CIn 4 + C3) we have

1
(3.33) inf lu—vlla < ———Hllgllz2() -

vespan{y ;""" ,..., z/)i?f”'} min\@

3 1
The constants are C1 = (d + 4)l and Cy = 2lIn (5 Amax(a )%), where 1 is the

Amin (@)
constant of Theorem 3.11. Furthermore, the inequality (3.33) is achieved for v =

loc,
o " fQ u;.
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Proof. Let vy := Y.1" cp; and vy = Yo, " with ¢; = Jou¢i. Theo-
rem 3.8 implies that [|u — villa < 2/(7\/Amin(a))H||g||12(q). Observe that [u —
volla < llu—villa + [[v1 — v2lla and vy — volla < max; [ty — ¥i° o o0y |ei]. Using
Poincaré’s inequality ||ul|z2(q) < diam(Q)[|Vu||r2(q) (with diam(Q) < 1) we obtain
o le] < Jg lul < ||g||L2(Q)2_d/2Vd%/)\min(a)~ We conclude using Theorem 3.11 to

bound max; |[1; — " |. .

?

4. Multiresolution Operator Decomposition. Building on the analysis of sec-
tion 3, we will now gamble on the approximation of the solution of (1.1) based on
measurements performed at different levels of resolution. The resulting hierarchi-
cal (and nested) games will then be used to derive a multiresolution decomposition
of (1.1) (orthogonal across subscales) and a near-linear complexity multiresolution
algorithm with a priori error bounds.

4.1. Hierarchy of Nested Measurement Functions. In order to define the hi-
erarchy of games we will first define a hierarchy of nested measurement functions.

DEFINITION 4.1. We say that T is an index tree of depth q if it is a finite set of
q-tuples of the form i = (iy,...,iq) with 1 < iy <mg and 1 < iy < m, 4, for
J = 2, where mg and m;, .. i, ,) are strictly positive integers. For 1 < k < q and
i = (i1,...,iq) € Z, we write i®) = (iy,...,ix) and Z®) = {i*) . i € T}. For
k<K <qandj= (j1,-..,5x) € Z*) | we write j® = (j1s- -y k). Forie IK)
and k < k' < q, we write iF) the set of elements j € Z*) such that jF) =,

CONSTRUCTION 4.2. Let T be an index tree of depth q. Let 6 € (0,1) and 0 <
Hy < -+ < H <1. Let (Ti(k)JC € {1,...,q},i € Z™) be a collection of subsets

of Q such that (1) for 1 < k < g, (Ti(k),i € IW) is a partition of Q such that each
Ti(k) s a Lipschitz, convex subset of Q of diameter at most Hy and contains a ball of

diameter Hy, and (2) the sequence of partitions is nested, i.e., for k € {1,...,q—1}
and 1 € I(k), Ti(k) = UjEiUckarl) T;k+1)

As in Remark 4, the assumption of convexity of the subdomains Ti(k) is not neces-

sary to the results presented here and is only used to derive sharper /simpler constants.
Let ¢{*) be the indicator function of the set 7% (i.e., ¢{*) = 1ifz € 7* and ¢! = 0

K3

ifx & Ti(k)). Note that the nesting of the domain decomposition implies that of the

measurement functions, i.e., for k € {1,...,¢— 1} and i € (),
(k) _ (k,k+1) | (k+1)
(4.1) ¢ = Z i ?; )
FjET(R+1)

where 7(8F+1) ig the Z() x Z(*+:+1D matrix defined by WE?’“H) = 1if j e ikk+D)

and wgé’kﬂ) = 0if j ¢ i1 We will assume without loss of generality that
H¢§k)||2L2(Q) = \Ti(k)| is constant in ¢ (for the general case, rescale/renormalize each
qbgk) and the entries of 7(***1) by the corresponding multiplicative factors; we will
keep track of the dependence of some of the constants on max; ; |Ti(k)|/|7;k)|).

4.2. Hierarchy of Nested Gamblets and Multiresolution Approximations. Let
us now consider the problem of recovering the solution of (1.1) based on the nested

measurements ( [, u¢§k))iez(k> for k € {1,...,q}. Asin section 3 we are lead to inves-
tigate the mixed strategy (for Player II) expressed by replacing the source term g with
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a centered Gaussian field with covariance function £ = — div(aV). Under that mixed
strategy, Player II’s bet on the value of the solution of (1.1), given the measurements

(fqu( ¢( () dy) ez, is (see section 3.3)

(4.2) =Y 4Pe / ()o™ (y) dy,

i€Z (k)

where (see Theorem 3.2), for k € {1,...,q} and i € Z(F), 1/)51“) is the minimizer of

(43) {MmMMe 19|

subject to ¢ € Hj(Q) and [, ¢§-k)w =8, for j € I
Define 0+ .= H}(Q) and, for k € {1,...,q},
(4.4) gk .= span{wgk) i e 7MY,

By Theorem 3.1 span{y){") | i € M} = span{L-1¢" | i € Z™}, and the
nesting (4.1) of the measurement functions implies the nesting of the spaces (k)
The following theorem (a direct application of Theorems 3.3 and 3.8) shows that u(k)
is the best (energy norm) approximation of the solution of (1.1) in gk,

THEOREM 4.3. It holds true that (1) for k € {1,...,q}, B*) < YFE+D gnd
gk = span{ﬁflgbz(-k) | i € I}, and (2) if u is the solution of (1.1) and u® is
defined in (4.2), then

2
4.5 u—uP,= inf [[u—v|, < ——H .
(4.5 o=l = int vl < ——ZHilglin)

4.3. Nested Games and Martingale/Multiresolution Decomposition. As in
section 3 we consider the mixed strategy (for Player II) expressed by replacing the
source term g with a centered Gaussian field with covariance function £. Under
this mixed strategy, Player II's bet (4.2) on the value of the solution of (1.1), given

the measurements ( fQ ¢>( )( ) dy);ez, can also be obtained by conditioning the
solution v of the SPDE ( 1) (see (3.10)), i.e

(4.6) u<’“><x>=E[v<x> ool way= [ u(y)¢§k>(y>dy,iez<k>]

Furthermore, each gamblet w(k) represents Player II’s bet on the value of the solution

of (1.1) given the measurements [, u( (b( ) (y) dy = 8 ;, Le.,

(4.7) @MEP

v(y)6® (y) dy = 615, j € zﬂ .

Now consider the nesting of noncooperative games where Player I chooses g in
(1.1) and Player II is shown the measurements ([, u(bgk))iez(k), step by step in a
hierarchical manner, from coarse (k = 1) to fine (k = ¢), and must, at each step
k of the game, gamble on the value of solution u. The following theorem and (4.6)
show that the resulting sequence of approximations u(*) forms the realization of a
martingale with independent increments.
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THEOREM 4.4. Let Fi be the o-algebra generated by the random wvariables

(fQ ”(x)¢§k))iez<k> and

(4.8) WP(2) = Efo@)|F] = 3 o / )6 () dy

i€Z (k)

It holds true that (1) Fi,...,Fq forms a filtration, i.e., Fr C Fit1, (2) for z €
Q, v®)(x) is a martingale with respect to the filtration (Fi)p>1, i-e., v¥) () =
E[U(k+1)($)|fk] , and (3) vV and the increments (vt — vF)) 51 are independent
Gaussian fields.

Proof. The nesting (4.1) of the measurement functions implies Fy, C Fy41, and
(Fk)k>1 is therefore filtration. The fact that v®) is a martingale follows from v(*) =
E[v|F]. Since v(!) and the increments (v#+1) —o(*)), -, are Gaussian fields belong-
ing to the same Gaussian space, their independence is equivalent to zero covariance,
which follows from the martingale property, i.e., for & > 1, E[v(l)(v(kH) — v(k))} =
E[E[v® (0*+D) — o) | Fi]] = EpME[(v*+D — v®)|F]] = 0 and for k > j > 1,
]E[(v(jﬂ) — U(a‘))(v(kﬂ) — U(k))] — ]E[(U(Hl) — U(j))]E[(U(kH) — U(k))|]:k]] =0. ]

Remark 6. Theorem 4.4 enables the application of classical results concerning
martingales to the numerical analysis of v*) (and u(*)). In particular, (1) martingale
(concentration) inequalities can be used to control the fluctuations of v(*), (2) optimal
stopping times can be used to derive optimal strategies for stopping numerical simu-
lations based on loss functions mixing computation costs with the cost of imperfect
decisions, and (3) taking ¢ = oo in the construction of the basis elements wz(k) (with
a sequence Hy, decreasing toward 0) and using the martingale convergence theorem
imply that, for all ¢ € C§°(Q), [, o™ ¢ — [, vp as k — oo (a.s. and in L1).

The independence of the increments v*+1) — v(¥) is related to the following or-
thogonal multiresolution decomposition of the operator (1.1). For U*) defined as 1n
(4.4) and for k € {2,...,q 4 1}, let 20%*) be the orthogonal complement of ¥
within U*) with respect to the scalar product <', '>a. Write @, as the orthogonal
direct sum with respect to the scalar product <~, ~>a. Note that by Theorem 4.3, u(*)
defined by (4.2) is the finite element solution of (1.1) in B®) (in particular, we will
write u(9t1) = ).

THEOREM 4.5. It holds true that (1) for k € {2,...,q¢+ 1},
(4.9) gk =g @, WP g, - 0, WH,
(2) for ke {1,...,q}, u* D —u®) belongs to WD and
(4.10) w=u®+ @w® —uM) . 4 (WD — VY 4 (4 — D)
is the orthogonal decomposition of u in H}(Q) = D, WP, 6,209 q, 200t
and (3) u* 1) — u®) is the finite element solution of (1.1) in QH+1),

Proof. Observe that since the ) are nested (see Theorem 4.3), u(F+1) — (%)
belongs to BH+1), Furthermore (by property (1) of Theorem 4.3 and integration by
parts), for i € I, (uk+1) — 1/1( )> belongs to span{ [, (uk+1) (k))qﬁgk) |ie
Z(M}. Finally, (4.2), the constraints of (4.3), and the nesting property (4.1) imply
that for i € 70 [0 (u+D —u®)p*) = > ezt 7r( k1) fQ kﬂ -/ upl® =0,
which implies that «**1) — 4(¥) belongs to Q¢+, 0
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4.4. Interpolation and Restriction Matrices/Operators. Since the spaces (%)
are nested there exists a Z(®?) x T+ matrix R*#+1) such that for 1 < k < ¢ — 1
and i € (),

(4.11) wgk) _ Z R(k k+1)w(lk+1)'

jET(h+1)

We will refer to R%F+1) ag the restriction matrix and to its transpose R(F+1F) .=
(RFF+INT a5 the interpolation/prolongation matrix. The following theorem shows

that (see Figure 1) R§f§’““> is Player II’s best bet on the value of [, uqS (k1) given
the information that [, uplt = Sisy 5 € T,
THEOREM 4.6. It holds true that for i € T and j € T(-+1),

(k k+1) /¢(k (k+1 - [/v(ng-k“)(y) dy
Q

Proof. The first equality is obtained by integrating (4.11) against q§§-k+1) and us-

/szv(y)¢§k) (y)dy = 84, 1 € T

ing the constraints satisfied by w§k+1) in (4.3). For the second equality, observe that
since F}, is a filtration, we can replace v in the representation formula (4.7) by v(k)
(as defined by the right-hand side of (4.8)) and obtain d)fk) () = > ezt ¢§k+1)(ac)

[IQ (j)(k'H) (y) dy| [, v(y) l(k)(y) dy = 8;y,1 € IW], which corresponds to
]

4.5. Nested Computation of the Interpolation and Stiffness Matrices. Let v
be the solution of (3.1). Observe that ([, (x)gbz(-k))lezm is a Gaussian vector with
(symmetric, positive definite) covariance matrix ©*) defined by, for i, j € Z(F),

(4.12) o = / o ()G (2, )\ (y) da dy .

As in (3.3), ©®) is invertible and we write ©*):~1 as its inverse. Observe that, as in
Theorem 3.2, wi(k) admits the representation formula

(4.13) Z @” / G(z,y)o: " (y) dy.
JETH)
Observe that, as in Theorem 3.2, ©%):=1 = A®) where A% is the (symmetric,
positive definite) stiffness matrix of the elements 1/1“), ie., fori,j € T,

(4.14) AR = (pP Py |

Write 7(FT1F) as the transpose of the matrix 7(**+1) (defined below (4.1)) and
I%®) as the Z) x Z(®) identity matrix. The following theorem enables the hierarchi-
cal/nested computation of A% from AKk+1),

THEOREM 4.7. Forb € RIUC), RFHLR)p s the (unique) minimizer ¢ € RZ*Y of

Minimi T A(k+1)
(415) { mimaize C C

subject to  wFE+tDe = p,

Furthermore, RUEk+D g (+1k) — (kk+1) Rh+Lk) — (k) Rlkk+1) — A(K) k1) @ k+1)
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Ok = pkk+D) Qk+1) n(k+1k)  gp (g
(k) — p(kk+1) g(k+1) p(k+1.k)

Proof. Using the decompositions (4.11) and (4.1) in fQ gb;k)wgk) = 0;,; leads to
REFHD 7 (k+18) — 1(k) Using (4.13) and (4.1) to expand wgk), Theorem 4.6 leads to
RFF+1) — AR g (kk+1) @(k+1)  Using (4.1) to expand (bgk) and gb;k), in (4.12) leads to
Q) = r(kk+D QU+ r(k+1k)  Using (4.11) to expand 1" and wj(-k) in (4.14) leads to
(4.16). Let b € RZ"™ . Theorem 3.2 implies that ) ;7 biwl(k) is the unique minimizer
of ||v||2 subject to v € Hj(Q) and [, ¢§-k)v = bj for j € ZW. Since YH*) c Pk+1)
and since the minimizer is in B*), the minimization over v € H{ () can be reduced
to v € YEHD of the form v = Y ezt ci¢§k+1)7 which, after using (4.1) to expand
the constraint [, ¢§k)v = bj, corresponds to (4.15). a

4.6. Multiresolution Gamblets. The interpolation and restriction operators are
sufficient to derive a multigrid method for solving (1.1). To design a multiresolu-
tion algorithm we need to continue the analysis and identify basis functions for the
subspaces 20F). For k = 2,...,q, let 7 be the finite set of k-tuples of the form
i = (i1,...,0) with 1 <43 < mg, 1 < iy < mg,,.4,_,) for 2 < j < k-1, and
1 <ig < m,,..i,_,) — 1, where the integers m. are the same as those defining the
index tree Z. For a matrix M, write Im(M) and Ker(M) as its image and kernel.

LEMMA 4.8. Fork=2,...,q, let W*) be a T*) xT*) matriz such that Tm (W *)T)
= Ker(r*=1Lk)). Tt holds true that the elements (Xl(-k))iej(k) € VW) defined as

k) ._ (), (k)
(4.17) Xi = Z Wi ¥;
jez®)

form a basis of 20

Proof. Since £LB*-1 = Span{¢z(-k71) | i € Z¢6=D}, w € B* belongs to WH) if
and only if [, ¢§-k71)w =0 for all j € Z*~1, which, taking w = Xl(k) and using (4.1),
translates to (m*=LRWELTY, . = 0. Writing |7(*)| as the number of elements of
J*) (which is equal to the dimension of 23(%)), observe that | J*)| = [I(R)| — |[(k=1)|,
Therefore, Im(W*):T) = Ker(n(*~1%)) also implies that the |7*)| elements ng) are
linearly independent and, therefore, form a basis of 20 0

Remark 7. Observe that since 0 = <w§k71),x§k)>a = (RE-LR) AR (k). T, i
also holds true that Im(W®):T) = Ker(R*F-1R AR and Im(ARWHE.T) =
Ker(RF—1k)),

From now on we choose, for each k € {2,...,q}, a J® x Z(-) matrix W) as

in Lemma 4.8. This choice is not unique and to enable fast multiplication by W)
(or its transpose) we require that for (j,4) € J®*) x 7(-) Wj(f) =0 if jb=1) £ §(k=1),

Therefore, the construction of W) requires, for each s € Z(+:~1 | the specification
of a number mg — 1 of m,-dimensional vectors W((f)l) (5,97 W((Skzns_l) (5,) that are
linearly independent and orthogonal to the m¢-dimensional vector (1,1,...,1,1). We

propose two simple constructions.
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- () ¢ (k+1)
(a) ®) & T ()
Q i v |
N o|ofo |0 _(#) o|-1[o |0 1 0 L
o gep1fo o [P +GefF1]0 |0 R
0 0|0 o|ofo [0
’T;k) 0 0|0 Tfk)——m 0]o |0 0

Fig. | If( *) ,s € I(F)) is a nested rectangular partition of Q, then (a) w(k) is Player II’s best bet
on the value of the solution u of (1.1) given f (k) u =0 ; forj € k), (b) xgk) is Player
1I’s best bet on u given f‘r(k) u =05 — 0+, for j € I and (c) R(k kD) Player II’s

J
. _ . k
best bet on fT;k‘Fl) u given f-r](’“) u=20;; forje (k)

CONSTRUCTION 4.9. For k € {2,...,q}, choose W*) such that (1) WJ{IZ—) =0 for
(4,3) € TP x T, with j(k_l) #i*=1 and (2) for s € T*=V t € {1,...,m, — 1},
and t" € {1,...,ms}, Wi_ 35) (s,1) = Ottr = Orgnpr.

For k€ {2,...,q} and i = (i1,...,ix_1,%x) € TP, define it := (i1,... ip_ 1,0+
1) and observe that under Constructlon 4.9,

(4.18) X =™ —p®),

whose game-theoretic interpretation is provided in Figure 1.

For the second construction we need the following lemma whose proof is trivial.

LEMMA 4.10. Let U™ be the sequence of n x n matrices defined (1) for n = 2
by U1(,2.) = (1,-1) and U(2) (1,1) and (2) iteratively for n > 2 by Ui(,?ﬂ) = Ui(,?)
for1 <ij<n UMY =1for1 <j<n+1, UM =0for1 <i<n-—1,
and U,(Ln,;_l% = —n. Then,_for n > 2, the rows of U™ are orthogonal, Ur(lnj) =1 for
1 < j <n, and we write U™ for the corresponding orthonormal matriz obtained by
renormalizing the rows of U™,

CONSTRUCTION 4.11. Fork € {2,...,q}, choose W¥) such that (1) W;’lz) =0 for
(j,i) € T® x TR with j*k=1) £ i*k=1) and (2) for s € - andt € {1,...,ms—1}
and t' € {1,...,ms}, W((S]fi)’(w,) Ut(Z?*) (where U™ is defined in Lemma 4.10).

Observe that under Construction 4.11, (1) the complexity of constructing W *)

is [Z-=V| x m?2 and (2) WRWET = Jk) where J*) is the 7*) x J*) identity
matrix.

4.7. Multiresolution Operator Inversion. We will now use the basis functions
%(1) and ng) to perform the multiresolution inversion of (1.1). Let B®) be the
TR x JE) (stiffness) matrix Bffcj) = <ng), ng)>a and observe that

(4.19) B®) — W) gk k), T

Observe that B®*) is positive symmetric definite and write B*)>~1 as its inverse. Let
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7Bk be the ZXF) x T+ matrix defined by

(4.20) ﬁ(z k1) (k k+1)/( (k,k+1) k+1,k))i’i.

Using the notations of Definition 4.1 note that (x(**+1)(k+1.k)), o =, Let DFF=1)
be the J®) x Z(:=1) matrix defined as
(4.21) DHE=D . — _ gk, —lyy (k) g(R) 7 (kk=1)

and write D=1F) .= DRE=1.T g5 its transpose.
THEOREM 4.12. It holds true that for k € {1,...,q— 1} andi € I,
(k) _(k k+1) k+1) kk+1) (k+1)
(4.22) Py =3 + Y D
leT(k+1) jegte+1)
In particular,

(4.23) REE+Y) _ 2(kkt1) o p(kkt) (k1)

Proof. For s € T write w( ) Zlez(k+1> 0 k k+1) w(kﬂ and B*) .= span{lp( |
s€IM). Let x € R ), y € Rj(k+l), and

(4.24) Y= Z z ) 4 Z ij;-kH).

seZ(k) jegk+1)

If ¢ = 0, then integrating v against ¢(k) for i € Z(F) (and observing that fQ qSEk)ngk) =
i) implies = 0 and y = 0. Therefore, the elements w(k) §k+1) form a basis
for BHF) 4 @+ Observing that dim(B*+D) = dim(B®) 4 dim(WHEHD), we
deduce that B*+D) = G*) 4 9p(k+1) - Therefore, since YK ¢ Pk+1), wgk) can be
decomposed as in (4.24). The constraints [, §’“)w§’“) = 0;,5 lead to x5 = ;5. The
orthogonality between v and 20**1) leads to the equations <w, §k+1)>a =0 for j €
j(k_H) ie. Zlez(k+1> ﬁ'z(li k1) <wlk+1)’ §k+1 > +Z] g Uit <X(k+1)7Xjk+1)> -0,
which translates into W (*+1) A(k+1) 7 (k—H M4 B*H Dy, that is, (4.22). Plugging (4.17)

into (4.22) and comparing with (4. 11) leads to (4.23). ad
Let g be the right-hand 51de of (1.1). For k € {1,. ..7q} let g*) be the [Z(F)]-
dimensional vector defined by g = /o z/J( g for i € T Observe that g(*) can be
computed iteratively using
(4.25) g(’f) - R(k7k+1)g(k+1)'
For k € {2,...,q}, let w® be the | 7*)|-dimensional vector defined as the solution
of
(4.26) B k) — (k) g (k)

Furthermore, let U™ be the |Z()|-dimensional vector defined as the solution of
(4.27) AVyD = ¢

According to following theorem, which is a direct consequence of Theorem 4.5, the
solution of (1.1) can be computed at any scale by solving the decoupled linear systems
(4.26) and (4.27).
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THEOREM 4.13. Fork € {2,...,q}, let u® be the finite element solution of (1.1)
in BF) . It holds true that u®) — (k=1 = D ica® w(k)xgk) and, in particular,

%

k
(4.28) u® = 3" Uy £ 3T 3T W

seT(D) K'=2 e 7(k")

4.8. Uniformly Bounded Condition Numbers across Subscales/Subbands.

Taking ¢ = oo in Theorem 4.5, the construction of the basis elements 1/J§k) leads to
the multiresolution orthogonal decomposition

(4.29) HY Q) =2 &, w0,
=2

In that sense, the basis elements 7,[11(“ and ng) could be seen as a generalization of
wavelets to the orthogonal decomposition of H}(€2) (rather than L?(Q)) adapted to the
solution space of the PDE (1.1). We will now show that this orthogonal decomposition
induces a subscale decomposition of the operator — div(aV) into layered subbands of
increasing frequencies. Moreover, the condition number of the operator — div(aV)
restricted to each subspace 29(%) will be shown to be uniformly bounded if Hy_,/Hj
is uniformly bounded (e.g., if Hj is a geometric sequence). Write Hy := 1 and let §
be defined as in Construction 4.2.

THEOREM 4.14. Ifk € {1,...,q} and v € B*), then
1+d/2
i Hy < 75— Ivlla .
V )\max(a)25/2+d/2 || dlv(a’vv)HLz(Q)

Ifk=1andv e VW, orkec{2,...,q¢} and v € WH), then

(4.30)

fole .1

4.31 . -
(4.31) [div(aVo)llz2@) — v/ Amim(@)

Hy_,.

Proof. (4.30) is a direct consequence of Lemma 3.10. For k = 1 (4.31) is a simple
consequence of Poincaré’s inequality. Let k € {2,...,¢}. Y*) = gF=1 ¢, 925*) and

[l llv—v'lla

Theorem 4.3 1mply SUDy, cop (k) m S SUP, e (k) lnfv/em(k—l) m S
2

2 [ .

7/ Amin(a)

Write |c| as the Euclidean norm of ¢ and for k € {1,...,q} let

k k
1D ez € ¢z( )||%2(Q) and 5 = sup > ez c ¢5 )HQLQ(Q)
k= .
EE GE

(4.32) v = inf
B ceRZ™)

Write |7| as the volume of a set 7 and note that 4, < max;crx) \Ti(k)| and vy, >
min;e 700 |77 |; therefore, 3i /v, < 67¢.

For a given matrix M, write Cond(M) := /Amax(MTM)/\/Amin(MTM) as its
condition number.

THEOREM 4.15. It holds true that

1 Amax(a)2°7
1 max

=
>
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and, for k € {2,...,q},

Hk /\min(a) 54+7dﬂ'2

Furthermore, Cond(W ®) W )Ty = 1 under Construction 4.11 and Cond (W )1 (k). T
< 2(Hk,1/(6Hk))2d under Construction 4.9.

Proof. Let k € {1,...,q} and ¢ € RI™ . Write v = Zieﬂk) csz ) " Observ-
ing that 0|2 = "A®c and [ div(@Vo) a0 = | Siern (AP, =
Y| AW |2 (4.30) implies that v, H202+/(Amax(a)2°F?) < T AR c/|A(k)c|2 which,
after taking the minimum in ¢, leads to (for k£ > 1)

2 2 511+2d
(4.34) Cond(B™®) < (H’“) (Ama"(a) > 2 Cond(W® W ®).T)

(4.35) Anax(AM) < Aax ()25 / (HF 6> y,),

and for k > 2 (using (4.19))

(4.36) Amax(B™) < Apax WEWET)N L (a)25H4 /(HE52Hy,) .

Similarly, for k = 1 (4.31) leads t0 Amin(A™M) > Apin(a)/51. Now let us consider k €

{2,...,q}and c € R7™Y . Write w = die g jeT® ciWiﬁl;)z/)](.k). (4.17) and (4.19) im-

ply that [w]? = ¢"B®c and, using (4.32), [div(aVw)|re) =

I seqmjezm (ABDWETE) 60| 1aq) < %\A(k)W(k)’TC|2~ Observing that w €
. . T k), . _

20(F) | (4.31) implies that TW(k>(Aﬁ))2W<") = < Tk X m(a) H?_,. Taking ¢ = Bk —1y

(k) T g(k),—1 L.
for y € RY", we deduce that ‘A(k)v?{/(k) TB<’<5y—1y|2 < /\mm(a) HZ . Writing N*®) =

— AR E).T B(k),~1 e have obtained that
(4.37) Amin (@) / (HE_ 1Ak Amax(NETNEN) < X\, (BW)

For k € {2,...,q} let P() .= g(kk=1) R(+=1.8)  Using RF—14) = Ak—Dz(k=LE)g(k)
and 7*k=1R @) 7 (kk=1) — @(k=1) (Theorem 4.7), we obtain that (P*))2 = P ie.,
P is a projection. Write ||P(k)||Ker(ﬂ.(k—1,k)) 1= SUPgeKer(r(k—1,5)) |P®F) x| /||

LEMMA 4.16. It holds true that, for k € {2,...,q},

1+ ||P(k)‘|%{er(ﬂ.(k—l,k))
)\min(W(k)W(k)’T)

(4.38) Amax (N FT NG <

Proof. Since Im(W®):T) and Im(x**~1) are orthogonal and dim(RZW) =
dim (Im(W®T)) 4 dim (Im(r*k=D)), for = € RZ™ there exists a unique y € R7"
and z € RZ" 7" such that 2 = WE Ty k=15 and |2 = [WETy 24 |gkkE=1) 42,
Observe that WRz = WEWETy (since WHErkk=1) = 0) and RF-1RHz =
RE=LRW (LT y 4 2 (since RF—1Rpkk=1) — 1(k=1) from Theorem 4.7). There-
fore, = [WETy]2 4 |P®)(z — WETY) 12 with y = (WERWED) =1 F)g,
Let v € R7"Y . Taking 2 = A®W® Ty and observing that P®z = 0 (since
RU=1R) A®) )7 (R).T =  from the (-, ) -orthogonality between 201 and 0(F)) leads
to [AWWETy)2 = |[WETy12 4 |POWETY12 with y = (WEWE.T)=1BE),,

(O .
Therefore, | AR KR Ty|2 < (1+ ||P(’<)||Ker - m)%, which concludes

the proof after taking v = B*)~1¢/ and maximizing the left-hand side over |[¢v/| = 1. O
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LEMMA 4.17. Writing |M||2 := sup,, |Mz|/x as the spectral norm, we have

zTe® g

(4.39) ||P(k)||%<cr(7r(k—1,k)) < ||7T(k’k_1)A(k_1)7T(k_Lk)H2 sup T,

zeKer(m(k—1.k)) Y

Proof. Let x € Ker(r*=1#).  Using P*) = gk-1) A(kfl)ﬂ(kfl*k)@(k)
we obtain that |[P®z| = |akk-DAR-Dzk=1k) (k)3 |,|(©F)2z|. Observ-
ing that for M = a*=LR(@©OF)2 we have MMT = ©*-D and for N =
W(k’k_l)A(k_l)ﬂ(k_l’k)(@(k))% we have Apax(NTN) = Mpax(NNT), we deduce that

||7r(k,k—1)A(k—1)ﬂ.(k—1,k)(@(k))%H% _ Hﬂ.(k,k—l)A(k—l)ﬂ.(k—l,k)”2 and conclude by tak-
ing the supremum over x € Ker(r(*~1k)). ]
LEMMA 4.18. It holds true that
T@(k) ~2
(4.40) sup xTix < H1371+~
s€Ker(n(k-10)) T T YT Amin(a)

Proof. Let y € R7" and @ € R. Let v = aW® Ty Write ¢ = Y ez xiqbl(-k)
and 1 = (—div(aV-))~¢. Observe that |[¢|? = 2T0®z > ayT Wk eE W (*-).Ty,
Using [, qﬁgk)@(k) = 0 for 7 # [ and selecting a = ||¢Z(k) ”222(9) (assuming, without loss
of generality, that HQS || T2q) = | i(k)| is constant in i, for the general case, rescale
each qﬁgk) by a multiplicative constant), we obtain that for j € Z*k-1), fﬂ ¢¢§.k_1) =
ez will 8 20yl = (LW RTy) = 0. Therefore, since [|y2 =

7yt

Jo @, we have for ' € span{g” " | i € TV}, IR = [0 — v)
. -1 -1 -1

6]l 22 1Y = ¥'ll2(@)- Choosing ¥ = Yiczun & " fouol /6220

we obtain (via the Poincaré and Cauchy—Schwarz inequalities as in the proof of

Proposition 3.6) that [[¢p —'||p2() < Hr—1[[¥|la/(7/Amin(a)) and deduce ||, <
Hy 1|62y /(T\/ Amin(a)). Observing that ||¢H%2(Q) < |z|*5k and 5 < a7t < Ay,
we summarize and obtain that y”W®@FW Ty < H2  |2?°52/(1*Amin(a)) <
HE (|W®ETy 1252 /(w2 M\pin(a)), which concludes the proof of the lemma (since
Ker(nF=18)) = Im(W (*):T)), u|
Observing that ||x(F*=D A= rk=LE) |, < X\ o (rFr=D k=L)AL (AF=D)
and using (4.35), we derive from Lemmas 4.17 and 4.18 that
,7}325+d)\max(a)
Ve Vk—102T0m2 Ain (@)

Observing that 7(FF=17z(k=1E) is block diagonal and using the notations of Defini-
tion 4.1, we have Ayay (rFF-Drk=1E)) — MAaxc 7(e—1) SUPLepm; | iy il ?/|z]? =

IN

(441) ||P(k)||%{er(ﬂ-(k—1,k)) S )\max(']r(k7k_1)7r(k_17k))

max;crk-1 m;. Noting that a set T;k_l) can contain at most (max;ez-1) |7'](k_1)|)/
min, - 7(x) T-(k) subsets T(k), we have
( i€l ‘ i %
d
(4.42) max m; < (Hy_1/(6Hy))

jEZ(k=1)

and conclude that \pax (7FF-Drk=10)) < (Hk,l/(éHk))d. Therefore, (4.37) and
Lemma 4.16 imply, after simplification, that

Amin (@) Hyp_17%0% 72972 A pin (a)
4.43 Amin By > 20 N nin wE k)T
( ) ( )— Hg_l;)/k ( ) Hd 7226+d)\ma,x( )
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Recalling that 75 /v, < 7%, using yx/vk—1 < H{/(Hk—10)?, and summarizing, we
conclude the proof of (4.33) and (4.34). Recall that under Construction 4.11 we have
W®WELT = J() wwhich implies Cond(W®W*).T) = 1. Under Construction 4.9,
WEWELT s block diagonal with, for j € T+~ diagonal blocks corresponding
to (m; — 1) x (mj; — 1) matrices M~ such that (1) for n = 1 and = € R,
2TMW g =222, (2) forn=2and z € R?, 2T M@z = 22 + (x5 — 21)? + 23, and (3)
forn >3and z € R?, 2" MMz = 134+ (2;—2i41)%+22. Note that for alln > 1,
)\max(M(”)) < 3. Furthermore, for n > 3 (n < 2 is trivial), introducing the variables
Yo =Ty — T1,...,Yn = Tp — Tn_1, we obtain that 27 MMz =23 493 + -+ 92 + 22
and |z> = 2f + (21 + y2)? + -+ (@1 +y2 + -+ ya)? < @ M™a)n(n +1)/2.
Therefore, Amin(M™) > 2/(n(n + 1)). We conclude that under Construction 4.9,
Cond(WRW*)-T) < max;cze-1) 3(m; — 1)m;/2 and bound mj as in (4.42). 0

4.9. Well-Conditioned Relaxation across Subscales. If H; is a geometric se-
quence, or if Hy_1/Hj is uniformly bounded, then, by Theorem (4.15), the linear

systems (4.26) and (4.27) entering into the calculation of the gamblets ng) (and there-
fore ’(/JZ-(k)) and the subband/subscale solutions «(*) and u*+1) — 4(*) have uniformly
bounded condition numbers (in particular, these condition numbers are bounded in-
dependently from the mesh size/resolution and the regularity of a(x)). Therefore,
these systems can be solved efficiently using iterative methods. One such method
is the conjugate gradient (CG) method [57]. Recall [98] that the application of
the CG method to a linear system Az = b (where A is an n x n symmetric posi-
tive definite matrix) with initial guess #(°) yields a sequence of approximations ()

4/Cond(A)—1

satisfying (writing |e|3 := eTAe) |z — 2|4 < 2(m)l|$ — 294, where
Cond(A) := Amax(A)/Amin(A). Also recall [98] that the maximum number of itera-
tions required to reduce the error by a factor € (|Jz — 2|4 < €|z — 2] 4) is bounded
by %1/Cond(A)In 2 and has complexity (number of required arithmetic operations)
O(/Cond(A)N4) (writing N4 as the number of nonzero entries of A).

4.10. Hierarchical Localization and Error Propagation across Scales. Despite
the fact that the multiresolution decomposition presented in this section leads to
well-conditioned linear systems, the resulting matrices B*) and A®) are dense and,
to achieve near-linear complexity in the resolution of (1.1), these matrices must be
truncated by localizing the computation of the basis functions wgk) (and therefore

XZ(.k)). The approximation error induced by these localization/truncation steps is con-
trolled by the exponential decay of gamblets and the uniform bound on the condition
numbers of the matrices B*). To make this control explicit and derive a bound the
size of the localization subdomains we need to quantify the propagation of trunca-
tion/localization errors across scales, and this is the purpose of this subsection.

For k € {1,...,q}, p>1, and i € T, we define (1) i as the subset of indices

j € ) whose corresponding subdomains T§k) are at distance at most Hyp from Ti(k)

and (2) S; = Ujeiij(k). Let p1,...,pq > 1. For k € {1,...,¢g— 1} and i € "),
write i”Ft1 as the subset of indices j € Z(*+:t1) such that j*) € i?. For i € Z(9, let

%Eqﬂ)’loc = H&(qu). For k€ {1,...,q} andi € Z) let wgk)’loc be the minimizer of
(4.44)  Minimize |[¢||, subject to 9 € ‘ngﬂ)’loc and / 1/}¢§k) = §;,; for j € iP*,
Q

where, for k € {1,...,q — 1} and i € T(-), %Ekﬂ)’loc is defined (via induction) by
snglﬂ»l),loc — Span{w§k+1),loc | je ,L'/)k7k+1}_
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From now on we will assume that H, = H* for some H € (0,1) (or simply
that Hy is uniformly bounded from below and above by H*¥). To simplify the pre-
sentation, we will also, from now on, write C as any constant that depends only
on d,Q, Amin(a), Amax(a), or 6 (e.g., 2CAnax(a) will still be written C). The fol-
lowing theorem allows us to control the localization error propagation across scales.
For k € {1,...,q}, let AM1oc be the TV x T(¥) matrix defined by AE?’IOC =

<’(/J(k) 10C,¢(k) 10C>a and let £(k) be the (localization) error £(k) := (> ,czm) ||1/)§k) -

k),loc 3
R HE
THEOREM 4.19. For k € {1,...,q — 1}, we have

(4.45) E(k) < CH 2E(k+1) 4 CePr/C 2~ (k+1)(d+1)

Proof. We will need the following lemma summarizing and simplifying some re-
sults obtained in Theorem 4.14 when H), = H*.

LEMMA 4.20. Let Hy, = H* and W® be as in Construction 4.9 or Construction
4.11. It holds true that for k€ {q,...,2}, (1) [|[W®) || <V/3, (2) 1/ Amin(WE W F).T) <
CH, (3) [7#-1P, < CHY, (4) [x*- 1P, < CH-42, (5) |REI0], <
CH=%2, (6) Cond(B®) < CH 272 (7) Apax(B®) < CHFC+d)  gpg
(8) 1/Amin(B®)) < CHFEHD=2=2d  myrthermore, (9) Cond(AM) < CH2, (10)
1/ Amin (AN < CHY, and, for k € {1,...,q}, (11) Apax(A®)) < CHFZ+d),

Proof. From the proof of Theorem 4.15 we have (1) and 1/Api,(WRWETY <
max;czk-1 (m; — 1)m;/2, which implies (2). For (3), noting that 71'(]C Lk — o if
=1 £ and ﬁg’kjfl’k) = 1/m;, otherwise, we have ||7*~15) ||y = max;cza-1) 1/1/m;
< CH?%. (4) follows from Apayx(r®F—DpE=1k)) — max;cz-nm; < CH-% Let
us now prove (5). Using (4.23), (4.21), and defining N*®) = — ARy ).T pk),—1
as in Lemma 4.16, we have R*k—1F) = gh—1k) 4 7z(k=1k) N(F) 17 (k) which leads to
| RE=LR) ||, < H7r(k LRV (1 + [|N®) oW F)||3). Using Lemma 4.16 and (4.41) we
obtain that AmaX(NW N®Y < (14 Chpax (rFE=DaE=LE) Hd) /X (WO W R)T)
and, therefore, | N®)||, < CH~?. Summarizing, we have obtained (5). (6), (7), (8),
and (11) follow from Theorem 4.14 and, in particular, (4.36), (4.43), and (4.35). See
(4.33) and the proof of Theorem 4.15 for (9) and (10). |

We will also need the following lemma.

LEMMA 4.21. Letk € {1,...,q— 1} and let R be the T") x T+ matriz defined
by R, j =0 for j € iPoF 1 and R; ; = R(k A for j € T+ fipek 41 Tt holds true
that |R|j2 < CH/2e=rr/C.

Proof. Observe that |R|3 < |Z|max;czm D ez okt |R§§-’k+1)|2 with
IZ®| < CH;* Let i € T, Using Theorem 4.6 and the Cauchy-Schwarz
inequality we have |R (k. k+1)| < ||¢(k)HL2(T(k+1) ||¢(k+1)||L2 A4 Therefore,

k,k+1
ZJGI(k+1)/Zpk k41 |R( )|2 < CHk-H Z]EI(k+1)/lpk k41 ”w ” L2(r

(k
Zjez(k+1)/ipk,k+l ||1/1 HLZ( (k)) Zsez(k)/iﬁk ||1Z} )HL2( (k)) Slnce fTs(k) 1/)1- = 0 fOI‘

(e Observe that

s # ¢ we obtain from Poincaré’s inequality that ||1p2( lr2(r) < C’||Vw(k)||L2(T<k>)H
k41 (k

Therefore, ZjGI(k+1)/ikak+1 |R§,j " )|2 < CH]?.HHI% ZSGI(k)/iPk va )HLQ( )y Us-

ing Theorem 3.9 we obtain that »> 7w /i \|V1/J§k)||iz(7_(k>) < Ce ¢ Pk||q/;§k)H§.
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Using (3.25) we have ||1/1§k)|\2 < CH %2, therefore, Do jezter) ikt |R(k M2 <
CH?e=Crr, O
Let us now prove Theorem 4.19. We obtain by induction (using the constraints

n (4.44)) that for k € {1,...,¢} and i € (¥ w(k Jloc satisfies the constraints of
(4.3). Moreover, (3.8) implies that if ¢ satisfies the constraints of (4.3), then |9 =

||’(/J7;(k) ||§+||¢—wf’“)||3 Therefore, for k € {2,...,q—1}, w;k)’loc is also the minimizer of
||z/1—wl(k) [[a over functions 1 of the form ¢ =37, k41 cjw(kﬂ)’loc satisfying the con-
straints of (4.44). Thus, writing ¢* := 27@% - R(’C k+1)1/) (kF1)1oc e have (since
1* satisfies the constraints of (4.44)) Hw )-lec w(k)H < ||w* — w(k)Ha. Write ¢ :=
Z]ez<k+1) R(k k+1)w§k+1),loc and g = Zjez<k+1>/zpk - R(k k—‘rl)w('k-‘rl),loc. Observ-
ing that 1" = Y1 — ¥, we deduce that """ |2 < 2Jun — "2 + 20|02
and, after summing over ¢, (5(k))2 <2(h+1Iz) with It = 37,700 | 22 ez R(k k+1)
k k+1),] (k,k k+1),1
(05 D= 2 and By = i | S jezoenn amens B TV0FT R Wit
ing S as the Z*+1) x Z(*+:+1) symmetric positive matrix with entrles Si;= <1/)§k+1 —
wfkﬂ)’loc,z/)](-kﬂ) - wj(-kﬂ)’bc)a, note that I; = Trace[RFF+1)SREHLE] Writing
Sz as the matrix square root of S, observe that for a matrix U, using the cyclic
property of the trace, Trace[USUT] = Trace[S2UTUS2] < Amax(UTU) Trace[S],
which, observing that Trace[S] = (£(k + 1))? and Apax (UTU) = ||U||3, implies I; <
|[RKE+D|2(E (K + 1))2. Therefore (using Lemma 4.20), we have /T; < CHY2E(k +
1). Let us now bound I5. Let R be defined as in Lemma 4.21. Noting that
<¢(k+1) Joc ¢(k+1) loc> A£’3+1)’10C we have (as above) I, = Trace[RA(k+1),locRT] <
Amax(RTR) Trace[A(k“) loc],
Summarizing and using Lemma 4.21 we deduce that £(k) < CHY2E(k + 1) +
CH2e=rr/C /Trace[A(k+1):loc] Observing that \/Trace[A(k+1Dloc] < £(k + 1) +
Trace[A(*+1)] and using Trace[A(k“)] < CH, !, max;czoin) [ * |12 and (Lemma

k+1
3.12) [0V, < CH AT

, we conclude the proof of the theorem. 0

Let u(1):°¢ be the finite element solution of (1.1) in P)loe .= span{zp](»k)’loC |je
IMY. For k € {2,...,q}, let W®*) be defined as in Construction 4.9 or Construction
4.11. Fori e J®) let ng)’loc = Zjeﬂk) Wé’;)w;k)’loc. For k € {2,...,q}, let u(F):loc—
uF=1)1e¢ e the finite element solution of (1.1) in QW*)-loe .= spam{)(g-k)’loC |je T®Y.
For k € {2,... 7q}, write u(F)1oe .= ¢, (1):loc 1 Z H(ulloe — g li=1slocy T et plk)loc
be the 7®*) x 7(*) matrix defined by Bi(fcj) loe = <x§k)’loc,xgk)"loc>a. Observe that
B#oe = W) ARMocyy )T White for k € {2,...,q}, (k%) = (Xjeqm X -
X§k)’l°c||g)%. The following theorem allows us to control the effect of the localization
error on the approximation of the solution of (1.1).

THEOREM 4.22. It holds true that, for k € {2,...,q}, (1) E(k,x) < CH™Y2&(k).
Furthermore for k € {2,....q} and E(k,x) < CT'H FUFT/DH14d ype have (2)
Cond(B(k),loc) < CH—272d gnd (3) ”u(k) _u(k—l) _(u(k),loc_u(k—l),loc)”a < Cg(k, X)
||g||H—I(Q)Hk(1+d/2)73d73- Similarly, for £(1) <C~YH=%2 we have (4) Cond(AM1)-1oc)
< CH™? and (5) [[u™ —utDocly < CEQ)|gllpr-1 (o) H 42

Proof. We will need the following lemma.
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LEMMA 4.23. Let X1,...,Xm be linearly independent elements of Hg(S). Let

Xis- -y X be another set of linearly independent elements of H}(Q). Write £ =
1
(Z:’;l ||XZ—X;||3) >. Let B (resp., B') be the mxm matriz defined by B, ; = <Xi, Xj>a
(resp., B ; = <X;,X;>a). Let uy, (resp., ul, ) be the solution of (1.1) in span{x; | i =
1,...,m} (resp., span{x} | ¢ = 1,...,m}). It holds true that for E < / Amin(B)/2
(1) Cond(B’) < 8Cond(B), (2) ||B B2 €3/ Amax(B)E, (3) |B~1 — (B)7 Y2 <
-2 Cond(B)

12/ Amax(B) ()‘min(B)) &€, and (4) [[um — up,[la < C5||g||H Q)m

Proof. For ( ) observe that \/Amax(B’) = supm 1 || Py 1‘7;7,X;||a <V Amax(B) +
€ and /Amin( = inf|;)— | Z 4 xle”a VAmin(B) — €. For (2) observe that for
z,y € R™ with |a:| ly| = 1 we have y*(B—B')x = <Z; L Yi(Xi— XZ), > xiXi>a—
(O wixi Yoy 2i(XG = xi)), < (VAmax(B') 4+ v/ Amax(B))E. (3) follows from (2)
and B~ — (B)7!2 < ||B = B'|l2/ (Amin(B)Amin(B’)). For (4) observe that w, =
S wixi (vesp., ul, = >0, wix}), where w = B™'b with b; = [, gx; (resp., v’ =
(B")~1 with b = [, gx}). Therefore, [[upm — ul,lla < [w[€ + |0 — w'|\/Amax(B).
w—w =B Y b—V)— B (B - B)w leads to |w — w'| < C(||gl|g-1)€ + | B —
B'[|2w'])/Amin(B)- Using (2), Amin(B)|w]? < | 22 wixillz < lull? < Cllgl-1 g
and Apin (B')|w'|? < C||g||%1_1(9) we conclude the proof of (4) after simplification. O

Let us now prove Theorem 4.22. Using ng) (k) loe = D icT® W(k (w(k)
M%) and noting that Wé’? =0 for ¢(b=1) £ j(k— 1) we have (5(k,x)) <Djeqm

2
(Ziez<k)(w‘(@)2 Ziez(m i(k=1)=j(k=1) ||7/1(k) ¢<k)’loc||i)~ Therefore, (5(/@){)) <
(5(k))2maxzez<k 1) T MAX ¢ 7(k) ZleIm(W(k)) . Observing that (see (4.42))
max;cz-n m; < 1/(H§)% and ZzEI(k)(W( )) < Amax(WEWELTY < 3 (see Lemma

4.20) we conclude that (1) holds true with C' = (3/6%)z. (2) and (3) are a direct
application of Lemmas 4.23 and 4.20. For (3), observe that u*) — w(*=1) (resp.,

u(k)loe g (k=1).lo¢) jg the finite element solution of (1.1) in W*) (resp., Wk)-loc .=
span{x(k) ¢ | j e FM1). The proof of (4) and (5) is similar to that of (2) and (3). O

THEOREM 4.24. Let k € {1,...,q}. We have E(k) < C’E?:ke_p-f/c
Ci—k—8+k$—j3¢

Proof. By Theorem 4.19, for k € {1,...,q—1}, we have (k) < ap+biE(k+1) with

w = Ce=Pr/CHs—(+1(d+1) and b, = CH™%. Therefore, we obtain by induction
that E(k) < ag + bgags1 + bkbry1akra + -+ bk - - - bg—2aq—1 + b - - - by—1E(q). Using
Theorem 3.11 we have &(q) < CH~4/2-4(2+d/2) ¢=p4/C and obtain the result after
simplification. 0

THEOREM 4.25. Let € € (0,1). It holds true that if p, > C((1+ ﬁ) In ¢ +

nd) for k e {1,... then (1) for k € {1,... we have ||ulF) — yF)loc| = <

¢) [ {1,....q}, (1) f {1,....q} | la <

ellgllz-1¢0) and ||u — ulkhloe|| < C(HF + llgllizzy, (2) Cond(A(Mlee)y < CH2,

and, for k € {2,...,q}, we have (3) Cond(B*)le¢) < CH=272% gnd (4) [Ju® —
u(k—l) _ (u(k),loc _ u(k—l),loc)Ha < ﬁ”gHH*l(Q)'

Proof. Theorems 4.3 and 4.22 imply that the results of Theorem 4.25 hold true
if for k € {1,...,q}, E(k) < O~1HFO+d/2)+7d/243¢ /2 Using Theorem 4.24 we
deduce that the results of Theorem 4.25 hold true if for k € {1,...,¢} and k < j < ¢
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we have Cei/CCi—k—5+k5-i35 < ff—k(+d/2)+7d/243¢ /(1272)  We conclude after
simplification. 0

5. The Algorithm, Its Implementation, and Its Complexity.

5.1. The Initialization of the Algorithm. To describe the practical implemen-
tation of the algorithm we consider the (finite element) discretized version of (1.1).
Let 75 be a regular fine mesh discretization of Q of resolution A with 0 < h < 1.
Let NV be the set of interior nodes z; and N = |N| be the number of interior nodes
(N = O(h™%)) of T,. Write (¢;)ienr as a set of regular nodal basis elements (of
H}(Q)) constructed from Ty, such that, for each i € N, support(p;) C B(z;, Coh) and
for y € RY,

(5.1) hely> < Z Yipill72) < 7hYI?

1EN
for some constants v,%,Co ~ O(1). In addition to (5.1) the regularity of the finite
elements is used to ensure the availability of the inverse Poincaré inequality

(5.2) Vvl p20) < Crh™ vl 2o

for v € span{y; | i € N'} and some constant C; ~ O(1), used to generalize the proof
of Theorem 4.14 to the discrete case.

Given g = Y ..\ 9ips we want to find u € span{y; | i € N} such that for all
jeN,

(5.3) (@) u), = / p;g for all j € N.
Q

In practical applications a is naturally assumed to be piecewise constant over the fine
mesh (e.g., of constant value in each triangle or square of 7;,) and one purpose of the
algorithm is the fast resolution of the linear system (5.3) up to accuracy € € (0,1).

Fig.2 The (fine) mesh Ty, a (in logq scale), and w.

ExaMPLE 5.1. We will illustrate the presentation of the algorithm with a numer-
ical example in which T, is a square grid of mesh size h = (1 +29)~ with ¢ = 6 and
64 x 64 interior nodes (see Figure 2). a is piecewise constant on each square of Tp

. 6 1 ] . ] ;
given by a(g:) = Il (1—}0.5 cos (2kﬂ(ﬁ+2gﬁ))) (140.5sin (2’“#(%—3%)))
forx € [5i—, 2t) x [5i—, 2EL). The contrast of a (i.e., when a is scalar, the ratio

20417 2441 20417 2441 ! : ‘ e ra
between its mazimum and minimum values) is 1866. The finite element discretization
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(5.3) is obtained using continuous nodal basis elements p; spanned by {1, 1,2, 2122}
in each square of T,. Writing z; as the positions of the interior nodes of Ty, we choose,
for our numerical example, g(z) = >, n (€08(3zi1 + 2i,2) + sin(3z;2) + sin(7z;,1 —

' I
g . [X] i(l,?)
ne 1 e
[ ./ nr j 12 c 7@
0 (1) (X i
s < _T. [ _ ¢
04 ? D4 ™~ T(z)— 04
TN 7 N ! ; NP
" 7(1) § ~ 72 " 7(3)
Y% =7 sz @3 P4 T o8 ar o8 0f 57 4z a3 4s ©5 @5 o7 OE oF Tt e es oites Tos o7 e o

Fig.3 71, 73 and 73,

The first step of the proposed algorithm is the construction of the index tree 7
of Definition 4.2 describing the domain decomposition of Definition 4.2. To ensure a
uniform bound on the condition numbers of the stiffness matrices (4.19), one must
select the resolutions Hy, to form a geometric sequence (or simply such that Hy_1/Hy
is uniformly bounded), i.e., Hj, = H* for some H € (0,1) (for our numerical example,
H =1/2, q =6, and we identify T*) as the indices of the interior nodes of a square
grid of resolution (1+ 2%)~1 as illustrated in Figure 3). In this construction HY = h
corresponds to the resolution of the fine mesh and each subset Ti(Q) (i € @) contains
one and only one element of A/ (interior node of the fine mesh). Using this one-to-one
correspondence we use the elements of Z = 77 to (re)label the nodal elements (©;);cnr

as (p;)icz. The measurement functions (qbgk))iez(m are then identified (1) by selecting
QSEQ) = ¢, fori € 9 and (2) via the nested aggregation (4.1) of the nodal elements (as
is commonly done in AMG), i.e., ¢§-k> = Zjel'(k«{»l) Wgz’kﬂ)gb;kﬂ) = Zjel'(k,k+1) (ﬁgk“)
forke{l,...,q—1} and i € T,

Remark 8. We refer to Figure 4 for an illustration of these measurement functions
for our numerical example. Note that the support of each (bgk) is only approxima-

tively (and not exactly) Ti(k) and that the qbgk) are only approximate set functions
(and not exact ones). This does not affect the design, accuracy, and localization of
the algorithm presented here because the frame inequalities (4.32), and the Poincaré
inequalities || ;o7 xi(bl(‘k)”Hfl(Q) < CHk*1||¢l(.k)||L2(Q) z € Ker(r*=1F) hold
true. Indeed, (5.1) and Construction 4.2 imply that the frame inequalities (4.32) with
e < 76~ % and Ve = 3(5‘1 and the Poincaré inequalities are regularity /homogeneity
conditions on the mesh and the aggregated elements. Although a fine mesh has been
used to facilitate the presentation of the algorithm, the proposed method is meshless
(it only requires the specification of the basis elements (p;)iez).

5.2. Exact Gamblet Transform and Multiresolution Operator Inversion. The
near-linear complexity of the proposed multiresolution algorithm (Algorithm 2) is
based on three properties: (i) nesting, (ii) uniformly bounded condition numbers,
and (iii) localization/truncation based on exponential decay. Truncation/localization
levels/subsets are, a priori, functions of the desired level of accuracy € € (0,1) in ap-
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s 6%

Fig. 4 The functions qﬁf with k € {1,...,q} and ¢ =6.

Algorithm 1 Exact gamblet transform/solve.

1: Fori,j € (9, M;; = [, eip; // Mass matrix
2: Fori,j € I, A; ; = [,(V:)TaVe; // Stiffness matrix
3: Compute M ! // Mass matrix inversion
4: For i € 79, 77/11@ = Zjez(q> Mifjlgoj // Level ¢ gamblets
5 Fori € 70, g{ = g, /6 = Jug with g = ¥, 1) gii
6: For i,j € 70, A = [ (V{?)Tavy /] AD = MLAM-LT
7. for k= ¢ to 2 do

8. BW =Wk AR K).T // Eq. (4.19)
9. wk = BE)—1yy k) g(k) // Eq. (4.26)

. k k) (k
1w — D =3 wl(k)xgk) // Thm. 4.13
12:.  DWA=1) — _ BR),—1yy(k) A(K) 7 (k.k—1) // Eq. (4.21)
130 RU=1k) — 7(k=1k) 4 D=1k (k) // Eq. (4.23)
g A1 = RUE—1K) A(K) R(kE-1) // Eq. (4.16)
: _ k— k—1,k)  (k

15:  For e Z(*-=1), Q/Jl( D _ > ez R;j ! )wj(. ) // Eq. (4.11)
16: g(k_l) = R(k_lvk)g(k) // Eq (425)
17: end for

18: UM = AW, =141 // Eq. (4.27)
19: u® =¥, 70 UM // Thm. 4.13
20: u = uM 4+ (u® — M) 4. 4 (W@ —yla=D) // Thm. 4.5 with u = u(@

proximating the solution of (5.3), and to distinguish the implementation of localiza-
tion/truncation (and its consequences) we will first describe this algorithm in its zero
approzimation error version (i.e., e = 0 and without using localization/truncation;
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see Algorithm 1). Although this error-free version (Algorithm 1) performs the de-
composition of the resolution of the linear system (5.3) (whose condition number is
of the order of =972 > 1) into the resolutions of a nesting of linear systems with
uniformly bounded condition numbers, it is not of near-linear complexity due to the
presence of dense matrices. Algorithm 2 achieves near-linear complexity by truncat-
ing/localizing the dense matrices appearing in Algorithm 1 (e-accuracy is ensured
using the off-diagonal exponential decay of these dense matrices). Let us now de-
scribe Algorithm 1 in detail. Lines 1 and 2 correspond to the computation of the
(sparse) mass and stiffness matrices of (5.3). Line 4 corresponds to the calculation
of level ¢ gamblets wl(q) defined as the minimizer of ||[¢||, subject to [, 1/}(;55-‘” =0;j
and ¢ € span{y; | | € Z}; note that since the number of constraints is equal to the
number of degrees of freedom of v, and since fQ <pl¢§.q) = M ;, level ¢ gamblets do
not depend on a and are obtained by inverting the mass matrix in line 3 (note that by
(5.1), the mass matrix is of O(1) condition number). Although not done here, one can

also initialize the algorithm (and its fast version) with wgq) = ¢; (which is equivalent

to using > 7 Mz‘le@g'Q)

initialization of the vector g{?) introduced above (4.25). Line 6 corresponds to the ini-
tialization of the stiffness matrix A4 introduced in (4.14). The core of the algorithm
is the nested computation performed (iteratively from & = ¢ down to k = 2) in lines 8

as level ¢ measurement functions). Line 5 corresponds to

to 16. Note that this nested computation takes A®*), ¢(®) and (w(k))igz(m as inputs

and produces (1) A= gk=1) "and (¢£k_1))iez(k) as outputs for the next iteration,
and (2) the subband u(®) — u(*=1) of the solution and subband gamblets (Xz('k))iej(k>
(which do not need to be explicitly computed/stored since line 11 is equivalent to

uF) — (k=1 = Ziez(k)(W(’“)’Tw(k))iwi(k)). Note also that the gamblets (1)"));cz

and (Xz('k))iej(k) can be stored and displayed using the hierarchical structure (4.11).

Throughout this section and in what follows we assume that the matrices W) are
obtained as in Constructions 4.9 or 4.11. Note that the number of nonzero entries of
7(F=LE) and W®*) is O(|Z*)|) (proportional to H~* in our numerical example). Line
9 corresponds to solving the well-conditioned linear system B®w®) = W) ¢(k) and
the |Z(*~ 1| well-conditioned linear systems B D*:k=1) — 17 (k) A(k) z(k-k=1) " Note
that by Theorem 4.15 the matrices B*) have uniformly bounded condition numbers
and these linear systems can be solved efficiently using iterative methods (such as
the CG method recalled in section 4.9). u(") is computed in lines 19 and 20 (recall
that A™) is also of uniformly bounded condition number) and the last step of the
algorithm is to obtain u via simple addition of the subband/subscale solution u®
and (u(®) — u(k’l))ggkgq. Observe that the operating diagram of Algorithm 1 is not
a V or W but an inverted pyramid (or a comb). More precisely, the basis functions

wl(k) are computed hierarchically from fine to coarse scales. Furthermore, as soon

as the elements wl(k) have been computed, they can be applied (independently from
the other scales) to the computation of u®) — u¥=1) (the projection of u onto Q)
corresponding to the bandwidth [H*, H*~1]).

EXAMPLE 5.2. We refer to Figures 5 and 6 for an illustration of the gamblets wgk)
(k)
J

refer to Figure 7 for an illustration of the exponential decay of the gamblets @/}§k>, We
refer to Figure 8 for an illustration of the condition numbers of A®) and B®) (with

W) still defined by Construction 4.9). Observe that the bound on the condition num-

and X\ corresponding to Ezample 5.1 with W*) defined by Construction 4.9. We
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Fig. 6 The basis elements v} and x¥ with k € {2,...,6}.

bers of B®¥) depends on the contrast and the saturation of that bound occurs for smaller
values of k under low contrast. We refer to Figure 9 for an illustration of the subband
solutions v u@ — W 4@ — ula=D) corresponding to Example 5.1. Observe
that these (subband) solutions form a multiresolution decomposition of u as a sum of
functions characterizing the behavior of u at subscales [H, 1], [H? H),...,[H9, HI"].
Once the components u™, u® —u® . and w9 — ul@=1) have been computed one
obtains, via simple summation, vV, ..., w9, the finite element approzimation of u
at resolutions H, H?, ..., H? illustrated in Figure 11. As described in Theorem 4.3,
the error of the approzimation of u by u'® is proportional to H* for k € {1,...,¢—1}.
For k = q, as illustrated in Figure 11, this approzimation error drops down to zero
because there is no gap between HY and the fine mesh (i.e., z/ng) and @; span the
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Fig. 9 W, @ — W and w(@ — la=D),

same linear space in the discrete case). Moreover, as illustrated in Figure 10, the
<1> (k)

representation of u in the basis formed by the functions Hﬂjj(il)ll and m X(J,C) m s sparse.
4 a X a

Therefore, as illustrated in Figure 11 one can compress u, in this basis, by setting the
smallest coefficients to zero without loss in energy norm.
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Fig. 11 u@, ..., w9, Relative approzimation error in the energy norm in log;, scale. Com-

pression of u over the basis functions wgl),xgz), .. .,XEQ) by setting 99% of the smallest
coefficients to zero in the decomposition of Figure 10.
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5.3. Fast Gamblet Transform/Solve. Algorithm 2 achieves near linear complex-
ity (1) in approximating the solution of (5.3) to a given level of accuracy € and (2) in
performing an approximate Gamblet transform (sufficient to achieve that level of accu-
racy). This fast algorithm is obtained by localizing/truncating the linear systems cor-
responding to lines 3 and 12 in Algorithm 1. We define these localization/truncation
steps as follows. For k € {1,...,¢} and i € Z®) define i* as in section 4.10 (i.e., as

(k)

the subset of indices j € Z(*) whose corresponding subdomains 7, are at distance

at most Hyp from T( ))

'DEFINITION 5.1. For i € I, let MPa) be the iPe x i’ matriz defined by
M(Z’pq) = M, for 1,j € i?s. Let P be the |iPa|-dimensional vector defined

by e(l’pq = §;; for j € iPa. Let y(Pa) be the |iPe|-dimensional vector solution of

M(l’pq ylra) = elbra) - We define the solution M:il’pq of the localized linear system
Mipa M_;»l’pq = 4., (line 3 of Algorithm 2) as the i?1-vector given by M]Til’loc = y§i7p“)
for j € iPa.

Note that the associated gamblet d)gq)’loc (line 4 of Algorithm 2) is also the solution
of the problem of finding ¢ € span{yp; | j € i”*} such that [,vp; = d;; for j € ifa
(i.e., localizing the computation of the gamblet 1/)((1) to a subdomain of size quq)

Line 5 can be replaced by gz(q) loc _ = g; without loss of accuracy ( )loc fﬂ IOC

simplifies the presentation of the analysis). line 12 of Algorlthm 2 is deﬁned in a
similar way as follows.

DEFINITION 5.2. Let k € {2,...,q} and B be the positive definite J*) x J*)
matriz B¥)1°° computed in line 8 of Algorithm 2. For i € T*=1 let p = pp_1
and let iX be the subset of indices j € J®) such that j*~1) € i (recall that if j =
(i1, ... ix) € T®, then jF=1 .= (j1,..., ju—1) € Z¢-=D ). BUP) be the iX x iX matriz
defined by Bl(fjfp) =By, forl,j €iX. Let b(iP) be the |iX|-dimensional vector defined by
bgz’p) = —(WR AR Joeq(kk=1)) . . for j € iX. Let y("*) be the |iX|-dimensional vector
solution of BP)y(he) = p(r)  We define the solution DFF=110c of the localized
linear system Inv(B(F)loc plkk=1)loc. — _y(k) g(k)locg(kk=1) " Y gs the JH*) x
I sparse matriz given by D(k k=1)oc _ 0 for j & iX and D](i’k_l)’loc = y;z’p)
for j € ix. Dk—LE)oc (line 13 of Algorithm 2) is then defined as the transpose of
D(k,kfl),loc‘

Remark 9. Definition 5.2 (line 8 of Algorithm 2) is equivalent to localizing the
computation of each gamblet wgk_l) to a subdomain of size Hy_1pk_1, i.e., the gam-
blet w(k_l)’loc computed in line 15 of Algorithm 2 is the solution of (1) the problem of
finding ¢ in the affine space 3,70 7T(k L k)qp(") doc | Span{x(k) sloc | k=D g jpr-1}
such that ¢ is (-,-) orthogonal to span{xj o | j#=1) € 4re-1} and (2) the prob-
lem of minimizing ||¢||, in span{wl(k)’IOC | 1!=1) ¢ jPr-1} subject to constraints
fQ ¢§-k71)’(/) = (52»7]» for j € iPr-1.

5.4. Complexity vs. Accuracy of Algorithm 2 and Choice of the Localization
Radii pi. The sizes of the localization radii p; (and therefore the complexity of Algo-
rithm 2) depend on whether Algorithm 2 is used as a preconditioner (as is done with
AMG) or as a direct solver. Although it is natural to expect the complexity of Algo-
rithm 2 to be significantly smaller if used as a preconditioner (since preconditioning
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Algorithm 2 Fast gamblet transform/solve.

1: Fori,j e I(q), Mi,j = fQ YiP; // O(N)
2: Fori,j € I, A; ; = [,(Vei)TaVy; /] O(N)
3: Mi’pQM, 1oPa =4, // Def. 5.1, Thm. 5.4, (’)(dilnmax ,q))
4 For i € 70, g1 — S ieivs My %0, /] O(Npd)
5: For i € TW, g{¥1¢ = [ @) ’IOC /] O(Npy)
6: For i, EI(‘J) A )yloc = [o(V w(q IOC vz/}](q),loc /] O(NpZh
7 fork-qtono

8: B(k),loc _ W(k)A(k),locw(k),T // O(|I(k)|p )
9: w(k)loc — (B(k),loc)fl W(k)g(k) Joc // Thm. 5.4, O(|I(k) |pd In %)

. k),loc k k),loc
10: - Fori € J0, (" = )z W0 /1 0(Z®pf)
11: w(k)loe _  (k=1)loc _ Z T w(k) locX(k) ,loc // O(Npk)
12 Inv(Bk)loc pkk—1)loc _ (9 AR ocz (k1) ,ok—1) // Def. 5.2, Thm. 5.4,
O(IZ™|pi_1pii1n ¢)

13 R(k—l,k)Joc _ ﬁ(k—Lk) + D(k—l,k),locw(k) // Def. 5. 2 O(|I(k_1 |pk 1)
14. A(krfl),loc _ R(kfl,k),locA(k),locR(k k—1),loc // O(‘I(k 1) ‘pk 1pk)
15 Forie Ik ylmhloc— s ) RFTIRecyWlee oz pd )
16 g(kfl),loc _ R(kfl,k%locg(k),loc // O(|I(k71)|pg_1)
17: end for

18: U(l),loc —_ A(l),loc,—lg(l),loc // O(|I(1)|p(11 In %)
19: U(l)’loc = ZieIU) Ui(1)¢§1) // O(Npii)
20 uloc _ 7‘L(l),loc + (U(Q),loc o u(l),loc) N (u(q),loc o u(qfl),loc) // O(Nq)

requires lower accuracy and therefore smaller localization radii), we will restrict our
analysis and presentation to using Algorithm 2 as a direct solver. Note that, when
used as a direct solver, Algorithm 2 is parallel both in space (via localization) and
in bandwidth/subscale (subscales can be computed independently from each other
and w;k_l)’loc and u(Fhloc — g (k=1)loc can he resolved in parallel). We will base our
analysis on the results of section 4.10 and, in particular, Theorem 4.25. Although ob-
tained in a continuous setting, these results can be generalized to the discrete setting
without difficulty. Two small differences are worth mentioning. (1) In this discrete
setting, an alternative approach for obtaining localization error bounds in the first
step of the algorithm (the computation of the localized gamblets wg‘n’loc) is to use
the exponential decay property of the inverse of symmetric well-conditioned banded
matrices [26]: since M is banded and of uniformly bounded condition number [26]
(see also [11, Thm. 4.10]) implies that ijl decays like exp ( — dlst( (q )/C),

which guarantees that the bound £(g) < CH~%274(2+d/2)¢=ra/C (used in Theorem
4.24) remains valid in the discrete setting. (2) Since the basis functions ¢; are not
exact set functions, neither are the resulting aggregates ¢1(-k). This implies that, in the
discrete setting, fQ wgk)’locqb;k) is not necessarily equal to zero if T;k) is adjacent to Szk
(with j & i**  using the notation of section 4.10). This, however, does not prevent the

generalization of the proof because the value of [, ¢§’“)’1°C¢>§.’“> (when T;k)

is adjacent
to S;k) can be controlled via the exponential decay of the basis functions (e.g., as

is done in the proof of Theorem 3.11). We will summarize this generalization in the
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following theorem (where the constant C' depends on the constants C1,Cy, 7, and
associated with the finite elements (¢;) in (5.1), in addition to d, 2, Amin(@), Amax(a),
and 9).

THEOREM 5.3. Let u be the solution of the discrete system (5.3). Let u(b)1oc,
ulkhloc g (k=1)loc “yloc = A(k)loc g g BEVIC be the outputs of Algorithm 2. Let u)
and u® — u*=1) be the outputs of Algorithm 1. For k € {2,...,q}, write u(®-1°¢ .=
ulDloe 4 2522(u(j)’loc —ul=Doc)  Let e € (0,1). It holds true that if pr > C((1 +
m)ln# + ln%) for k € {1,...,q}, then (1) for k € {1,...,q — 1} we have
[u®) — urloc| gy o) < ellgll-1) and [u® — uF1o| g o) < C(HF + €) gl 20
(2) Cond(AMeey < CH=2, and for k € {2,...,q} we have (3) Cond(B*)l¢) <
CH=27%% and (4) ||U(k)—U(k_l)—(U(k)’loc—u(k_l)’loc)HH(}(Q) < sezllglla-1(). Finally,
(5) flu— UlOC”Hg(Q) < ellgllz-1()-

Therefore, according to Theorem 5.3 if the localization radii py are chosen so that
Pk = (’)(lnmax(l/e,l/Hk)) for k € {1,...,q}, then the condition numbers of the
matrices B¥)1o¢ and AM):1o¢ remain uniformly bounded and the algorithm achieves
accuracy € in a direct solve. The following theorem shows that the linear systems
appearing in lines 3, 9, and 12 of Algorithm 2 do not need to be solved exactly and
provide bounds on the accuracy requirements (to simplify notation, we will from now
on drop the superscripts of the vectors y and b appearing in Definitions 5.1 and 5.2).

THEOREM 5.4. The results of Theorem 5.3 remain true if (1) p, > C((1 +
W)lnﬁ + In %) for k € {1,...,q}; (2) for each i € Z@ the localized linear
system M%Pay = §.; of Definition 5.1 and line 3 of Algorithm 2 is solved up to ac-
curacy |y — y*PP|ypiee < CTYHTY2+3¢/q? (using the notations of section 4.9, i.c.,
le|% = eT Ae, and writing y*PP as the approzimation of y); (3) for k € {2,...,q} and
each i € TV | the localized linear system B"P)y = b of Definition 5.2 and line 12
of Algorithm 2 is solved up to accuracy |y — y**P| g < CTHTY 2 e /(k —1)%; (4)
for k€ {2,...,q}, the linear system BF)1ocy — W k) g(k)loc of line 9 of Algorithm 2
is solved up to accuracy |y — y**P|grrioe < €llgllg-1(0)/(29)-

Proof. From the proof of Theorem 4.25 we need £ (k) < C—'H~k(+d/2)+7d/243
e/k? for k € {1,...,q}. By the inverse Poincaré inequality (5.2) this inequality is sat-
isfied for k = q for ||¢? — z/Jl(q)’IOCHLz(Q) < C1HT/2H3¢ /¢? for each i € T(D | which
by the definition of M%?s and line 4 of Algorithm 2 leads to (2). For k € {2,...,q} the
inequality £(k—1) < O~ H~(k=D(+d/2)+7d/243¢ /(E _1)? is satisfied if for i € 71,
[p*t) g lkmtiloe) o o=l g—(k=1)47d/2+3¢ /(}; — 1)2, Using the notations of Def-
inition 5.2 we have, wi(k—l),loc _ Z]‘ez(k) 7_1'(16-_1716)1[)](‘“’10(: T Zjeix D§2_17k)710CX§k)710C

Z’j
with <X§k)’loc, Xl(k)’loc>a = Bj(,fl’p)7 which leads to (3) by lines 15, 13, 10, and 8 of Algo-

rithm 2. For (4) we simply observe that for y € 7™, [| 3, o) (y—y*PP)ix ), =
Y = Y*PP g toe 0

Let us now describe the complexity of Algorithm 2. This complexity depends on
the desired accuracy € € (0,1). Lines 1 and 2 correspond to the computation of the
(sparse) mass and stiffness matrices of (5.3). Note that since A and M are sparse and
banded (of bandwidth 2d = 4 in our numerical example), this computation is of O(N)
complexity. Line 3 corresponds to the resolution of the localized linear system intro-
duced in Definition 5.1 using M%?4, the iP« x i?+ submatrix of M. According to Theo-
rem 5.3, the accuracy of each solve must be |y — y?PP| 1.0, < C~ HT¥/23¢ /g2, Since
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|i#a] = O(p) and since M*4 is of condition number bounded by that of M, for each
i, the linear system of line 3 can be solved efficiently (to accuracy O(C~1H74/?+3¢/¢?)
using O(pq) = O(Inmax(L,q)) iterations of the CG method (c.f. section 4.9) with a
cost of O(pg) per iteration, which results in a total cost of O(Npg Inmax(2,q)). Lines
4 and 5 are naturally of complexity O(N pg). Since Agflj)’loc =0if Ti(q) and T;q) are at a
distance larger than 2H9p,, the complexity of line 6 is O(Npgd). Note that A(k)loc and
B*)1o¢ are banded and of bandwidth O(Np¢). Tt follows that line 8 is of complexity
O(|Z™|p¢). According to Theorem 5.4 the linear system of line 9 needs to be solved
up to accuracy |[y—y*PP| g ioc < €l|gllg-1(q)/2. Since Bk)loc i of uniformly bounded
condition number this can be done using O(In %) iterations of the CG method with a
cost of O(|Z™|p¢) per iteration (using O(|J*®)|) = O(|Z*)|)), which results in a total
cost of O(|Z™|p¢In 1) for line 9. Storing the fine mesh values of u(#):10¢ — y(k=1)loc
in line 11 costs O(Np¢) (since for each node z on the fine mesh only O(p¢) localized
basis functions contribute to the value of u(*):10¢ — y(k=1):1o¢) * According to Theorem
5.4, for each i € Z(~1) the linear system B(:)y = b of line 12 needs to be solved up to
accuracy |y — y*PP| gy < CTPHFHTd/2H4¢ /(] —1)2. Since the matrix B inherits
the uniformly bounded condition number from B(*)1°¢_ this can be done using O(In %)
iterations of the CG method with a cost of O(H %p¢ pd) = O(pd_,p}) per itera-
tion. This results in a total cost of O(|Z®|p¢_, p¢ In 1) for line 12. We obtain, using
the sparsity structures of DF—1k)loc and R(k=1k).loc that the complexity of line 13
is O(ZFY|pt_H=?) = O(|Z* Y |p¢_,) and that of line 14 is O(|Z*=1|p2?  pd).
The complexity of lines 15 to 16 is summarized in the display of Algorithm 2 and a
simple consequence of the sparsity structure of R*—1F)1o¢  Tine 18 is of complexity
O(IZW]p¢In 1) (using CG asin line 9). As in line 11, storing the values of u(}):1°¢ costs
O(Npf). Finally, obtaining 4'°¢ in line 20 costs O(Ngq) (observe that ¢ = O(In N)).

Table | Complexity of Algorithm 2.

k)1 k), 1
Compute and store wg ) o, XE ) o¢  A(k)loc - p(k)loc e < HY e> H1
and !¢ s.t. [lu — UIOCHH(}(Q) <elgllg-10)
First solve N In34 % Nin3? N
Subsequence solves N Ind+1 % NIn¢ N ln%
Subsequent solves to compute u(*)-1o¢ g ¢, N Ind+1 %

[Ju — U(k)JOC”H%(Q) < CE||9HL2(Q)

(k)

Subsequent solves to compute the coefficients c;

of y(k)hom — ) " cgk)wgk) e—d pd+1 %
icz(k

st flu— w1 g1 o) < Cellgll L2 (o) + l9llLip)

Subsequent solves to compute u(k)-hom g ¢ e~ dpdt! %

[lu— u(k)’hom”L?(n) < CE(H9||L2(Q) + [lgllLip)

a periodic/ergodic with mixing length HP < e, (N (In3¢ N)HP
first solve of w(¥).hom gt +e= %)
llu —ul¥)rom | 5 ) < Cellgll 20y + ll9llLip) It 2
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Total Computational Complexity: First Solve. Summarizing, we obtain that
the complexity of Algorithm 2, i.e., the cost of computing the gamblets (1/1§k)’loc),
(ng)’loc), their stiffness matrices (A®*)-1o¢ B(k)1o¢) “and the approximation u!°¢ such

that |ju — u1°°||Hé(Q) < ellglla-1(q) is O(N(lnmax(%,]\fi))?’d) (with line 14 be-

ing the corresponding complexity bottleneck). The complexity of storing the gam-

blets (wgl)’loc), (Xg-k)’loc), and their stiffness matrices (A()loc pk)locy g

O(N (Inmax(L, N#))%).

Computational Complexity of Subsequent Solves with g €¢ H—1(€2). If (5.3)
(i.e., (1.1)) needs to be solved for more than one g, then the gamblets wfk)’loc, XEkMOC

and the stiffness matrices B®*)1°¢ do not need to be recomputed. The cost of sub-

sequent solves is therefore that of line 9, i.e., (’)(N(ln max(%, Né))d In %) to achieve
the approximation accuracy ||u — u1°C||Hé(Q) <ellglla—1()-

Computational Complexity of Subsequent Solves with g € L2?(€2) and ¢ >
HA. 1If g € L*(Q) (i.e., if ||g]|z2() is used to express the accuracy of the approx-
imation) and e € [H*, H*~'], then, by Theorem 5.3, u(¥):1°¢ achieves the approxi-
mation accuracy ||u — u(k)’IOCHHé(Q) < Cellgllrz() (-e., ubitihloc — yl)loc does not
need to be computed for j > k) and the corresponding complexity is O(N (In %)dﬂ)
(if ¢ € H71(Q), then the energy of the solution can be in the fine scales and
wltloc _ g (1).loc do need to be computed for j > k).

Computational Complexity of Subsequent Solves with g Lipschitz Continu-
ous and € > HY. Note that the computational complexity bottleneck for computing
the coefficients of u(*):°° in the basis (1/J§k)’loc), when g € £3(Q) and € € [H*, H*1],
is in the computation of the vectors ¢(7):1°¢ for j > k. If g is Lipschitz continuous, then

let g(k)’loc Ek) is any point in Ti(k) without loss

i be approximated as g(xgk)), where x
of accuracy. Note that this approximation requires (only) O(H ~*?) evaluations of g
and leads to a corresponding u(¥)1°¢ satisfying |u—u¥1¢||, < Ce(||gllr2(0) + l9/|Lip)
(with [|glLip = sup, yeq l9(x) —g(y)|/|x —y|). Therefore, the computational complex-

ity of subsequent solves to obtain the coefficients cgk) in the decomposition u(¥)-1°¢ =

Y ezt cgk)z/}fk)’loc is O(e~%(In2)%*) (i.e., independent of N if g is Lipschitz con-
tinuous). Of course, obtaining an H{(£2)-norm approximation of u with accuracy

HP* requires expressing the values of wgk)’loc (

and therefore u(¥):1°¢) on the fine mesh,
which leads to a total cost of O(N(In1)%). However, if one is only interested in ex-
pressing the values of u(¥):1°¢ on the fine mesh in a subdomain of diameter €, then the

resulting complexity is O((Ne? 4 e~ )(In 1)%).

Computational Complexity of Subsequent L2-Approximations with g Lip-

schitz Continuous and € > H9. Let (:ch(-k))ieﬂk) be points of (Ti(k))iez(k) forming
a regular coarse mesh of Q of resolution H* and write gogk') as the corresponding
(regular and coarse) piecewise-linear nodal basis elements. If (as in classical homog-
enization or the heterogeneous multiscale method (HMM)) one is only interested in
an L?-norm approximation of v with accuracy H¥, then the coefficients cZ(-k) defined
Cgk

)
above are sufficient to obtain the approximation u"™ =3, W@Ek) that sat-
Q 7

isfies ||u(k),10c _ uhom||L2(Q) < CHk”u(k),locHHé(Q) (fQ uhom(bgk) _ fQ u(k),loc¢z(_k)) and
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therefore ||u — u(k)7homHL2(Q) < Ce(llgll2(0) + llgllLip)- Note that the computational
complexity of subsequent solves to obtain u"™ is (’)(e_d(ln %)”“‘1).

Total Computational Complexity if a Is Periodic or Ergodic with Mixing
Length H? and ¢ ~ H* with £k > p. Under the assumptions of classical ho-

mogenization or the HMM [33] (e.g., a is of period H? or a is ergodic with HP

as mixing length), if the sets Ti(k) are chosen to match the period of ¢ and the do-

main is rescaled so that 1/H is an integer, then the entries of A*) are invariant
under periodic translations (or stationary if the medium is ergodic). Therefore, under
these assumptions, as in classical homogenization, it is sufficient to limit the com-
putation of gamblets to periodicity cells (or ergodicity cells with a tight control on
mixing as in [47]). The resulting cost of obtaining «(*)2°™ (in a first solve) such that
[[ulFloc — U(k)’homHLZ(Q) < Ce(llgllr2(0) + llglluip) is O(N In** N HP 4 =) In?*! o)
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