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Abstract. This paper is concerned with the approximation of the effective conductivity
o (A, ) associated to an elliptic operator V, A(x, )V, where for x € RY, d>1,A(x,n)is
abounded elliptic random symmetric d x d matrix and n takes value in an ergodic probability
space (X, u). Writing AV (x, n) the periodization of A(x, ) on the torus T,‘J of dimension
d and side N we prove that for p-almost all n

lim o(AY,n) =0 (A, )
N—+o0

We extend this result to non-symmetric operators V, (a + E(x, 1))V, corresponding to dif-
fusions in ergodic divergence free flows (a is d x d elliptic symmetric matrix and E(x, 1) an
ergodic skew-symmetric matrix); and to discrete operators corresponding to random walks
on Z? with ergodic jump rates.

The core of our result is to show that the ergodic Weyl decomposition associated to
L2(X, w) can almost surely be approximated by periodic Weyl decompositions with increas-
ing periods, implying that semi-continuous variational formulae associated to ?(X, 1) can
almost surely be approximated by variational formulae minimizing on periodic potential and
solenoidal functions.
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1. Introduction

Homogenization theory has been developed to find the asymptotic behavior of
operators associated to an heterogeneous ergodic medium when the microscopic
scale associated to the heterogeneities tends towards O in front of the macroscopic
scale of the observation. The mathematical formulation of this theory [BLP78] has
been first developed in the simpler case of elliptic and parabolic periodic opera-
tors. The first rigorous results on elliptic and stationary parabolic ergodic operators
were obtained by S. Kozlov [Koz80], [Koz85], G. Papanicolaou and S. Varadhan
[PV79] in the late seventies. Next C. Kipnis and S.R.S. Varadhan [KV86] followed
by [MFGW89] and [OS95] introduced powerful central limit theorems allowing
the extension of homogenization theory to a wide range of ergodic operators.
Thus two main categories of problems have been addressed by homogenization
theory: the asymptotic behavior of periodic operators and the asymptotic behavior
of ergodic operators. The question of the existence of a natural and continuous link
between those two categories of applications has naturally arisen. Indeed for large
deviations [DGIO0] and equilibrium fluctuations [GOSO01] of V¢ interface models
ithas been observed that the regularity of the effective conductivity associated to the
infinite dimensional ergodic system under its finite dimensional periodic approxi-
mations hides an hard core difficulty in extending the mathematical description of
relaxation towards equilibrium of periodic environments to ergodic ones.
Recently this regularity property has been proven for the self-diffusion coeffi-
cient for the exclusion process [LOVO1]. The case of the effective diffusivity of a



Approximation of the effective conductivity 227

symmetric random walk on Z¢, under the condition that its jump rates are i.i.d.
has been addressed in [CIO1], which also put into evidence an exponential rate of
convergence of effective diffusivities of the finite volume approximations of the
ergodic medium.

It is important to note that the periodic approximation of the effective conductivity
of a continuous ergodic operator can be obtained from almost sure G-convergence
properties associated to the homogenization of that operator; this is the so called
“principle of periodic localization” (equation 5.15, page 155 of [JKO91], [Pia02]).
It is well known that these effective conductivities associated to periodic and erg-
odic operators are given by variational formulae in the geometrical framework of
Weyl decomposition. Weyl decomposition plays a central role in homogenization
in periodic or ergodic media but is independent of them. Thus it is natural to seek
for a geometrical property inherent to Weyl decomposition allowing the almost sure
approximation of ergodic effective conductivities by periodization. The purpose of
our paper is to show that such property does exist: the Weyl decomposition is gifted
with almost sure strong stability properties (theorem 3.1, proposition 3.2) which
can be used to establish a natural and continuous link between homogenization
in periodic and ergodic media. We refer to theorem 4.1 for a continuous operator,
theorem 4.2 for a non symmetric operator and 4.6 for discrete operator (one can
also consider a larger class of homogenization problems such as those associated to
the lemma 3.1 of [Nor97]). This property inherent to Weyl decomposition can also
be used to obtain almost sure periodic approximation results for a wider class of
variational formulations on an ergodic space than those associated to an effective
conductivity, this is the object of theorem 3.8.

2. General set up
2.1. The ergodic space
2.1.1. Continuous case

Let (X, G, u) be a probability space with € X labeling the particular realization
of the quenched medium. We assume that on (X, G, u) acts ergodically a group of
measure preserving transformations G = {r, : x € R9}, i.e. that the following are
satisfied:

Condition 2.1. Vx € RY, T, preserves the measure, namely, YA € G, (1t A) =
n(A);

Condition 2.2. The action of G is ergodic, namely, if A = t,A Vx € R?, then
w(A) =0o0r u(A) = 1.

Let L?(u) be the Hilbert space of square integrable functions on X with the usual
scalar product

fxf(n)g(n) du(n) (D
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Let f € L?(uw), for almost every n we define
(T () = f(t—xm) (2

We assume furthermore that

Condition 2.3. For any measurable function f(n) on X, the function Ty f (n) de-
fined on the Cartesian product X x R? is also measurable (where R? is endowed
with the Lebesgue measure).

It follows that that T, form a strongly continuous unitary group on L?(u) (see
[JKO91] chapter 7).
For f € L'(u) we write.

<f >E/Xf(n)u(dn) 3)

2.1.2. Discrete case

We shall distinguish through this paper two cases of ergodic spaces. The one men-
tioned above associated to a continuous of measure preserving transformations and
the one mentioned here associated to a discrete measure preserving transformations.
We shall keep the same notation used above for the continuous case. (X, G, u) will
remain our ergodic probability space with n € X labeling the particular realization
of the quenched medium but we replace the group of measure preserving transfor-
mations acting ergodically on (X, G, u) by G = {r, : x € Z%}. We will replace
the conditions 2.1 and 2.2 by

Condition 2.4. Vx € Z¢, Ty preserves the measure, namely, VA € G, u(tyA) =
n(A);

Condition 2.5. The action of G is ergodic, namely, if A = 1, A Vx € 72, then
w(A) =0o0r u(A) = 1.

2.2. Weyl decomposition

2.2.1. Continuous case

Avectorfield f = (fi,..., fa), fi € L}, (RY),i = 1,... ,dis called vortex-free
in R? if
/Rd (fid;0 — f;8i1¢)dx =0 V¢ € CF(R?) )

It is well known that any vortex-free vector possesses a potential function, i.e.,
admits the representation f = Vu, u € Hlloc(Rd ). Therefore the potentiality of
a vector field f is equivalent to the property (4). A vector field f is said to be
solenoidal in R? if

/Rd fidip(x)dx =0, V¢ € CRY) 5)
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Now let us consider vector fields on X. A vector field f € (L%(u)? = L2(X, 1)
will be called potential (resp., solenoidal), if almost all its realizations 7 f (1) are
potential (resp., solenoidal) in R?. The spaces of potential and solenoidal vector

fields denoted by ]me(X u) and ]LSO[ (X, w), form closed sets in L2(X, w.

Set
pa[_{fEL ot(Xvu“)v <f>: O} (6)
Fo,={f ell,(X.n), < f >=0) (7

By Weyl’s decomposition (see the lemma 7.3 of [JKO91]) the following orthogonal
decomposition are valid

]LZ(X’ M) = Flgol‘ D Fszol D Rd = ont + LSOI(X’ /“l’) (8)

2.2.2. Discrete case

Forany f: X — Randi € {1,...,d} we write
Dif(n) = f(t—e;n) — f(n)  Dff(n) = Di f(ze;n) ©)
Write
LA(X, w) = {(fr<i=a © fi € L2(w)) (10)
and Fj,, the completion of {(Di f(M)i<i<a = f € L*(w)} in L*(X, u) with

respect to the standard L? norm (|| f||> = Zflzl (fiz)).

Write S(X, 1) the set of skew-symmetric matrices H such that H; ; € Lz(y,) and
define Div H as the vector (Div H); := Z‘;: | DjHjj. We write Ffol the com-
pletion of {DivH : H € S(X, )} in L2(X, ) with respect to the standard L?
norm.

We will prove the subsection 5.1.1 the following theorem corresponding to the Weyl
decomposition.

Theorem 2.6. One has
LA(X, ) = Fp, @ Fipy ® R (an
3. Main result
3.1. Almost sure continuity of Weyl’s decomposition
The results and notations given in this section are valid in the continuous case as in

the discrete case. Write Td the torus of side NV and dimension d (Td =R4/ (N Z4)
in the continuous case and T;\l, = Z4/(NZ?) in the discrete). Write L>(T' ) the
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2

space of square integrable vectors fields on Tjg and gift it with the norm || f ”IL2 )
N

(written below) to obtain an Hilbert space. We define

d
1122y = DN /T (fi(0)? dx
i=1 N

in the continuous case and

d
2 - —d ) 2
1 W argy = D2 N~ D0 (fito)
i=1 xeTﬂ
i ( T;,l)) the comple-
tion of the space of smooth Tﬂ-periodic potential (solenoidal) forms (with 0-Le-

besgue mean value) in ILZ(TIG) with respect to that norm. In the discrete case we
shall use the following definitions

Fro(Ti) :=1{Vf : f € L*(T{)} (12)

in the discrete case. In the continuous case, write F' got (T;\l,) (Fszo

where L2 (Tli,l) is the space of square integrable functions on T;\l, and V is the discrete
gradient on 74, (V)i =(Vif) = f(x+ei)— f(x).For N, letus write S(Tlﬁ,i) the
set of skew-symmetric matrices with coefficients in L2(T1§,1) and for H € § (Tli,l),
divH is the vector field defined by (divH); = Z?:] ViH,; ;.

F2(T{ := (divH : H € S(T{)} (13)

sol

As in the ergodic case it is easy (see [JKO91]) to obtain the following Weyl decom-
position for the periodic case:

LA(T§) = Fpo (Ti) @ Foy(Ti) & R? (14)

sol

For any & € L2(X, ) we write [Ty& € Lz(Tﬁ) its periodization on the torus Tﬁ:
forx = pN +ywithpeZ?andy € [0, N(? (y € ZN[0, N in the discrete
case)

HnEQe, n) =Ty f(n)
Let us define limy oo F;Dt(Tﬁ,) as the subset of & € L2(X, u) such that for p-al-
most all n € X there exists a sequence vévm eF [%OI(TIG) such that

. N
m [TINE() = vy liparg) = 0 (15)

Similarly we define limy_, oo F 5201 (Tg) as the subset of £ € L2(X, ) such that for
n-almost all n € X there exists a sequence v?(’)l eF szol(Tlg) such that

. N
Jim ITINE() = vegll2(rg) = O (16)

The following theorem (valid for both continuous and discrete cases) is the cen-
tral point linking homogenization in ergodic media to homogenization in periodic
media.
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Theorem 3.1.

Jim Fro(Ti) = Fpy, (17)
and

Jm Foy(TR) = Foyy (18)

Where the limits in N are taken along R in the continuous case and along N in
the discrete.

For any & € L2(X, n) we write & por and &gy its components on F 50, and

F2
sol”
F Yzol (Tﬁ). The theorem 3.1 is based on the following proposition

For any v € ]LZ(T;\’I,) we write vy, and vy its components on F 30,(T1$) and

Proposition 3.2. For any £ € L>(X, ), for p-almost all n € X

M Ty (§por () = (TNEM) , L27) = O (19)
and
Jim Ty (o () = (TINE(D) 2 ) = O (20)

Where the limits in N are taken along R in the continuous case and along N in
the discrete.

In order to prove 20 observe that it is sufficient to prove the following lemma

Lemma 3.3. for any & € L?(X, ), for p-almost all n € X

M T (§por (D) = (TTvEpor () L2 ) = O 1)
and
A}i_f)noo ITIN (501 () — (HNE.soz(n))MIILz(TIg) =0 (22)

Where the limits in N are taken along R™ in the continuous case and along N in
the discrete.

There exists two strategies two prove lemma 3.3. For the equation (21) for in-
stance, the second strategy consists in taking the primitive of & ., then approximat-
ing that primitive by a Tﬁ -periodic function whose gradient is used to approximate
I1 N(é ,,0,(77)). This second strategy is the harder one because the primitive of &,
is in general not an element of IL?(X, u). The first strategy consists in finding a
function u in L? (1) such that its gradient is an approximation of & por then proving
(21) for Vu. Our proof of the Weyl decomposition (theorem 2.6) and the defini-
tion of F[%m allows us to use the simpler first strategy in the discrete case. In the
continuous case we have used the second strategy (which can also be used for the
discrete case) but one can also adapt the second strategy to the continuous case (it
is important to note that first, one has to prove that there exists a subset of L2(X, 7))
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such that the gradients of its elements are dense in F’ Zm). The proof of lemma 3.3
will be given in subsection 5.1. We will first prove in subsection 5.1.2 equation (22)
in the discrete case using the first strategy, the proof of equation (21) in the discrete
case being similar we will just give the idea of the proof in subsection 5.1.3. Then
in subsection 5.1.4 we will prove equation (21) in the continuous case using the
second strategy (the proof of equation (22) being similar we will just give its idea
in subsection 5.1.4.1).

Remark 3.4. Let us note that the proof of lemma 3.3 with the second strategy
is constructive and Birkhoff ergodic theorem is applied only to &,,; and not to
a sequence of its approximations. Thus the second strategy associate the rate at
which Birkhoff ergodic theorem holds for &, to the rate at which the limits in
lemma 3.3 hold. More precisely, writing for M € N, I(M) = {(i1,...,iq) €
{1,...,M}; min;min(i; — 1, M —i;) = 0} and J(M) the set of cubes B;
indexed by i € (M) and

B; = {x € [0, l]d s max|x; — (i; —0.5) /M| <1/2M)} (23)
J
one can define

O G m=sup (M eN s sup  MOOIEN | [ gpuir x| <1
BieJ (M?) B;

and  sup (Vol(B,-))_lf |§p0t(Nx,n)|2dx§2<E§m>}
BieJ(M) B;

(24)

Itis then easy to check by Birkhoff ergodic theorem 3.5 thata.s. f (N, &por, 1) — 00
as N — oo and by taking M = f(N, &po, 7) and P = M in subsection 5.1.4 one
obtains that for all §,,, € F gm and N > 0 (N e N* in the discrete case)

1 1

1Ly (&por (D) — (T por D) o 2y < Caléles)? (FIN, Epor ) 2 (25)

The same rate of convergence can be obtained with the second strategy in the
discrete case for both equations (19) and (20). Then following the proof of our
applications one can relate the rate at which the effective conductivity can be ap-
proximated by its periodizations to the function f (N, &por, 0).

3.1.1. Proof of theorem 3.1

We will now give the proof of theorem 3.1 based on proposition 3.2. We will first
give the proof in the continuous case. First, let us remind the standard ergodic the-
orem that we will use.

Let f(x) € L} (RY). A number M{f} is called the mean value of f if

loc

lim fexydx = |[K|M{f} (26)
e—>0 /g
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for any Lebesgue measurable bounded set K C R? (here |K| stands for the
Lebesgue measure of K). Let K; = {x € R?, t~'x € K} denote the homo-
thetic dilatation, with ratio ¢t > 0, of the set K. Then (26) can be written in a more
habitual form:

/ fx)dx = M{f} 27)

t—>oo td|K|

The following theorem is the theorem 10 of the chapter VIIL.7.10 of [DS67] (see
also the theorem 7.2 of [JKO91]).

Theorem 3.5. Let f € LP(u) with 1 < p < oo. Then for almost all n € X the
realization Ty f (n) posses a mean value in the sense of (27). Moreover, the mean
value M{T\ f (n)}, considered as a function of n € X is invariant, and for almost
allne X

<f >E/Xf(77)u(d77) = M{T. f()} (28)

If p > 1, then the limit in (27) also exists in the norm of LP and the functions are
fort > 0, all dominated by a function in L?.

Now let us observe that from equation 19 one easily obtains that

Fr, C hm Fo (T (29)

similarly from equation 20 one easily obtains that
F2, C Jim F2,(T (30)

Now leté € limy_ Fgot( dyandv € Lsol( Iﬁ,l). Using the ergodic theorem 3.5,
one has y-a.s.

lim N_d/d My&(x, n).Tyv(x, n)dx = (£.v) 31

N—o0 Td
Using

/T Mg .My, )y dx = [T (Mng e m) - (TavGem) ,, d

+ (e = (Te) ., )Mo, s
(32)

it follows that

N~ /T TINEC )T, ) dx| < HINEM) izl TNV D) o, lizrg)

N

+ 1Ty (£n) = (TNED) 0 2y (T ) 270,
(33)
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Using the ergodic theorem 3.5 and proposition 3.2, one easily obtains that p-a.s.

lim N4 | TOy&x,n).Iyvix,ndx =0 (34)
N—o0 T,\‘ﬁ

which proves that (¢§.v) = 0. Thus §LL2 (X, ), which implies from Weyl
decomposition that & € F Ifm (X, p). Thus we have proven that

Jlim Fl.(T{) C F,, (35)
Similarly one proves that
Nh—r>noo Fs2ol(T/\i) - Fszol (36)

Combining the equations (29), (30), (35) and (36) one concludes the poof of the-
orem 3.1. The proof in the discrete case being similar, we will just remind below
the ergodic theorem which is used. For any bounded set K C Z%. Let K, = {x €
74, 17 1x e K } denote the homothetic dilatation, with ratio r > 0, of the set K.
Let f(x) € L} (Z%). A number M{ f} is called the mean value of f if

loc

, 1
tl—lfgo t4|K |

> fx) = M{f} (37)

xek;

For any bounded set K C Z¢.
The following theorem is the theorem 9 of the chapter VIIL.6.9 of [DS67]

Theorem 3.6. Let f € LP(u) with 1 < p < oo. Then for almost all n € X the
realization Ty f (n) posses a mean value in the sense of (37). Moreover, the mean
value M{T\ f (n)}, considered as a function of n € X is invariant, and for almost
allne X

<f >E/Xf(n)u(dn) = M{T, f(n)} (38)

If p > 1, the limit in (37) also exists in the norm of L? and the functions are for
t > 0, all dominated by a function in LP.

3.2. Periodic approximation of variational functionals on the ergodic spaces

In this subsection it will be shown that the almost sure continuity of Weyl’s decom-
position has a direct consequence on variational functionals on the ergodic space.
The results and notations given in this subsection are valid in the continuous case
as in the discrete case. Let m, p € N2, and

o (X', ... X"y .. v — om X', .. X" YL YP)
(39
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a mapping from X x R4*™ x R?*? into R* such that for any

E' .o gt vP) e (Fp,)™ x (Fy)P one has
n— ®m e gm0V vP) e LIX, ).
We write
Z(@, p) = inf (e &' gt o)
EL Ml P E(FR, )M X (F2 )P
(40)
Let us define for N > 0 the function (in the continuous case)
Wy o X x (LATEH)™ x (LA(TH)P —»RT
(17, ol vm,ql, ,qp) —N D(1_y7, ! (x), ..., 0" (x)
xe[0,N
g (). ... g"(x))dx
41)

In the discrete case we shall write
Wy X x (LATEH)™ x (LA(TE)P —»RY

(n,vl, g .q") N4 Z D (t_en, v (x), ..., 0" (%)
xeZN[0.N (@

g (), qP(x)

(42)
Let us define for N € N the random variable Z(N, n) by
Z(N,n):= inf \IJN(n,Ul,...,vm,ql,...,qp)
W1, 0 g 1 qPYE(F oy (TR X (F L (Ti)P
(43)

Observe that Z(N, n) corresponds to the periodization of the variational problem
associated to Z(®P, ) over the torus T;\l, for a particular realization 1 of the ergodic
space.

Definition 3.7. We say that the function ® is admissible if there exists a strictly
increasing continuous function g from R™ into R™ such that for all n € X, the
function

goWyn(n) : LA(TIHH™ x (LA(TH)P —RF

(vl, v gt .q") —>g<\IIN(n, ol v gt ,q”))
(44)

is upper semi-continuous with respect to the norm Y ;- ”Ui”]LZ(TfV’) + Z;’:l

v/ ”]I}(T,‘J) a.s. uniformly in N and 1.
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Theorem 3.8. If the function ® is admissible then for w-almost alln € X
lim sup Z(N,n) < Z(P, w) (45)

N—o0

Proof. We will write the theorem for the continuous case. In the discrete case the
proof is trivially similar. Let (€', ..., &™,v!,...,vP) € (F,)™ x (F})P. To
prove the theorem it is sufficient to show that for u-almost all n € X

limNsilzog(Z(N, n) < g(<q>(n,gl, L Em ,ul’)>) (46)

By the equation (43) we have

g(Z(N,m) = Ji(N) + J2(N) (47)
with
J1(N)
= g(N*d/ (e, €106 €0 (), VP G ) )
xe[0O,N“
(48)
and
J2(N)
— inf (g(lI!N(n,vl,...,vm,ql,...,qp))
W g g EF R (T X (F2 (TP
—g(‘l’N(r], Mye', ..., 0Vem oV, ... ,Hva)>) (49)
by the ergodic theorem 3.5 one has for p-almost all n € X
lim Ji(N) =g(<q>(n,g‘, L Em ,uf’)>) (50)
N—o0

Now by theorem 3.1 for n-almost all n € X there exists sequences
m
BN gV N g N e (F[%m(Tﬁ)) X (Fszul(Tﬁ))p such that

m p
. iy QN Jemy _ aisN _
ngnoo.EljnnNs ) ="Ml + lj||rINv ) = vV 2y =0 (1)
1= j=

From equation (49) one obtains
Jo(N) fg(\IJN(n, ol v g ,qp'N))

(52)
—g(llfN(n, mye', ..., oVem oV, ... ,nNuP))

Combining (52) with (51) and the uniform upper semi-continuity of g o ¥ () we
concludes that for u-almost all n € X

lim sup Jo(N) <0 (53)

N—oo

Which concludes the proof of the theorem. O
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4. Application
4.1. Symmetric continuous operator
4.1.1. Homogenization in the ergodic medium

Let A(n) be ad x d bounded symmetric matrix defined on X (A; ; € L*(X, 1))
and satisfying the following ellipticity condition

v &7 <" EAE < nlE]?, v >0 (54)

for almost all n € X. Realizations A(x, n) = Ty A(n) of this matrix are considered
and we are interested in describing the homogenization for almost all n € X of the
operator V, A(x, n) V.

Consider o (A, ) the d x d positive definite symmetric matrix defined by the
following variational formula: for £ € RY

‘oA, WE = inf ('€ +VAE+ ) (55)

veF pot
Observe that o (A, n) corresponds to the effective conductivity associated to the

operator V,A(x, n)V,. Indeed by the theorem 7.4 of [JKO91] for any bounded
domain Q c R? and any f € H~!(Q) the solutions u¢ of the Dirichlet problems

(AS(x,m) = A(x/e, m))
VAVu* = f, u e H}(Q) (56)
possess the following properties of convergence (in the weak topology)
u¢ — u®in H(Q), AVu — o(A, w)Vu’ in L2(Q) (57)
where " is the solution of the Dirichlet problem
VoA, wVu = f, u° e H}(Q) (58)
Moreover writing yl" the diffusion associated to the operator V, A(x, n)Vy, and P,

the law of that started from 0 in R it is well known ([KV86], [JKO91], [O1194])
that under the law p ® Py, eyt”/62 converges in law as € | 0 towards a Brownian

Motion starting from 0 with covariance matrix (effective diffusivity) 2o (A).

4.1.2. Periodization of the ergodic medium

For n € X, we write AN (x, n) obtained by periodizing A(x, 1) over the torus Tﬁ
(of dimension d and side N, RY /(NZ4))

AN (x,n) = A(x — N[x/N1,n) (59)



238 H. Owhadi

where [y] is the integer part of y. For € X, we define o (AV, ) the d x d sym-
metric positive definite matrix by the following variational formula: for £ € R?

‘(0 (AN, pE= inf N7 f "€+ VAN E + V() dx
feco(Td) T

(60)

Observe that o (A", 1) corresponds to the effective conductivity associated to the
periodic operator VAN (x, )V in the sense given above in the equations (56), (57)

and (58). Writing y/"" the diffusion associated to the operator Vy AN (x, )V, it
is well known ([JKO91], [O1194]) that eyt”/’g converges in law as € | 0 towards
a Brownian Motion starting from 0 with covariance matrix (effective diffusivity)
20 (AN, n). Notice, whereas o (A, 1) is a constant (not random) matrix, o (AV, )
is a random matrix on X, which depends on the particular realization A" (x, n) of
the periodic environment.

4.1.3. The main theorem

It is our purpose to prove the following theorem

Theorem 4.1. For p-almost all n € X

lim oA"Y, n) =o(A, ) (61)
N—+o00

4.1.4. Proof

Let £ € R?. Let us apply theorem 4.1 withm = 1, p = 0 and ®(n, X') =
'€ + XY A1) (& + X1). By the Minkowski inequality and the uniform ellipticity

condition (54) one has that for N € N* and p-almostall n € X, v!, v2 € (L2(T13))2

1 1
(Un (1. vH)? = (U, v9))? < v’ = vl (62)

It follows that @ is admissible and from the variational formulae (60), (60) and
theorem 4.1 one obtains that for u-almost all n € X

lim sup ‘E0(AN, n)E <'t0 (A, p)& (63)

N—o00

Which gives the upper bound of theorem 4.1. For the lower bound we will apply
theorem 4.1 withm = 0, p = 1 and ®(n, Y") = (€ + YHA ') (E + Y1), By
the Minkowski inequality and the uniform ellipticity condition (54) one has that
for N € N* and p-almost all n € X, ql, q2 € (ILZ(Tlg))2

(W 0n.gh)? — (Wneg?)? <07 g' —@Plagsy  (64)
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Moreover let us remind the following well known ([JKO91]) variational formulas:
forl € R?

lo(A, w7~ = inf ((+p)ATHE+ p) (65)

pEFsol

To(AN, )71 = inf N*d/d'(l+v(x))(AN(x,n))"(1+v(x)) dx
TN

2 d
VGFwI(TN)

(66)

Then it follows that & is admissible and from the variational formulae (65), (66)
and theorem 4.1 one obtains that for p-almost all n € X

lim sup ‘I(o (AN, )1 <"1(o (A, )1 (67)
N—o0
Which gives the lower bound of theorem 4.1.
4.2. Non symmetric continuous operator, diffusion in divergence free flow
4.2.1. Homogenization in the ergodic medium

Let E be ad x d bounded skew-symmetric matrix definedon X (E; ; € L>(X, u)).
Leta be a constant symmetric positive definite d x d matrix. Realizations E (x, ) =
Ty E(n) of this matrix are considered and we are interested in describing the ho-
mogenization for almost all € X of the operator

L = Vi(a+ E@. m)Vy (68)

E is seen as the stream matrix of the incompressible flow 'V .E.

Let z; be the process generated by L, and P, the law of that diffusion started
from 0 in R?. It is well known (see for instance [O1194])that under the law p ® P,
ase | 0, GZ?/ez converges in law to a Brownian motion with covariance matrix

D(a, E, p): forl € R4
"ID(a, E, )l = 2'lal + 2| |?) (69)

Where we have used the notation |§ |§ = '£a& for £ € R? and v; defined as the
unique solution u € F ,%m of

ueF?

ot (70)

<¢a+E)I+u) >=0, VpeF,,:

ot

The existence of a solution for this problem follows from the Lax-Milgram Lemma
and the estimate < v.(a + E)v >> kmin(a)||v||i2(x W [JKO91].

Obyviously, the solution v; of the problem (70) depends linearly on [ € R,
Therefore ((a + E)(+ v1)> is a linear form with respect to /. The effective conduc-
tivity o (a, E, w) is defined by

o(a, E. )l = ((a + E)I + ) (71)
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It is a non-symmetric matrix relating the gradient of the heat intensity with the flux
[FP94] by (71). Observe that the symmetric part of the effective conductivity gives
the effective diffusivity by the following relation:

D(a, E, n) = 205ym(a, E) (72)

4.2.2. Periodization of the ergodic medium

For n € X, we write EV (x, ) obtained by periodizing E (x, n) over the torus Tlg
EV(x,n) = E(x — N[x/N1,n) (73)

We are interested in describing the homogenization for almost all n € X of the
operator

LY = Vy(a+ EN(x,n)V, (74)

Let z?’N be the process generated by Lg . It is well known (see for instance
[Nor97])that as € | O, ez?/’ivz converges in law to a Brownian motion with co-

variance matrix D(a, EV, n) with for [ € R?

'ID(a, EN,g)l = 2'lal +2N~¢ TGl dx (75)
TN

Where ; defined as the unique solution y € H'! (Tﬁ) of

fd p)(a+ENx,m)(I+vx)dx =0, YpeH'(TH: v eH(TH
T,

' 76)
We have noted H'(T{) the closure of {Vf : f € C®(Td)} in L2(T}) with

respect to the L2-norm. Obviously, the solution v; of the problem (76) depends
linearly on I € R¥. Therefore de (a + E"'N(x)) (l + ¥ (x, 77)) dx is a linear form
N

with respect to /. The effective conductivity o (a, EV, n) is defined by: for [ € R?

o(a, EN, pl = /d (a+ E"N (@)1 + yu(x)) dx (77)
TN

It is a non-symmetric matrix relating the gradient of the heat intensity with the flux
[FP94] by (77). Observe that the symmetric part of the effective conductivity gives
the effective diffusivity by the following relation:

D(a, EN,n) = 204m(a, EN, n) (78)
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4.2.3. The main theorem

It is our purpose to prove the following theorem

Theorem 4.2. For p-almost all n € X

lim o(a, EN,n) =0(a, E, p) (79)
N—+o0
In particular
lim D(a, EN,n) = D(a, E, 1) (80)
N—+o0

4.2.4. Core of the proof: Variational formulations and theorem 4.1

As for a symmetric operator, the proof theorem 4.2 relies theorem 3.1 and the
variational formulae associated to the effective conductivity.

4.2.4.1. Variational formulation of the effective diffusivity in the periodic case.
For N > 0, let us write S (T]f,l ) the set of skew-symmetric matrices with smooth
coefficients defined on Tﬁ andfor H € S (Tﬁ,i), divH is the vector field defined by
(divH); = Y4, 8, H; ;.

In the periodic case, we will use Norris’s variational formulation (obtained by po-
larization [Nor97]) to control o (a, EN, n). For y € R? we will write | y|5_] =
fya~ly.

Forall £,/ e RY,

€ —o (@ EN ni|?

wm (@, EN )
_ . —d N 2
= inf N € —VH —(a+ E™ (x,m)( = V)l 1 dx
[HeC®(THxS(TH T
(31)
Foralll € R4
2
| |0'sym(avENv77)
= inf N~ | |E=VH — @+ E"(x,n)I - V>, dx
g1, f,HeC®(THxS(TH) T
(32)

Where we have written & L [ := {€ € R? : £.] = 0}. We also have for all £ € R?

e = inf N_d/ §—VH+@+EY (. m)V S dx
oym(@.EN ) [ HeC®(THxS(TY) T @

(83)
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Remark 4.3. Letus remind, as it has been noticed by J.R. Norris [Nor97], that from
(82) and (83) one obtains that

@ 2oum@ BV a+ N7 [ ENGona BV Gondx (84)
TN
For a saddle point variational formulation we refer to [FP94].

4.2.4.2. Variational formulation of the effective diffusivity in the ergodic case.
The following theorem proven in subsection 5.2.1 is inspired from the variational
formulation given for the periodic case by J. R. Norris [Nor97] (lemma 3.1), (for a
non local variational formulation we refer to [FP96])

Theorem 4.4. Forall £,1 € RY,

2 : 2
Eo@E I,y =, il (E=p =@t B -vEL) @)

forl e RY

owym(a, E, )l = inf lE—p—@+E)I—v)Z)  (386)
£11,veF2,.peF?,

Forall§ € R?

612 inf (e —p+@+Ewl ) (87)

oum(@Ep) v,pelg‘pmxl‘}o[
Remark 4.5. Let us observe that from (86) and (87) one obtains that
a < osym(a, E, 1) §a+(tEa_1E) (88)
Let&, [ € RY. Letus apply theorem4.1 withm = 1, p = land ®(n, X!, Y1) =
|§—Y'—(a+E)(I—X")|2_,. By the Minkowski inequality one has that for N € N*
and p-almost all n € X, vl v2, ql, q2 € (ILZ(TZ\”f))4

1 1 _
(Wn v, gh)? = (Wn (0% ¢7)? < Calhmin(@) ™ lg" = @z,

—-1/2
+ CaOmax(@) + 1 Ell o (x,0) (emin @) 21101 = 02127,

(89)

It follows that @ is admissible and from the variational formulae (85), (81) and
theorem 4.1 one obtains that for u-almost all n € X

lim sup | —o(a, EN(’?))”(z,

N—o0

_ 2
Shaevy S8 0@E I (g

(90)

Choosing & := o(a, E, n)l in this equation, one obtains from (84) and (88) that
for p-almost all n € X

Nlim o(a, ENm)l =o(a, E, p)l 91)

Which concludes the proof of theorem 4.2.
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4.3. Discrete operator
We shall extend in this subsection our results to the discrete case.
4.3.1. The ergodic homogenization problem

We will consider a symmetric random walk on Z¢ as in [CIO1] but with ergodic
jump rates instead of i.i.d. The random ergodic environment will be represented
by the random d-dimensional vector & () (i € {1,...,d}) on X, we will write
& (x,n) = & (t—_xn). We will assume that there exists ¢ > 1 such that for p-almost
all p € X,

/e <&M <c (92)

Let us write X (¢, £(1)) the nearest neighbor symmetric random walk on Z¢ with
jump according to &; (x, n) rates (& (x, ) is the jump rate between from the site x
to the site x + ¢; and also from the site x + ¢; to the site x).

In the quenched regime (for a fixed ), IP’)%(") stands for the probability law of
this process when the walk starts at x € 74 1t is well known ([KV86], [MEGW89],

[CIO1]) that in the annealed regime (under the law M®IP’€(")) ase | 0,eX(t/€ E(n)
converges in law towards a Brownian Motion with covariance matrix (effective dif-
fusivity) D(&, w).

4.3.2. Periodization of the ergodic medium

For N € N*and n € X we write £V (1)) the periodized bond configuration associat-
edto £(x, n) over the torus Ty = Z¢/NZ?. For x € Z decomposedas x = y+Nz
withy € {0, ..., N — 1}¥ and z € Z¢ we define £ (x, ) by

eN(x,m) = £y, ) (93)

It is well known ([CIO1]) that in the quenched regime (under the law ]P’gN(")) as
€ 1 0,eX(t/€*, EN(n)) converges in law towards a Brownian Motion on Z¢ with
covariance matrix (effective diffusivity) o (", n) (which is a random matrix on X,
depending on the particular realization &£V ())).

4.3.3. The main theorem

It is our purpose to prove the following theorem

Theorem 4.6. For p-almost all n € X
lim oY, n) =0, (94)
N— 400

This result has already been given in [CI01] when the jump rates are i.i.d. It is
interesting to note that when the jump rates are i.i.d., D. Ioffe and P. Caputo have
shown an exponential rate of convergence of o (§V, n) towards E,, [0 (§V, n)] as
N — oo.
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4.3.4. Proof

We shall use the variational formula given in [CIO1]: for | € R?
d
Uo il = inf (6 +Dif?) 95)
feL*(w i
Let us also remind the variational formula

d
2
oV omi= inf T Y Yot wn(h+vis@) 00)

2¢7d
felX Ty rerd i=1

We will prove in the subsection 5.2.3 the following lemma which corresponds to
the variational formulation of D! (&)

Lemma 4.7. Forl € R?

d

lo€, W)~ "= inf Z(Ei_l(li+(DivH),-)2> (97)

HeS(X.j) =

It is also easy to prove that for / € R (the proof is similar to the one of lemma 97)

d
To@N. 7= inf NN eN T (G + WivH)) 98)
HeS(I) cerd izl
N

Let I € RY. Let us apply theorem 4.1 withm = 1, p = 0 and ®(n, X') =
S &)U + X2 By the Minkowski inequality and the uniform ellipticity
condition (92) one has that for N € N* and p-almostall n € X, v!, v? € (]Lz(TJf’,))2

1 1
(Iv (. vh)? = (Tn (0, vh)? < Clv' =Pl (99)

It follows that @ is admissible and from the variational formulae (95), (96) and
theorem 4.1 one obtains that for u-almost all n € X

lim sup ‘lo (N, p)l <'lo(&, i (100)

N—o0

Which gives the upper bound of theorem 4.6. The proof of the lower bound is triv-
ially similar: using Minkowski inequality, the uniform ellipticity condition (92),
variational formulae (97), (98) and theorem 4.1 one obtains that for p-almost all
neXx

lim sup ‘1(o &N, m) "1 <"1(o(E )1 (101)

N—o0

Which gives the lower bound of theorem 4.6.
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5. Proofs
5.1. Main results
5.1.1. Proof of theorem 2.6

It is trivial to check that F 3(,[, F2, and RY are mutually orthogonal. Thus in order
to prove the Weyl decomposition (2.6) it is sufficient to check that any element of
L2(X, p) orthogonal to F got and RY is an element of F2 . Let P be an element of

IL?(X, 1) orthogonal to FI%m and R?. Since P L FI%m it must verify

d
Z DIP =0 (102)
i=1
By Lax-Milgram lemma form, n € {1, ... , d}, there exists B"" € F,%m such that
d
> D;B!"" = D},P, (103)
i=1
Let us define fori,m,n € {1, ... ,d}
Hi,n,m = B;n,n - B'n’m (104)

1

Let us define Q € L>(X, u) by forn € {1, ... ,d)}

d
Qn=> Hini (105)

i=1
Since B™" € F 30[ they can be approximated by gradient forms in IL% o and it is

easy to deduce that Q,, € Efnl. Moreover foralln € {1, ... ,d}
d
ZDkaQn _ZZ<DkaB”‘ DkaB"’) (106)
k=1 i=1

Since B™" € F,%qz it is easy to check by density that -a.s., Dy B = D; By and
DyB"' = D; B, thus from the equation (103) one obtains that n-a.s.

d d d
> DiDi0, = 3D > (i on = DiBL )

k=1 k=1

d d d
Z —D;P)=) DiD;P,— D,y D}P,
i=1 i=1 i=1

(107)
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Using Zflzl D} P; = 0 we obtain that n-a.s.

d
> DiDi(Qu—Pi) =0 (108)
k=1

Combining this with < Q, — P, >= 0, it follows by Lax Milgram lemma that
n—a.s., Q, = P, and since Q € Efol it follows that P € Fs201 which concludes
the proof of theorem 2.6.

5.1.2. Proof of equation (22) of lemma 3.3 in the discrete case

Letp € F Szal. We will prove in this subsection that for p-almost all n € X
Jim Ty p(n) — (T p(m) gy = 0 (109)
For AC R?and f € L} (Z%) we will write
1
Iz =( D f®?)? (110)
xeZANA

Observe that to prove the equation (109), it is sufficient to prove the following
lemma

Lemma 5.1. For ji-almostalln € X, there exists a sequence (K™ (x, 1, M)y NeN
of skew symmetric matrices with coefficients in L2(T,6) and a sequence of positive
reals h(M) such that limy;_, oo h(M) = 0 and for M > 10

lim sup N™2|p(x, m) — divk™ (x, n, M)l 2o vy < h(M) — (111)

N—o00

Letusnow provelemmaS5.1.LetM e N, M > 10,M < 10°N. Since pE Fszol,
on obtains from Weyl decomposition (11) that for each M, there exists ad x d skew

symmetric matrix HM, with coefficients H% e L*(w), (i, j) € {1,...d}? such
that Hl.{vjl. = —H% and

(Ip — divlE™?) < 1/ M? (112)
1

d
i=

and it is easy to check from the proof of (11) given in subsection 5.1.1 that one can
choose H™ such that for all (i, j) € {1, ...d}?

(IVEMP) < Cd(Ip?) (113)

Observe that by the ergodic theorem 3.6, n-a.s.

lim sup (N—d Z |p(x,n)—divHM(x,n)|2)i <1/M (114)
N—oo xeZdn[0,N
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Let g be a smooth increasing function on R such that g(z) = 1 for z > 1 and
g(z) = 0 for z < 1/2 and let for x € [0, 1%y (x) = g(M dist(x, ([0, 1]19))).
Our candidate for KV will be the skew symmetric T;\l,—periodic matrix:

KN,n, My = (HMe,m —IN/MI™ Y HM(y,m)am(x/N)
yel[0,N/M@nZ4

on [0, N@@nz? (115)
Observe that aps (x) is null on an open neighborhood of R4 containing the boundary

of [0, 1]¢ and the coefficients of K can be defined as elements of L2(T13). Let us
write

JUN, M, 1) = N~ divHM (x, ) — divK™ (x, n, M) (116)

L2(jo.N ()
Observe that n-a.s. (Vayy standing for the discrete gradient of opy)
divk N (x, n, M) = divHM (x, nay (x/N)

+ (HY e, —IN/M1T4 Y HY (3, )
ye[0,N/M@nZd

X V(otM(x/N))

Thus
JIN, M, n) < (N, M,n)+ J3(N, M, n) (117)
with
J _ oA—=d/2 40 g M .
2N, M) = NZPdivEY e m (1= e /N g py - (118)
and
J3(N, M, n)
=N"PIHY e,y = IN/MIE Y HY (p,m)
ye[0,N/M¢ENZ4
XV (e /N 10, 0) (119)
Write
Ay ={xel0,N¢nZ . r{rllind}min(xj, N —x;) < N/M} (120)
Jefl,...
observe that
DN, M, n) < N~ divEY (x, )l 124, (12

_1 —1/2 4.
< CaM ™2 (Vol(Aw)) ™ 2 IdivE™ (6, )l 24,

and by the ergodic theorem 3.5, n-a.s.



248 H. Owhadi

1
(Vol(Ap)) " IIdivHM (x, )l 124,y — ((divHM)2)? as N — oo. Thus n-
a.s.
1

lim sup Jy(N, M, 1) < CaM~2(p?)? (122)

N—oo

Now let us prove that

lim lim sup J3(N,M,n) =0 (123)

M—o00 N—o00
Since |V(apy(x/N))| < C4M/N one has

TN, M., y) < CaN~'=42M Y | HML (x, )

m,n
B (124)
—N/M1 Y HL Gy,
yel0,N/M@NZ4
Let I(M) = {(i1,...,ig) € {1,... ,M}d; min; min(i; — 1, M —i;) = 0} and

write {B;};ier(m) the set of cubes covering Ay (the N/M-neighborhood of the
border of [0, N (¢). More precisely fori € I1(M),

B = {x € [0, N(“NZ? : max|x;/N — (i; — 0.5)/M| < 1/2M)}  (125)
J

By the equation (124) one has
SN M. < CaM? ) Y K™ (126)
iel (M) m.n
with

I, _ 2
KM =N HY L com — N/ Y YL,
ye[0,N/M@nZd

127)
Now using the inequality (X + Y)? < 2X? + 2Y? observe that
K" < aN“ B o) = VolB) T Y HYL (5o |Fa,
yeB;
+ ANTEM(NM Y HL k) (128)

ye[0,N/M@nZd
2
— (Vol(B) ™ Y HM ()
YEB;
By the Poincaré inequality one has
o _ 2
N7y (eom) = VolB))Y ™' D HYL (v 2
yeB; (129)
o 2
< CaM >N~ VH, e m |15,
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Thus

J3(N. M. )? < CaM™ Y (Vol(Au) ™ [VHM, v ) | 7200,

+ MY N N (Mt Y HL )

m.niel (M) yel[0,N/M@nZ4

— Vol(B) Y B )

YEB;
(130)

But by the ergodic theorem 3.6, n — a.s. foralli € I (M)

: —d —1
Jim (INv/M] S HM o= VolB) T Y HY ()
ye[0,N/M@nZd YEB;
=< Hn[;/{n > — < Hr%n >=0
(131)

It is important to observe that H%n € L?(u) is sufficient to apply the ergodic
theorem 3.6 in order to obtain (131). In the continuous we will not consider an
approximation of p but its direct primitive which is not in L?() explaining why
the ergodic theorem will not be applied directly.

It follows that (using (113))

lim sup J3(N, M, n)?* < CqM™! Z < (VH))? >
N—oo m,n (132)
<CM' < p2 >

And taking the limit M — oo one obtains the equation (123). Now combining
equations (112), (116), (117), (122) and (123) one obtains lemma 5.2.

5.1.3. Proof of equation (21) of lemma 3.3 in the discrete case

The proof of equation (21) being similar to the one of equation (22) we will just

giveits idea. Letv € F got‘ We have to prove that for p-almost all n € X

im [Ty v(n) — (HNv(n))potIILz(T]@) =0 (133)

Observe that to prove the equation (133) it is sufficient to prove the following lemma

Lemma 5.2. For ju-almostalln € X, there exists a sequence (G (x, 1, M)y NeN
of functions in ILZ(T;\j,) and sequence of positive reals h(M) such that limy;_,
h(M) = 0 and for M > 10

lim sup (N_d Z |v(x,17)—VGN()C,77,M)|2)i <hM) (134)
N=o00 x€Z4N[0,N
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Let us now prove lemma 52. Let M ¢ N, M > 10, M < 10°N. Since

v E Fgm, there exists uM e LZ(X, 1) such that

d
> (v = D™ ?) < 1/M? (135)
i=1

Observe that by the ergodic theorem 3.6, n-a.s.

lim sup (N_d 3 |v(x,n)—wM(x,n)|2)7 <M (136)
N—oo xeZdn[0,N

Defining aps (x) as in the subsection 5.1.2 our candidate for GV will be the L2 (Tg)
periodic function with value ([N /M] being the integer part of N/ M)

GNeeon, My = (@Me,m—IN/MITE YT uM G, m)am(x/N)
yel0,N/M@nzd

on [0, N@nz? (137)

From this point the proof of lemma 5.2 is trivially similar to the one given in
subsection 5.1.2.

5.1.4. Proof of equation (21) of lemma 3.3 in the continuous case

Letv € F2

pot- We will prove in this subsection that for u-almost all n € X

Jim [Tyo() = (Txvm) ,, lizrg, = 0 (138)

Observe that to prove the equation (138) it is sufficient to prove the following lemma

Lemma 5.3. For ji-almostalln € X, there exists a sequence (G (x, 1, M)y NeN
of functions in H l(Tld) and sequence of positive reals h(M) such that limps_, o
h(M) = 0 and for M > 10

lim sup (N, 1) = VGN (e n. M)l 2o,y < H(M)  (139)

N—o00

Let us now prove lemma 5.3. Since v € F 30,, for almost all 7, v admits the
following representation v(x,n) = V,u(x,n), where u(x, n) is an element of
HILC (Rd) (see subsection 2.2).

Let M € N, M > 10. Let z — g(z) be a smooth increasing function on R
suchthat g = 1 forz > 1 and g = 0 for z < 1/2 and let for x € [0, 1]dotM(x) =
g(M dist(x, ([0, 119))). Our candidate for GV will be the H'(T{") periodic func-
tion with value

GN(x,n,M)=N*‘(u(Nx,n)—Mdf u(Ny, mdy)ap(x) on [0, 117
[0,1/Md

(140)

1/M]
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Observe that since ap(x) is null on an open neighborhood of R¥ containing the
boundary of [0, 114, GV can be defined as an element of H (Tld). Let us write

LN, M, ) = |[Vu(Nx,n) — VG (x, . M) 120,170 (141)
Observe that
VG (x,n, M) = Vu(Nx, n)ay(x)

+N_1(u(Nx,n) —Md/g du(Ny, n)dy)VaM(x)

0.1/M]
Thus
Ji(N, M, n) < (N, M,n) + J3(N,M,n) (142)
with
Jo(N, M, m) = [Vu(Nx, n)(1 — ap ()l 220,114 (143)
and
I M) = NN = [y ) Ve Ol
(144)
Write
Ay = {x € [0, 1]d : jer{rll,i.r}.d}min(xj’ 1—xj)<1/M} (145)
Observe that
Jo(N, M, n) < [Vu(Nx, )24,
(146)

_1 —12
< CaM 2(VOI(AM)) IVu(Nx, M 24,

and by the ergodic theorem 3.5, n-a.s. (Vol(AM))_1/2||Vu(Nx, Mlr2a, —
1
(v?)? as N — oo. Thus n-a.s.
1
lim sup Jo(N, M, ) < CgM~2(v?)? (147)

N—o0

Now let us prove that n — a.s.

lim lim sup J3(N,M,n) =0 (148)

M— o0 N—o00
Since |Vay| < C4M one has

J3(N. M, 1) < CaN~" M (u(Nx, n) — Md/

u(Ny, mdy)llz2a,)
[0,1/M14

(149)
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Let (M) = {(i1, ... ,iq) € {1,... , M}*; min; min(i; — 1, M —i;) = 0} and
{Bi}icr(m) the set of cubes covering Ay (the 1/M-neighborhood of the border of
[0, 119). More precisely fori € I(M),

Bi = {x €[0, 11 : max|x; — (ij —0.5)/M| < 1/2M)} (150)
J

By the equation (149) one has
TN, M, n)* < CaM> Y~ K (151)
iel(M)

with
K; = N—Zf (u(Nx, ) — M? f u(Ny, ndy)’ dx (152)
B; [0,1/M)4
Now using the inequality (X + ¥)? < 2X? + 2Y? observe that

K; < 2N~? ’ (u(Nx,n)—(Vol(Bi))_I/l; u(Ny, n)dy)zdx

, (153)

+ 2N‘2(V01(B,-))_1(f

u(Ny,n)dy—f u(Ny, n)dy>
[0,1/M14 B;

By the Poincaré inequality one has

N’Z/ (u(Nx,n)—(Vol(B,-))*‘/ u(Ny, n)dy)zdxgch*Z/ (v(Nx, ) dx
B; B; B;
(154)

Thus
2 —1 —1 2
J(N. M, 0> < CaM ™ (Vol(Ay) f (o(Nx. ) 2dx
Aym

+CaM? > (Vol(B)) "IN (155)
iel (M)

2
X (/ u(Ny, n)dy —/ u(Ny, n)dy)
[0,1/M14 B;

It shall be proven in the paragraph 5.1.4.1 that by the ergodic theorem n — a.s. for
alli e I(M)

N—o0

tim VU [ uyondy = [ uvrondy| =0 ase
[0,1/Mm14 B;

It follows that n — a.s.
lim sup J3(N,M,n)? <CqM ' <> (157)
N—o0

And taking the limit M — oo one obtains the equation (148). Now combining

equations (141), (142), (147) one obtains lemma 5.3 with h(M) = CaM~12 <
2 12

Ve >
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5.1.4.1. Proof of equation (156). Leta,b € I(M) x I(M),q € N*and w €
{1,...,d} such that b = a + ge,,. Observing that

U(N (5 + gew/ M), n) — u(Nx, 7) = f

V(N (x + qtey /M), n).(qew /M) dt
r€l0,1]

we obtain

N1 u(Nx, n)dx =N"! u(Nx, n)dx
By By

+ / / (N (x + gew/ M), 1).-(qew/ M)dx di
t€l0,1] .
(158)

Now let us write 3" B, the lower face of the cube B, orthogonal to e,,:
0YB, :={x € B, : x.eyy = (ay — 0.5 /M —1/2M)}

Now we decompose x € B, as x = x* + yyey/M with x¥ € 0¥ B, and y,, €
[0, 1], using this change of variable we obtain

/ / v(N(x 4+ gtey /M), n).(qgey/M)dx dt
t€[0,1]1 /B,

:/ f ”(N(xw"‘(tq"'yw)ew/M)vU)-(qew/Mz)dxwdtdyw
t€[0,11J y,, €[0,1],x* €d¥ B,

(159)

Now using the change of variable s = (tg + y,,)/M we obtain from (159) that
[ ot grewp.n.gen /i as
1€[0,11 B,

=[ / / V(N (xY + sey), n).(ew/M)
wel0,1] Jselyy /M, (g+yw)/M] JxPed¥ B,

x dx" ds dyy,

= / / V(N(xY + sey), n).(ew/M)dx" ds
sell/M,q/M] Jxveaw B,

+/ / V(NEY + sey), n).eysdx™ ds
se€l0,1/M] Jx¥ed¥ B,

+ / / V(N + sew), n).ew(1+q — Ms)dx" ds
selg/M,(g+1)/M] Jx*€d™ B,
(160)
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Thus using the decomposition [1/M, g/ M] = Uz;ll [k/M, (k+ l)/M], it follows
from (160) and (158) by obvious change of variables that

qg—1
N1 u(Nx, n)dx =N"! u(Nx,n)dx—i—M_lZ/ v(Nx,n).eydx
By B, k=1 B,+key,

+/ (x.ey —a.epy/M 4+ 1/M)v(Nx, n).ey dx
Bq

+ (—x.ey + b.eyy/M)v(Nx, n).eydx

By
(161)
Since < v >= 0 one has n-a.s.
gq—1
lim / v(Nx,n).epydx =0 (162)
N*)OO]; Ba+key bt

Now for P € N* (P > M?) write Ex = {x € By, : (k—1)/P < —x.ey +
b.e,, /M < k/P}. Note that (Ey)1<k<p is a partition of B, (observe that by equa-
tion (150) b/M is not the center of Bj but the upper edge of the cube). Thus we
obtain

P
(—x.ey + b.eyy/M)v(Nx,n).ep dx < Z/ (k/P)v(Nx,n).eydx
k=17 Ex

By (163)

+1/P | |v(Nx,n).eyldx
By

It follows by the ergodic theorem that n-a.s.

lim sup | (—x.ey + b.eyy/M)v(Nx, n).eydx| < P M < [v.ey| >

N—oo JBp
(164)
And taking the limit P — oo one obtains that
lim sup | (—x.ey + b.eyy/M)v(Nx,n).epydx| =0 (165)
N—oo JBp
Similarly one obtains that
lim sup | (x.ey —a.eyy /M + 1/M)v(Nx,n).epy dx| =0 (166)

N—oo B,

From (161), (162), (165) and (166) one deduces that for a, b € I(M) x (M),

g eN*andw € {1, ... ,d}suchthat b = a + ge,,. one has
lim sup IN! u(Nx, n)dx — N~! f u(Nx,n)dx| =0 (167)
N—oo By B,

And since any two distinct points of /(M) can be connected by a finite number of
steps of such translations one obtains the equation (156)
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5.1.5. Proof of equation (22) of lemma 3.3 in the continuous case

Let p € F2

w0+ We will prove in this subsection that for u-almost all n € X

dim 1Ty p() = (Ty pn) ol rgy = O (168)

Observe that to prove the equation (168), it is sufficient to prove the following
lemma

Lemma 5.4. For u-almostalln € X, there exists a sequence (KN (x, 1, M)y NeN
of skew symmetric matrices with coefficients in H' (Tld) and a sequence of positive
reals h(M) such that limy;_, oc h(M) = 0 and for M > 10

lim sup |[p(Nx,n)— divk ™ (x, 1, M)\l 20,114y < h(M) (169)

N—o00

Since p € F, 301, it is easy to prove from Weyl decomposition that there exists a
finite sequence h; ; € F]%ot’ @i, j) e{l,. ..d}2 such that h; j = —h; and n-ass.,
(p)i = Z(j’:l hi j.ej (Fpo is orthogonal to the set of such vectors and any element
of L2(X, ) orthogonal to the set of such vectors is in IL%O,(X, w)). Write H; ;
the scalar potentials associated to 4; ;, then it follows that n-a.s., div, H; j(x, n) =
hi j(x,n). Thus H is a d x d skew symmetric matrix with elements in Hzloc(Rd)
such that n-a.s., p(x, n) = divH (x, n).

For M € N, M > 10, defining o7 (x) as in the subsection 5.1.4 our candidate
for K will be the skew symmetric Tld-periodic matrix:

KN(x,n,M)::N_l(H(Nx,n)—Md/ H(Ny, n)dy)au(x) on [0, 11
[0.1/M14
(170)

From this point the proof of lemma 5.4 is trivially similar to the one given in
subsection 5.1.4.

5.2. Applications

In this subsection we will prove theorem 4.4. We will first prove equation (85), the
equations (86) and (87) will be implied by the first one.

5.2.1. Proof of the variational formula (85)

Let us write le eF got the solution of the equation (70) and (using the linearity of

vf inl one can define v¥ as a matrix by v€/ = vF). Let us first prove the following
lemma

Lemma 5.5.

o(a,—E,pn)="o(a, E, 1) (171)
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Proof. We shall adapt the proof given by J. R. Norris [Nor97] for the periodic case.
Letl k € RY. Since (a + E)( + vf) € L2 (X, ) and (a — E)(k +uE) e

L{ ol (X, n), by the Weyl decomposition (8), there exists g, i € F L andi,s € R4
such that

t—q=(a+E)I+vf) (172)
and
s—h=(a—-E)k+v, Ey (173)
Observe that by integration with respect to the measure p, one obtains that
t=o(a, E,nl (174)
and

s=o(a,—FE, nwk (175)
For f, g € L2(X, ) we write <f, g> = <’fg>. Then observe that

<a(a, —E, Wk, l> - <s, z> - <s —hl v[E)

=(@= Bk + 075 1+ 0f ) = (ko @+ EYU+ o))

<
=<k+vk_E,t—61>=<k”>
(

= k.o, E, u)l>
(176)
Which proves that ‘o (a, —E, ) = o (a, E, 1) and henceforth the lemma.
Let&,l € R4, we will now prove that
E 0@ E Il gy =, o (1€ p =@t BT
177)
We will write oy, is the symmetric part of o (a, E, ). Let us define
Yo = vf (I + %asgr‘n@ —ol)) - sym@ ol) (178)
and
poi=§—(@+E)I— o) —a(ly—v E)ogh& —ol) (179

Observe also that since

E—po— (a+ E)I — o) =allg — v F)o b —ol) (180)
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And (using lemma 5.5)

(g — v E)a(ly —v7E)) = ogym(a, —E, ) = oym(@, E, p) = ogym  (181)
One obtains that

(lE=po—@+EYI— w0 ) =16 —o@ Eclly o (18)

Moreover i € F7,, and po € Fy, since
po =& — (a+ E)l — aogy (¢ — ol)
+(a+ EYa +05) (1 + asym@ al)) (183)
+(a—E)(Ig + v_E) asym(é ol)

And by the equation (180),a~ (g —po—(@+E)(I— 1/f0)) is orthogonal in L2(X, 1)
to F, 301 and the space {(a+ E)v : ve F 1%01 }, it follows that the variational formula
(177) is valid and the minimum is reached at py and V.

5.2.2. Proof of the variational formulas (86) and (87)

One obtains the variational formula (86) from the variational formula (85) by ob-
serving that

inf |&—o(a, E,wi|’ o)

sent, N lasym(a E, n)l (184)

One obtains the variational formula (87) by taking [ = 0 in (85).
5.2.3. Proof of lemma 4.7

Gift L2(X, w) with the scalar product (f, g)g = Zf;l < & figi > to obtain
an Hilbert space. By the variational formula (95), ‘I D(&, )l is the norm of the
H-orthogonal projection of / on the subspace of L2(X, i) H-orthogonal to F pm It
follows that there exists an unique v; € F pot hnear in [ realizing the minimum of
(95) and such that (I 4 v;) is H-orthogonal to F pot

Thus the vector for I € R? the vector field p; defined by

=&y +v)(DE W) 11 (185)

verifies < p; >= 0 and is orthogonal to F; ., thus by the theorem 2.6, it is an

pot ’

element of F2

+oi- Moreover observing that

(67" + (i) = "D, )7 (186)

and since the vector ¢ defined by g; = éfl (i + (p)i) = (g +v)(D(E, ,u))_ll is
orthogonal to F, Szvl one obtains that the variational formula (4.7) is true and that its
minimum is reached at p;.
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