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Basis functions are operator adapted wavelets

Wannier functions



(
− div(a∇u) = g, x ∈ Ω,

u = 0, x ∈ ∂Ω,



Localization of Gamblets
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Sparsity of the precision matrix
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Localization of Gamblets



Sparsity of the precision matrix



Localization problem in Numerical Homogenization
[Chu-Graham-Hou-2010] (limited inclusions)

[Babuska-Lipton 2010] (local boundary eigenvectors)
[Efendiev-Galvis-Wu-2010] (limited inclusions or mask)

[Owhadi-Zhang 2011] (localized transfer property)

Subspace decomposition/correction and Schwarz iterative methods
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Condition for localization
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Banach space setting

Condition for localization



Operator connectivity distance

Theorem



The method
φ
(1)
i φ

(2)
i φ

(3)
i

φ
(4)
i φ

(5)
i φ

(6)
i

ψ
(1)
i χ

(2)
i χ

(3)
i

χ
(4)
i χ

(5)
i

χ
(6)
i



Gamblet
Transform/Solve



Example (
− div(a∇u) = g, x ∈ Ω,

u = 0, x ∈ ∂Ω,



Inputs of the algorithm









































(
− div(a∇u) = g, x ∈ Ω,

u = 0, x ∈ ∂Ω,



μ(x)∂2t u− div(a∇u) = g(x, t)

Application to the scalar wave PDE

Ω ⊂ Rd
∂Ω is piec. Lip.

a unif. ell. ai,j ∈ L∞(Ω)
log10(a)



Discretization in space

μ(x)∂2t u− div(a∇u) = g(x, t)
Space discretization with fine scale elements ϕi(x)

u(x, t) =
P

i qi(t)ϕi(x)

Mq̈ = −Kq + f q̇ =M−1p

ṗ = −Kq + f
Mi,j =

R
Ω
ϕi(x)ϕj(x)μ(x)

Ki,j =
R
Ω
(∇ϕi)

Ta∇ϕj

fi =
R
Ω
ϕi(x)g(x) dx



Time discretization with implicit midpoint(
qn+1 = qn +∆tM

−1 pn+pn+1
2

pn+1 = pn −∆tK qn+qn+1
2 +∆t fn+fn+12

2nd order accurate, implicit, A-stable
Preserves quadratic invariants exactly

Total energy E = 1
2p
TM−1p+ 1

2q
TKq



Time discretization with implicit midpoint(
(M + (∆t)2

4 K)qn+1 = (M − (∆t)2

4 K)qn +∆tpn +∆t
2 fn+fn+1

4

pn+1 = pn −∆tK qn+qn+1
2 +∆t fn+fn+12

Solving (M + ∆t2

4 K)q = b

Change of basis: Localized ζ-Gamblets

minψ
4
ζ2

R
Ω
ψ2μ+

R
Ω
(∇ψ)Ta∇ψ s.t.

R
Ω
ψφj = δi,j



Gamblets



Gamblets



u

=

Multiresolution decomposition of the solution



u

=

Multiresolution decomposition of the solution





Time discretization with 2 stages Gauss-Legendre



Change of basis: Localized ζ-Gamblets

Time discretization with 2 stages Gauss-Legendre



Complex Gamblets (real part)



Complex Gamblets (imaginary part)













Parabolic PDE

μ(x)∂tu− div(a∇u) = g(x, t)
Space discretization with fine scale elements ϕi(x)

u(x, t) =
P

i qi(t)ϕi(x)

Mq̇ = −Kq + f
Mi,j =

R
Ω
ϕi(x)ϕj(x)μ(x)

Ki,j =
R
Ω
(∇ϕi)

Ta∇ϕj

h ∼ N−1/d: Resolution of the fine mesh
Time discretization with explicit scheme requires ∆t ∼ h2

fi =
R
Ω
ϕi(x)g(x) dx



Time discretization with TR-BDF2 Mq̇ = −Kq + f(
(M + γ∆t

2 K)qn+γ = (M − γ∆t
2 K)qn +∆t

fn+fn+γ
2

(M + 1−γ
2−γ∆tK)qn+1 =

1
γ(2−γ)Mqn+γ −

(1−γ)2
γ(2−γ)Mqn +

1−γ
2−γ∆tfn+1

2nd order accurate, implicit and L-stable

γ = 2−
√
2 Minimizes local truncation error

implies γ
2 =

1−γ
2−γ

[R.E. Bank, Jr. Coughran, W.M., Wolfgang Fichtner, E.H. Grosse, D.J. Rose,
and R.K. Smith. Transient simulation of silicon devices and circuits. Computer-
Aided Design of Integrated Circuits and Systems, IEEE Transactions on, 4(4):436451,
October 1985.]



Time discretization with TR-BDF2 Mq̇ = −Kq + f(
(M + γ∆t

2 K)qn+γ = (M − γ∆t
2 K)qn +∆t

fn+fn+γ
2

(M + 1−γ
2−γ∆tK)qn+1 =

1
γ(2−γ)Mqn+γ −

(1−γ)2
γ(2−γ)Mqn +

1−γ
2−γ∆tfn+1

Solving (M + γ∆t
2 K)q = b

Solving 4
ζ2u− div(a∇u) = g with ζ =

p
γ∆t/2

Change of basis: Localized ζ-Gamblets

minψ
4
ζ2

R
Ω
ψ2μ+

R
Ω
(∇ψ)Ta∇ψ s.t.

R
Ω
ψφj = δi,j



Implicit Methods for Time Dependent Problems



Fully implicit Runge-Kutta methods
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