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Mode decomposition

Let Viy...,Um be = W3
unknown s.t.
m: unknown

v’&(t) a7 (t) COS (92 (t)] | w1
a;: unknown, slowly varying o wT or 0 ar os e a7 o oo
w; := 6;: unknown, slowly varying, positive, well separated

vi(t) = ai(7) cos (wi(T)(t — T) 4 0;(7)) for t = 7

U1 V2 vy U
+ + =

Problem Given v =Y .

1=

1 Us Irecover vy, ..., Um



Empirical mode decomposition. Huang et Al, 1998

e ~ 20,000 citations

e Wide range of applications (meteorology, structural stability analysis,
medical studies, etc...)

e Based on a heuristic “sifting process” (hard to analyze)
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EMD’s sifting process

Gif created by Geir Kulia and modified by Matt Hall, CC BY-SA 4.0,
https://en.wikipedia.org/w/index.php?curid=57233178



A pattern recognition problem

 Numerical approximation

e Synchrosqueezed wavelet transform. Daubichies, Lu, Wu, 2011

Amenable to e Variational mode decomposition. Dragomiretskiy, Zosso, 2014
analysis =
e De-shape synchrosqueezing transform. Lin, Su, Wu, 2017

Statistical Inference
e Sparse time frequency representations. Hou, Shi, Tavallali 2011, 2014

—

_ Machine Learning

Alchemy - e Deep learning approach. Qiu, Ren, Suganthan, Amaratunga, 2017

Al researchers allege that machine learning is
alchemy

By Matthew Hutson | May. 3, 2018, 11:15 AM

"Machine learning has
become alchemy”

Ali Rahimi

NIPS 2017 Test of Time
Award

Ali Rahimi, a researcher in artificial intelligence (Al) at Google in San Francisco, California, took]
a swipe at his field last December—and received a 40-second ovation for it. Speaking at an Al
conference, Rahimi charged that machine learning algorithms, in which computers learn
through trial and error, have become a form of "alchemy.” Researchers, he said, do not know
why some algorithms work and others don't, nor do they have rigorous criteria for choosing
one Al architecture over another. Now, in a paper presented on 30 April at the International
Conference on Learning Representations in Vancouver, Canada, Rahimi and his collaborators
document examples of what they see as the alchemy problem and offer prescriptions for
bolstering Al's rigor.

"There's an anguish in the field” Rahimi says. "Many of us feel like we're operating on an alien
technology.”
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“Many of us feel like we’re operating on an alien technology”
Ali Rahimi, NIPS 2017 Test of Time Award

 We don’t know why ANNs work or why they don’t (no theory)
« developed through trial and error

« Some results are hard to replicate (many

* hyperparameters)

* Finding good architectures relies on guesswork




Question

Can the analysis of mode decomposition from the combined perspectives of
numerical approximation and statistical inference be used as a Rosetta stone

for deciphering mechanisms at play in ANNs?
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Mode decomposition with unknown waveforms

Let vq1,...,v,, be unknown s.t.
m: unknown

vi(t) = a:(t)y: (6:(t))

a;: unknown, slowly varying

w; := 6;: unknown, slowly varying, positive, well separated
L and (ki; ) e[ - k' )se(—1.1) for k, k' € N

y;: unknown 2m-periodic (and (Kot # (Ko he-1n for kK €N

yl— —yQ = 93
20 1.00 / ‘\
0.75 /
0.75 \
0.50 \
15 0.50 |

Problem (Given v = Z"fn’

1=

1 Us Irecover vy, ..., Um



Solution

Kernel Mode Decomposition and programmable/interpretable
regression networks, O., Scovel, Yoo, 2019

Algorithm achieving near machine precision recoveries.

Mode [vie—vil 2 [vie—vilpo | lGie—ai 2 16; «— 6] 12 [Yi.e—Yil 2
[vil2 [vilLoo la:] ;2 e VillL [vil 2
i=1 6.50x 1072 | 2.65x1072 | 1.52x 107 | 1.75x 10~ | 6.65 x 10~
i=2 262%x107% | 561x107%|812x107° | 1.25x107% | 2.15x10~*
i=3 6.55x 1074 | 9.76 x107%* | 3.99x 1074 | 3.67x10"% | 3.43x10~%
e uf?
. ° \k.
Looks like a Neural Network, = . R
ks like a Neural Network : S
quacks like a INeura etwor f =3 ,,
but it is not a Neural Network! —te————,
: —30
7 702 )

It is a regression network
Interpretable and amenable to analysis

Not trained but programed by composing two
simple modules over a hierarchy



Vi,..., Vm: Closed linear sub-spaces of V' (Hilbert)

Vit +V,=V

Let vy, -+ , v, be unknown elements of Vi, Vs, ..., V,,

Problem

Given v = v1 + - - - + v,,, TECOVET V1,...,Um



w2
. w3
o
Player | Player Il
Chooses Sees v =" v,
(V1yeeeyUm) €V X oo XV, Chooses
(W1, ..., W)

M
W Nl Vix---xV,

iy lvi—wi |3,

il

| - [lv,: Quadratic norm on V;



Theorem The optimal strategy of Player I is

(’Ul,...,’Um) ~ (617-“75’77’1)

£1,...,&y: indep. centered GP with cov. op. Q1,...,Q,

[ [lv, 4 Q; <= &~N(0,Q;)

lo:

_]_ -
Vo= 1Q; v, v

Q; : V* — V; Symmetric P, Qip] = ¢, Q¢ for ¢, € V*

53‘/,&*—}
o —

Postive: [¢, Qi¢] > 0 for ¢ € V.

(Gaussian space

@, &] ~ N(0, [, Qig))

9, Qid] = ||¢5||%/ — SUPyey; |

2

—

[p,v

o,




Theorem The optimal strategy of Player II is

w; =E|&| > & =0
£1,...,&m: indep. centered GP with cov. op. Q1,...,Qn

Variational Formulation

.. m 2
argmin Minimize Z@zﬁ% w13,
(wi, - wm) €V4 % - x v, | Subject to > .7 w; = v

Galerkin optimality of the accuracy of the recovery

D o= willf, = nfgev- 35T o = Qo)




Theorem The optimal strategy of Player II is
w; = ;5 —1y
S:=)_;Qj|: V¥ =V always invertible
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Example: Mode decomposition when only amplitudes are unknown I | [

Given v = vy + v9 + v3 + v4, Tecover vy, v9, v3 and vy

: vy and wy | = vo and w s 4 L
! \1\ .,1“ : ".‘ fMFQ, ”;:_2 . v3 and ws a | vy and wy =]
A \ / ‘” [ 0; \ | \ || / { ( || I d | Ll .‘ ‘lu \‘ 4
ol [ 1]} N1 I APV AR A
f , (AT A

: rf \! “J ‘\! | | ) / 1 | .‘ \ \‘ \’ I U | Y )(q”" ||1|_|. |ﬁ Mll{ullﬁw 1]

ar(t)cos (B1(t)) | as(t) cos (02(t)) as(t) White noise
&1(t) = (1(t) cos (61(2)) 52 (t) = Ca(t) cos (02(t))i &3(t) = Ca(t) €4

(=g E t
E[C ()] =T Flaen)

E[£:(2)&i(s)] = Ki(s, t)

_ (t—s)?
—

Solution

% cos (0;(s)) cos (0;())

W; = E[fz| Zj 5 = ’U:

)

(t—s)?

Ks(s,t)=e

| Ka(s,t) = 6(t — 5)

wi = IG5, Kj) ™




The GP approach to linear mode decomposition is not new

e Thikonov regularization. Thikonov, 1943.

e Additive regression. Stone, 1985.

e Generalized additive models. Hastie and Tibshirani, 1990.

e Additive Gaussian processes. Duvenaud, Nickisch, and Rasmussen, 2011.

e Additive Covariance kernels. Durrande, Ginsbourger, Roustant, 2012.
Durrande, Hensman, Rattray, and Lawrence, 2016.



Example: Mode decomposition when both amplitudes and phases are unknown

Let vq1,...,v,, be unknown s.t.
m: unknown

v; (t) = a;(t) cos (0;(t))

a;: unknown, slowly varying

w; = 0;: unknown, slowly varying, positive, well separated

U1 U2 . vz U
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Problem (Given v = Z"fn’

1=

1 Us Irecover vy, ..., Um



Mode decomposition problem: non-linear
v; (t) = a;(t) cos (6;(t))

I

ijEV- w; € V;
o o

Vi = {a(t) cos (0(t)) | a,0 € linear spa,ces} non-linear

Calt)cos ((p(t))  Not a GP

! !
GP GP
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D ¢ Vi(l): Linear spaces

ea: Recover the v; = a,(t)cos(0;(t)) as aggregates

d
I]of finer modes living in linear spaces.

N—



’Uj(t) _ (Ij(’T) COS (wj(’T)(t — 7—) + 93(7-)) for t ~ 7
= ! (1
Ué%@) .(2)4?&
e i.éf
z(l) € Span{xr. ¢} Gaborwavelets ;z%g =
s} 0 =
X w0 (t ) VZ cos(w(t—7) +0)e _ el

| |
Ll
z 9 151 Vo
&= (T, W, N
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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a;(7) cos (w;(1)(t —7) + 0;(7)) for t = 7
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(
z(l) € Span{x, ¢} Gaborwavelets Z:g(?o
o 0 =
X7 w0 (t ( ) \/7COS( (t—7 -|-9) M 0

i = (T,w,0)
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t—7)+0;(7)) fort = 7
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€ Span{x,. ¢} Gaborwavelets

Xor ol ) fcos( (t—7 —|—9)

T

! = (T,W0,0)

s = 0.5
Jw =100 |
=20




v; (t) ~ a;(1) cos (w;(T)(t —

7) +0,(r)) for t ~ 7

fU(l) I w(l)
i+ o w® ¥
z(l) € Span{xr. ¢} Gaborwavelets 1?%:_35)0
X rw,0 (¢ ) fcos( (t—7)+0)e M

i = (T,w,0)

||||||||||
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Where did the nonlinearity go?

Linear
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Linear

Where did the nonlinearity go?

It went in the identification of the ancestor/descendent relationship

)~ )



Identification of ancestor/descendent relationships

e Compute energy of mode i, F(i) := |lw;

1 (linear step)

e Combine E(i) with nonlinear step (tresholding, graph-cut, argmax,...)

Vi, Qi Wi = QS v b:(i) = (Wi, ) g

([ } o > N

2 + g 3= J
s >

. .
o >

: : £3>

[ ] [} >

[ ] ° E

(] 00— |

7 I

—
3]
=

Theorem E(i) = <wz',’0>3_1 = Var (<€@'/U>S—1)

> E(i) = ||v]lg— = Var ({32, &,v) g1

Energy conservation <=m) Variance decomposition
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Strategy: repeated across levels of abstraction

Network decomposing and recomposing modes and kernels
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Example: Mode decomposition when both amplitudes and phases are unknown

Let vq1,...,v,, be unknown s.t.

m: unknown

v; (t) = a;(t) cos (6;(1))

a;: unknown, slowly varying

w; := 0;: unknown, slowly varying, positive, well separated

U1

S e S S —

Vo

. m
Problem Given ) .~ v; recover vy, ..., Up



Solution [First recover fine modes v, ,, o € Span{x,.«. .o}

A N

7]

W

v

©

0

UT,w,Q

Jo - dr dw df

|

T XTw,0

Ur,w,0 < Span{XT,w,Q}

™ Wmax 1
v :/ / / Vrw,0dT dw db
— T < Wmin 0

g‘?‘,u,@(t) — C(T: W, Q)XT,w,Q(t)

white noise

)= J7 [ fy
(T, w, 0)Xrw.o(t)dr dw dO

KT,w,G’K_l

K(s,t) = [T [2m [y

Wmin

K ,0(s,t)drdwdf

wTjw’Q <



Aggregate to level 2 modes w,

[ -d

wT,w,G

Wr,w = fj,,r Wr,w,0 dq

I(l)ﬂ \\\ 7(2) \




Compute alignment energy of level 2 modes

E(r,w) = [y wroK 1o

800 O
700
600 —
500
waoo
300 ‘\\
200 —
100 .

0
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1

_f[(l)A 7(2)
w D -




Partition the time-frequency domain to identify level 3 modes

(T,w) — 1 &= (T,w) € A(7)

600 — A(3)
300 A(ZN
TAar— =

0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1
T

I( 1 )A




Aggregate to level 3 modeg

f ~ - dT dw
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wq-’w . W,

800
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500
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The simplest network ™ E(r,w)=["_E(r,w,0)d

700

600

500
‘ ‘ J400
300

200 —

100

fol Wy oK1 fol wr o Kt
A
| I
E(’T,Ld,@) > E(T,w)

' [ 7(2) 70 = {1,2,3}
/N
:_ l -
| ;\4

v
w

v
[\

v
—_




Estimated phase |0.(7,w) := argmaxy F(7,w, 0)

N E(T,w) cos(O.(T,w)

i
W Hl'j

I
i

y ';1! ::
Qﬂ w

300 ‘ Lf
l
S\
100 y
00 0.1 0.2 0.

T do
E(r,w,0) =" g w)

Oc(T,w)

Iargmaxg

Tt [ I<2>| 70 = {1,2,3})
IUERT o - > 3
w l W
:_ l - > 2
v i o
x : AN



Estimated frequency

800 -,
600 |
400 |

200 |

0.ll.
800

do

> We (T, w)

Oc(T,w) >
ot
Iargmaxa
E(r,w,0) Jor
I(l)“
w T e \
I_

v

v

we (T, w) = 20 (T, W)




Synchro-squeezing [Daubichies, Lu, Wu, 2011]

7
we (0.6, w) E(0.6,w" . Se(0.6,w")

'I'he synchrosqueezed transtorm is 14}
the energy of level 3 modes identified| - ' 12}
via the map (7,w) — (7, we (7, W)) 3 3 * ,

06

) 04

SO:“O iEl)O 260 360 é‘b 560 650 700 600 00——160 2‘00 560 w , 560— 6(;0 760 8—00

O (T, w) p > We (T, W)
oT
argimaxy
fwe (T,w)=w’ dw

" .de
E(r,w,0) S - B (1, w) > Sp(r,W)

O] ™, 7 \ ) \

ST NN Al
e Y o Garen |
AN AN N\



Max-squeezing

we (0.6, w) E0.6,w). S(0.6, w’)
0 10 20 o &mj 500 60 700 800 % 10 200 00 w Jo 60 700 800
O (T, w) p > We (T, W)
| " 1
argmax

MaXe:w, (r,w)=w’

A

)
&
S
E\

» E(r,w)

A\ TN

\LI W

(T, w) = (T, we(T,w)) l °

AN N




Max-squeezed energy (7, w) — (7, we(7T,w))

|S(’7', wi) — MaAX . (7,w)=w’ E(7'7 w)l

S(m,w)

S(r,w)
800
800 - E( / ’ W)
700
700 - —
e ' 600 S —
600 e
500
500
3 400
3 400
300
300
200
200 | —
100 -
100 m—
L ——————————
0
0 § * - * ' ! 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
0 0 0 0.3 0 0.5 0.6 0.7 0.8 0.9 i
T
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O (7T, w)

i > We (T, W)
oT l

argmaxy

B0 (rw,0) B (7, )= SO (7 w)

A
N A
N
S
S
N
S
S
N
N
N
S
Aok ~
1
1
1

W | Wl ™ W'
i N
:_ »® N
v v (T,w) = (T, we(w,T)) ¥
7 (1) 0 7(2)




Max-squeezed Energy
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600

500

3 400

300

200

100

S(7,w)

0.1

02 03 04 05 06 07

Kz,; — fA(z) Kr,w dT dw

0.8

0.9



Oc (7, w)
A (-f_ﬁ

argmaxy

ED(r,w,0) e E®)

R \ “ \ \
5 \ A(3)
)

> we(T,w)
)

(1, w) PR vwerw) = | g(3) (1,w")

73 ={1,2,3}

v| ,
v (T,w) — (T,we(w,T)) v A(1) /
\ \ '\4 \ 1
7(1) 0 7(2)
Ko J=n® | i, Jagy drdw
L . N—1
w; = K;(Y_; Kj) v
v1 and w; V9 and wo

I
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Yi | K
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800

700 |

600

500

3 400

300

200

100

S(7,w)

03 04 05 06, 07 08 09 1

wi,e(t) = argmax; ,yeae) O (&, w)

¥
Oic(l) = 0c(t,w; (1))
¥

K;(s,t) =e

(t—s)

2

2 (c08(05,e(t)) cos(0; ¢(s)) + sin(6; ¢ (¢)) sin(B; ¢ (s)))




‘ W= wj(T) l
O(7,w) - > we(T,w) v Bie(T)
or w’ € A(7)
Targmaxg ? l l
EN(1,w, ij d_>t9 E@)(1,w) T we(re)mu’ 5(3)(7',w’)\ K;
N w A AG) ]
i X A) \
: - .\\\- r‘\\—> P ——
v : v| (1,w) = (T, we(w, 7)) ¥ A1) /
7w Ty (2 7G4 ={1,2,3} 74

ey = KU )T

. vy and wy 7 vpand wp - v and w -
\ '\\'““”'ﬂl Zl\ """"“'2'THH“MHH”
o w " | | 0 |
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Ex: Amplitudes and phases unknown, waveforms known but non-trigonometric

Let vq,...,v,, be unknown s.t. Y
m: unknown

v; (t) = a; (t)y(6;(1))

a;: unknown, slowly varying
w; := 6;: unknown, slowly varying, positive, well separated
y: Known non-trigonometric

(V)

U3

U1 (%

-------

. m
Problem Given v = ) ., v; recover vi,...,Upn



The network

> Blow
‘ W = low 1 ( )
Oe (T,
N ('T w) ar% arsfory w)EAlow U — a. g(@
) S ’T w —b Alow
N\

v — a"l:,ey(giae)

i — ai,eg(l%,e) - Zj;/:fi ij,e’y(gj,e)

> U = az‘,ey(gi,e)



y(t) = c¢1 cos(t) + D72, ¢ cos(nt + dy,)

Max squeezed energy y(t)
700 -+ ”-v.. T 34(17]-’ CLJ)
600 M _' ' ATy
500 W': i R m
r.)v‘\, SEATVIY 2

00 L__ § Overtones
300 1 -—*%_ 1/
““““;? a1(t)y(t)
100 ~ )

K

-1.00 =075 -0.50 -0.25 0.00 0.25 0.50 0.75 1.0(

a1(t)cy cos(61(t))



700 4
600
5001 % B
400 A
300 4
200 -

100 1
1411()\Af

0 L] 1 L] L T L] T
-1.00 =075 -=0.50 -=0.25 0.00 0.25 0.50 0.75 1.0(

w1,e(t) = argmax(; e A, O, w)|

I‘gl,e (t) = 0. (t, Z:‘)1,6 (t))l

Estimated phase of mode 1




Next step: refine the estimated phase of mode 1
B ( 01,e(T)(t—7) )2

) v g

v (L) = e

=

VARRES limJJ,O v [Xc 57‘ -+ 50‘ — UT]

e (1) = (X.cos(01.0()) + X.sin(0so(t)))e (=) ]
X., Xs ~N(0,1) £ ~ N(0,0%5(t — s))

For ¢t = 7

a1(t) cos(01(t)) = Z.cos(01 (t)) + Zssin(01 (1))

a1 (7) =~ 2.2+ Z.2 (01 —01.)(7) ~ atan2(—Z., Z..)




Estimate of mode 1

01.(1) -

|

Micro-local| | +
KMD

|

al,e(t)a 591,6 ~ 91 — 91,6

|

Ul,e — a’l,e(t)y(el,e (t))|




Max-squeezed Energy

7D - Ul)e

700

600 4

500 A

————

200 - | \

100 -

0 ! L) ] 1 ) 1 ¥
=1.00 -=-0.75 =050 -025 0.00 0.25 0.50 0.75 1.0(



Max-squeezed Energy

7U - Ul)e

700 -

600 4

s004; - CiE% 23

300

200 -

100 -

0

U -1.00 -0.75 -0.50 -0.25 000 0.25 0.50 0.75 o(
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Ex: Amplitudes, phases waveforms are all unknown

Let vq1,...,v,, be unknown s.t.

Y1 Y2 Y3
m: unknown ; n,

vi(t) = ai(t)y: (6:(1)) -

a;: unknown, slowly varying
w; := 6;: unknown, slowly varying, positive, well separated
(and (kdjj)te[—,l,l] 3_'5 (k,d-)j’)te[—l,l] for k, k' e N)

;- Unknown

U
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|
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. m
Problem Given v = ) ., v; recover vi,...,Upn



Network

Same as before (known waveform)
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New module




New module
01,6 Yle

?

61 e(T)(t 7) )

vr(t) == e_(
E-(t) = 6_(

v(?)
¢(t)

01 e(T)(t T))

Cr(t) = X4 .cos (91je(t)) —+ 222‘3‘2" (ijc cos (k@lje(t)) + X s sin (k@lje(t)))

Zr,j (7, 601,e,v) = limy 0 B[ X} ;&7 + &6 = v

Estimator for the Fourier coefficients of 14

Z; (7,01,e,v)
. Pl I A
Cr.i (T501,0,v) i= Zvigr o

v

y1(t) = cos(t) + Zk “ C1 (k,c) COs(kt) + ¢ (1,s) sin(kt)
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1screte H, estimator

N: Number of values of 7

I: Interval of R

Ny7: Number of values of 7 contained in .

Iax: Interval fixed size 6 (= 0.002) maximizing /Ny

1200 4. (2 )

1000 4
80O 4
600
4200 1

200 1

-0.04 -0.02 0.00 0.02 0.04

Tr :={7 € T|c j(1,0,v) € I}

0 for NMmax ~ (.05

N
V) = {NI;X > ety Cy(T,0,v)  for —mex > 0.05
V)
N



wz(t—fr)2

Xrw.o(t) = (afﬂg) ot cos(w(t —7)+0)e” = t e R,

KT,W,9(87t) - = XT,w,Q(S)XT,w,Q(t), S,t & R,

Kgz(s,t) = / /R /RKT,%Q(S,t)dT dwdf, s,tecR,
—x JR,

Theorem
Le
LK) = g [ K 50
H(B) = 27~ /m(v/20) =D (5 >>e—T (5.5 O;

v 1 '7(7+1) o2 T (v + 1) (7 + 2) 3!

Confluent hypergeometric function

* 2

Then
]C,BlK,BQf — IC51—|—/32f7 f < Sa /81752 = 07 /81 _l_BZ < 17

im (Ksf)(z) = f(z), xeR, fe§

S:={f € C®(R) : sup |z D™= f(x)| < oo, m1,mz € N}
xR



N
y(t) == > cpe’™
— N

XT,w,Q(t) L= w%y(w(t — 7‘) —+ 9)6_

2
2:—2|t—’r|2

Ks(s,t) i— R / / / Xreo0(5)X % s o (£)drdwdd

Theorem

K@(S t) = 27T|S—t|6 1 Z Cln(S 75)|Cn|2
n—=—ImN

an(s,) = VT (V3ayir (L= Byttt (8,1, Inlo?
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