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Socrates

How do we know that
these are all dogs?

https://slideplayer.com/slide/10637983/



Plato’s allegory of the cave

https://www.studiobinder.com/blog/platos-allegory-of-the-cave/

e

4 W 4 The world can be divided into two worlds, the visible and the intelligible. We
”..’,ﬁ\ grasp the visible world with our senses. The intelligible world we can only grasp
' with our mind, it is the world of abstractions or ideas



Plato’s theory of forms
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https://twitter.com/PhilosophyMttrs

Idea: “mental image or picture”. .. from Greek idea “form”...In Platonic phi-
losophy, “an archetype, or pure immaterial pattern, of which the individual ob- : e
jects in any one natural class are but the imperfect copies” https://slideplayer.com/slide/10637983/

https://www.etymonline.com/word/idea




What does that have to do
with Deep Learning?

Andrew Ng Sourcc: http://wuw.nature.com/news/
computer-science-the-learning-machines-1.14481



Main message

ANNs are are essentially discretized solvers for a generalization
of image registration/computational anatomy variational problems.

Image registration Generalization

Images High dimensional RKHS

S

Xinj c R1024

This identification allows us to initiate a theoretical understanding of deep learn-
ing from the perspective of shape analysis with images replaced by high dimen-
sional RKHS spaces.



Problem X fJ[ y

{7 : Unknown
Given f1(X) =Y with (X,Y) € XN x YV approximate f'

X, V: Finite-dimensional Hilbert spaces
X :=(X,....Xy)e XV

fIX) = (f1(X),- - fT(XN)) € YV

Y i=(V,...,.Yy) e IV

Y Y; = f1(X5)
Yi T ® ./ e
| X



Artificial neural network solution Approximate f1 with

J=Jpo---0of

X =X X X, Xkt1 Xpy1 =Y
J1 fx

O @ .- O O o @

fu(z) = a(Wix + bg11)

a: Activation function / Elementwise nonlinearity
L( Xy, Xpr1): Set of bounded linear operators from Xy, to A1
Wi € L(Xg, Xki1), bpr1 € X1 identified as minimizers of

it 0 1/(X) — YV on

N
IY15n = 2251 1Y3ll3




Residual neural network solution Approximate fT with

[He et Al, 2016] f:FDQQFT‘

Xpy1 =Y

X1

Fk:fko(]—kvfk)o-- o(l+ v
Je @ X — A fr(x)
U§ : Xk%)fk vli(aj)

minw, v, webs | f(X) — YH%;N




ODE/Dynamical system interpretation of ResNets

[E, 2017], [Haber, Ruthotto, 2017], [Chen, Rubanova, Bettencourt, Duvenaud,
2018], [Chang, Meng, Haber, Ruthotto, Begert, Holtham, 2018]

({ + Uﬁk) o---o(l+ Ulf)(ajo) is a discrete approximation of x(1)

t=a(Wz+b
z(0) = xg

for some t — W (t), b(t)

[Haber, Ruthotto, 2017]: Use a Hamiltonian ODE and discretize with a sym-
plectic integrator to ensure stability )
y=a(Wz+b)

z=—-aWy+b

[Chang et Al, 2018]: The following Hamiltonian system ensures stability +

reversibility
y = WlTa(le -+ b1>
z = —WZTa(Wgy + bg)




Problem X fJ[ y
{7 : Unknown

Given f1(X) =Y with (X,Y) € XN x YV approximate f'

Kernel method solutions  Approximate T with

f(z) = Kz, X)(K(X,X)+ M) Y

K : X xX — L()) is an operator valued kernel



Operator valued kernels [Kadri et Al, 2016]: Operator-valued kernels
[Alvarez et Al, 2012]: Vector-valued kernels

X, )Y: Separable Hilbert spaces
L(Y): Set of bounded linear operators on ).

Definition

K : X x X — L()) is an operator valued kernel if

(1) K(z,2') = K(2',2)! where A? is transpose of A w.r.t. <-, '>y

(2) Zzbjzl <yi,K($i,$j)yj>y > (0 for x; € Xy, €)Y

Definition
K : X xX — L()) is scalar if
K(x,2') = k(z,2") Iy
kE: X XX — R scalar valued kernel
Iy): 1dentity operator on )/



Reproducing Kernel Hilbert Space

H := Closure Span{z — K(z,x2)y | (z,y) € X x YV}

Hilbert space of continuous functions mapping X to )
RKHS norm

H Zz K(vxZ)y’LH%—L — Zi,j <y7§7 K(aj%? xj)yj>y
Reproducing identity

Write || fll% == [l 13



Feature map F: Separable Hilbert space
Vv X — LY, F)

Definition

F and 9 are a feature space and a feature map for the kernel K if

y' K(z,2")y" = (¢(@)y, v()y’) -

K(z,z")
Pt s X — L(F,)V)
<¢<$)y, O‘>]_— — <y7¢T<x)a>y

! (z)(z)

Theorem
H := Span{yla | a € F}

[¥"all3, = llall%



Problem X fJ[ y
{7 : Unknown

Given f1(X) =Y with (X,Y) € XN x YV approximate f'

Optimal recovery solution Approximate f! with minimizer of

Minimize  ||f||x
subject to  f(X) =Y]

[(z) = K(z, \)K(X, X) Y

K(X,X): N x N block matrix with blocks K(X;, X,)

K(x,X): 1 x N block vector with blocks K (z, X;)



Theorem [Micchelli and Rivlin, 1977] [O. and Scovel, 2019]

f is minimax optimal if loss = relative error in || - || x-norm
_ TN, LFT—F 5
J = argminminy max ¢ f+(x)=y 72

Theorem [Myers, 1992] [O., 2005]
|f1(x) = f@)]ly, < o@)1fT]lx

o?(x) := Trace | K (z,z) — K(z, X)K(X,X) 'K(X,z)|

Does not depend on dimension!
But need to bound || fT||x to be useful



Problem X fJ[ y
{7 : Unknown

Given f1(X) =Y with (X,Y) € XN x YV approximate f'

Ridge regression solution Approximate f7 with minimizer of

min A/ T + 170X = Y3x

f(z) = K(z, X)(K(X,X)+ M) Y




Theorem [O., Scovel and Yoo 2019]
f is minimax optimal in the setting of Tikhonov regularization/mode decompo-

sition f = argmin min r max A”ﬂ_f”%{JerT(X)_f(X)H;N
= arg f N A T =Y &

Theorem [O. 2020]

|f1(2) = f(@)]ly < o@)IfT]|x

o?(z) := Trace |[K(z,z) — K(z, X)(K(X,X)+ M) K(X,z)]



Mechanical regression

Approximate fT with

fr=foor

¢L P G
6p = (I +ur)o- o (I+0)

f: X —=Yand vy : X - X identified as minimizers of

L
, vL
L in 2> o[+ AL+ 1 0 00 (X) = Y3
sUT geuny v s—1

K:XxX—= L)
X xX— LX)



Numerical

experiments
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MNIST ¢(X1 : 1)

Testing error vs A
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Mechanical regression

Approximate fT with

fr=foor

¢L P G
6p = (I +ur)o- o (I+0)

f: X —=Yand vy : X - X identified as minimizers of

L
, vL
L in 2> o[+ AL+ 1 0 00 (X) = Y3
sUT geuny v s—1

K:XxX—= L)
X xX— LX)



Particular case

Let I' and K be scalar operator valued kernels defined by the scalar kernel
E: X XxX—->R

[(x,2") = k(x,2") Ix K(z,z") = k(x,2") Iy
Let k£ have feature space X & R and feature map ¢.

k(z,2") = @' (z)p(2) p: X —=>XYOR

foor(z)=(wp)o(I+wrp)o---o(l +wiep)
w e LXPBR,Y) and ws € LIX DR, X)




Particular case: ResNet block
p: X >ABR
Let () = (a(aj), 14)— always active neuron
a: X —X a(x): Activation function

wp(x) = Wa(x)+ b W e L(X,)): weights
b € )V: bias

wsp(x) = Wsa(z) +bs W, € L(X): weights
b, € X: bias

foor(x) = (wp)o(l +wrp)o---o(l +wiyp)
‘ w e LXPBR,Y) and ws € LIX DR, X)

foor(x)=Wa(-)+b)o(l+Wra(-)+br)o---o(l+ Wia(-)+ by)




[(x,2") = @' (z)p(x')Ix
K(z,2') = o' (2)p(z') Iy
p(z) = (a(z),1) p: X = XOR

a(x): Activation function a: XX — &

foor(x) = (wp)o ([ +wpp)o---o(l +wp)

w e L(XDR,Y) and ws € L(X & R, X) minimizers of

: T .
TG w1y, wr, % s=1 HwSHQL(X@R,X) + )‘HwHQL(X@R,y) + | foor(X) - YH%)N

This is one ResNet block with L2 regularization on weights and biases!



Mechanical regression

Approximate fT with

fr=foor

¢L P G
6p = (I +ur)o- o (I+0)

f: X —=Yand vy : X - X identified as minimizers of

L
, vL
L in 2> o[+ AL+ 1 0 00 (X) = Y3
sUT geuny v s—1

K:XxX—= L)
X xX— LX)



Theorem

As L — oo, adherence values of f o ¢y (x) are

f oo (x)

v: X x|[0,1] X and f : X — Y are minimizers of

. y 1 v
min, 5 % [y o, )2 dt+ M 1% + ]| 0 ¢°(X,1) = V|[2s

Looks like an image registration/computational anatomy variational problem



Image registration

How to best align image I and image I'?
L

-

’

|Grenander, Miller, 1998]: Computational anatomy

[Joshi, Miller, 2000], [Micheli, 2008], [Beg, Miller, Trouvé, Younes, 2005], [Dupuis,
Grenander, Miller, 1998], [Vialard, Risser, Rueckert, Cotter, 2012].



Image registration

HAU(', t)H%2([071]2) dt + H[(¢v(7 1)) o I/HQQ([O,lP)

0

min, A f



Image registration with landmarks

Xz',Xj c R?

[Joshi, Miller, 2000]: Landmark matching



Image registration with landmark matching

X, X; € R?
X; ||

. 1 v
min,, A fO HAUH%Q([OJ]Q) dt + Zz |¢ (X’L7 1) o )/’6‘2

{q's(x,t) = v(p(x,1),1)
¢(x,0) =

Idea registration with data matching

: o 1 v
min, ;% [y [oC, 03 dt+ M| fI% + 11 0 6°(X, 1) — V|2,

XZ',Xj c X =R1024




Image registration with landmark matching

Image registration Idea registration
Image 1 : [0,1}2 — R Idea/ I: X =Y
I' 1 [0,1? = R abstraction 1" : )Y — Y
X;,Y; | Landmark/material points Data points
XiE[O,l]Q,}/iE[O,l]2 X, e X, Y, ey
P Deforms [0, 1]2 Deforms X
and 7 : [0,1]? - R and I : X — YV

XZ',Xj c X =R1024




Composed idea registration

8192 8192 2048
. - » 8 3 ]R ]R

Y A =R 3

Composed idea registration blocks — idea formation

ANNs and ResNets are solvers for discretized idea formation problems]

NNs are solvers for discretized idea formation problems
efined with a particular choice of kernels for I' and K! (REM kernels

Composed mechanical regression blocks — ANNs and their generalization



Idea registration

Approximate fT with

f oo (x)

v: X x|[0,1] X and f : X — Y are minimizers of

. y 1 v
min, 5 % [y o, )2 dt+ M 1% + ]| 0 ¢°(X,1) = V|[2s




Bayesian interpretation
Theorem

fod?(-,1) is a MAP estimator of £ o ¢\/§C(-, 1) given the information

|§o¢\/§C(X,1)—I—\/XZ:Y

¢S (x,t): solution of

{z = ((z,1)
2(0) ==

¢ centered GP defined by norm fol |v(-,t)||2dt (independent from &)

Z = (Z1,...,Zn): centered random Gaussian vector,
independent from ¢ and &, with i.i.d. N(0, Iy) entries



Bayesian interpretation

¢ centered GP defined by norm fo |v(-, 1)[|2 dt

C(z,t) =, BT (z)e,

_ wTw e;: orthonormal basis of F
o X — LY, F)

] n C . e Z' C(Z’ t)
Deep residual Gaussian process ¢°(x,t): solution of 0)
z =

Related:
Baxendale, 1984]: Brownian motion in the diffeomorphism group

Kunita, 1997]: Stochastic flows.

Damianou and Lawrence, 2013]: Deep gaussian processes.



Idea registration is ridge regression with a warped kernel

(IR)  inus§ fy IvC )12 dE+AIFI% + [1f 0 ¢°(X, 1) = V3

™= fod"(x)

(RR) Elfinkllf\\%v + 1£(X) = Ylpa| K7z, 2") = K(6"(2,1), 6" (', 1))

7= ]

Theorem f IR _ =f RR




Spatial statistics

Warping kernels

[Sampson, Guttorp, 1992], [Perrin, Monestiez, 1999], [Schmidt, O’Hagan, 2003]
Enable the nonparameteric estimation of nonstationary and anisotropic spatial

covariance structures

Numerical homogenization: [O., Zhang, 2005]

{

{

Kernel Flows:

VF
—div(aVu) = g, ref a G
u=0, xe€dfl, : +
—div(aVE) =0 Q| g N

(VF)"'Vu

05

(0., Yoo, 2018], [Chen, O., Stuart, 2020], [Hamzi, O., 2020], [Yoo, O., 2020]

Kernel Flows learns a kernel of the
form K (¢¥(z,1),¢"(«’,1)) without
backpropagration (via cross-validation)

$

back-propagation could be replaced
by forward cross-validation in DL

000 OOOOOOOOO
OOO o}
(o]
(o] [eoNeleNe] Q,
000 %ogp o

(o]
(8] OO oOoOOOOOo OO OO

[e) %o ©
Oo ©00000000° o0

o)
o0
©000060600009°

Diffeomorphic learning: [Younes, 2019], [Rousseau, Fablet, 2018], [Zammit-

Mangion et al, 2019]



Idea registration is ridge regression with a prior learned from data

(IR)  inus§ fy IvC )12 dE+AIFI% + [1f 0 ¢°(X, 1) = V3

™= fod"(x)

(RR) Elfinkllf\\%v + 1£(X) = Ylpa| K7z, 2") = K(6"(2,1), 6" (', 1))

7= ]

Theorem f IR _ =f RR

Y (r) = Een(o.i0) () | E(X) =Y]




[Biggio et al, 2012-2018], [Moisejevs et al, 2019]:
ANNSs are brittle to data poisining

[Szegedy et al, Dec 2013]: ANNSs are brittle to adversarial noise

o o N

pig “airliner’

7

Why?



f 4 (x) = Beanvo.xn) [€(2) | €(X) = Y]

[O., Scovel, Sullivan, Apr 2013]: Bayesian inference is brittle w.r. to perturba-
tions of the prior

[McKerns, SyiPy, June 2013]|: Bayesian brittleness can lead machine learning

algorithms to be increasingly confident in incorrect solutions
https://youtu.be/o-nwSnLC6DU?t=74

Mystic: a framework for predictive science; SciPy 2013 Presentation

machine learning & bayesian inference

e
Brittleness Of . :?;r:::e?acnme learning algorithms & bayesian
Bayesian
inference implies
the brittleness of . :::er:g; I:af:rZi;neachune learning algorithms &
ANNs ol on st pilor of spprnintoamdel S e,

’ :".\ otmcrmortesed @SeiPy 2013

see: Bayesian Brittleness, Owhadi et al, hitp-//aniv.org abs/1304.6772

P » o) 116/22:28




Other causes?

™ (@) = Eeonio) [€6" (@, 1) | €7 (X, 1) = Y]

Hamiltonian Chaos ‘ Brittleness

{q's(x,w — v(p(x, 1), 1)
d(x,0) ==

/X

Instability is inherent to Deep Learning

[Antun, Renna, Poon, Adcock, Hansen, 2020)]

Can we fix it?

Not without giving up some accuracy because accuracy and robustness are con-
flicting requirements ([O., Scovel, 2017, qualitative robustness of Bayesian in-
ference))



How do we fix it?

™ = f o' (x)

Training without regularization

min, 5 & Jo oG, 0)[Fdt+ MFIG + 11 0 6°(X,1) = Y34 {é(x’ ) =v(@(.1),1)

Training with regularization ' ) | + 1]
\_Y_I

?
nugget

v

K @) K 4 pl

. L rl
ming, rq,v 5 Jy 00 D)IE dt

A + 217 (@@) = Y5 + 1Y = Y5x

L[ lg = v(q()) |2y di

qg:[0,1] — XN

q(0) = X



Unregularized ANN

: T "
NG 01, wp % s=1 HwSH%(X@R,X) + )‘HwH%(XGBR,y) + | fogr(X) — YH%;N

fo¢r(z) = (wp)o(I+wrp)o---o(l +wiyp)

Regularized ANN

VLL

. 1
s ?Ji,n v 2 E: (HwSHQL(XEBR,X) + ;HQSH —q — UJSSO(C]S)HgCN)
Y Y Y S:1

- 1, .
+ A (HwHQL(X@R,y) T ;H@USO(QLH) —Y'|I5n) + Y =Y |5,

Theorem

f o @1, obtained from regularized ANN is continuous in z, X, Y

» Provides a principled alternative to Dropout



One ResNet block with and without regularization

: T .
UG 201, w % s=1 stH% XoR,X) T )‘H"UH% xer,Y) T [fopr(X)— YH%;N
( ) ( )

X — ql B Y/
@f\cf\of\c " @
q" +w190( ¢ ¢ +w2cp q> + wsp(q wp(qt) =Y’

1131113) 9 Z Jw? H/;(XEBR x) T A “wHE(X®R y) T Y’ - Y”yN
’ s=1

éf\ /\Q/\
With regularization 22 + ¢2 + wyp(q?) = ¢° 2+ ip(gh) =Y
24 qt +wip(qh) = ¢° 2%+ ¢+ w3p(¢’) = ¢
T
vL

: s L. ~ L.
oo o Z (llw H%(X@R,X)'l_;llz 15w ) +X (||w|‘%(X@R,y)‘|‘;HzHg;N)‘FHY/_Y“%;N
) ) ) S:l




What are the minimizers of mechanical regression
or idea registration variational problems?

Mechanical regression

v L
min Zuvsnpmnfuwufom( ) = Y3

¢L:(I—|—UL)O---O(I+’U1)

Idea registration

ming, ; % [/ [, ) dt + M| FII% + )1 0 6°(X, 1) = V2
{q's(a;,t) = v(¢(x, 1), 1)

o(z,0) ==z

/N




Mechanical regression

v L
min Zuvsupﬂufuwufom( ) = Y[3n

oL =(I+vr)o-o(l+uv)

Theorem 1, = I'(-,¢*)I'(¢°,¢°) " (¢°"" — ¢°)
qs c XN
I'(¢°,¢%): N x N block matrix with blocks I'(¢;, ¢3)

['(-,¢*): 1 x N block matrix with blocks I'(-, ¢7)
L+1

¢! = X, ¢%,...,q"" minimizers of

min ZZ(Q 1 —qi)TF(qi qi)—l(qi+1 _qi)+)\|‘f“2 +||f( L+1)_Y”2
£,q2,...,qL+1 2 At ’ At K q YN

Discrete least action principle At = %



Corollary Tntroducing momentum variables

s+1 s
ps — F(quqs)—lq o~ q
S ¥

(¢%, p®) follows Hamiltonian dynamic

{qsﬂ =q¢"+ AtT(¢", ¢*)p°

ps—l—l _ p . _8 o1 (( s—l—l)TF(qs—|—17q3+1)ps—l—1) |
¢ =X
V1,...,vr, f uniquely determined by p!
wi, ..., wr,w uniquely determined by p!

Weights and biases of ANN determined by initial momentum p!

Geodesic shooting: [Allassoniere, Trouvé, Younes, 2005], [Vialard et Al, 2020]



As in image registration: [Bruveris et Al 2011], [Vialard, 2012]

4= P S Sy 1/ E— |11 (1) || —

The momentum representation of the regressor is sparse
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Corollary  Near energy preservation

¥

The norms ||vs||% and stHQE(X@R’X) fluctuate by at most O(1/L)

L
_ vl
L oin = sl M+ IF o on(X) = Y

s=1

: L .
INep, 01, w % s=1 ”wsH%(X@R,X) + AH“’H%(;\{@R,)}) + || fodrL(X) — YH%;N



Idea registration

; o 1 v
min, ; % [y [0, )2 dt+ M 1% + ]| f 0 ¢°(X,1) = V|[2s

Theorem

’U(Zli‘,t) — F(LU C] 1C]|

q position variable in X started from ¢(0) = X, minimizing
the least action principle

vV

min —
fa 2

1
/O T, @)+ A+ 1£(a(D) = Y3




Idea registration

; o 1 v
min, ; % [y [0, )2 dt+ M 1% + ]| f 0 ¢°(X,1) = V|[2s

Corollary (z,t) =I'(x,q)p p=T(q,q9) ¢

(q,p) position and momentum variables in XV started from ¢(0) = X

Cji — apzﬁ(Q7p) 53( 17T
| ¢,p) = 50" I'(q, q)
{pz — aqu’(Q7p>| A p|

\ 4

v, f uniquely determined by p(0)

|v(-,t)||2 constant over t € [0, 1]



Mean field limit T'(z,2’) = ¥ () (2)

Rescale momentum variables p; = <p;

1 =

|

qi
D

=P (g:)a , =
= —0,(p] " (v)a)

T=4q; j=1

v(x, t) = ' (x) alt)

Theorem

If pnv ==~ > ;1 O(q;.5r) COnverges (weakly) then its limit is

T

— divg (M@DT@)) + div; (,uagg (ﬁT@DT (5’3)) Lc:(j)

w[v(@)p]

Ensemble analysis of gradient descent
[Mei et al, 2018]

[Rotsko, Vanden-Eijnden, 2018]



Existence, uniqueness and convergence of minimizers

(MR) rlninv

f,’U 7777 L

L
L
IS lslE 4 AU+ 1 0 60(X) = VI3 bz =T +vi)e o (I +u)
s=1

bz, t) = v(o(x,t),t
(IR) minv,f%folHv(',t)l\%dtJrMIfH%Jr!|f0¢”(X,1)—Y\|§,N{¢( S

Theorem
Minimizers of (MR) and (IR) exist
Minimizers of (MR) and (IR) are unique given initial momentum (p! or p(0))

Minimal value of (MR) converges (as L. — 0o) to the minimal value of (IR)

Adherence values of ¢y, minimizing (MR) are the ¢” minimizing (IR)

Remark  Minimizers of (MR) and (IR) are (for pathological examples) non unique

[Marsden, Ratiu, 2013]: Conjugate points in mechanics

=



Deterministic Error estimates

Theorem

[f1(@) = fod"(z,1)||y, < o(@)|[fT ]|k

02(z) := Trace [K"(z,z) — K" (z, X)(K"(X,X) + Ay) ' K*(X,z)]

KY(z,2') = K(¢"(z,1), ¢" (', 1))

Does not depend on dimension!
But need to bound || fT]| g+ to be useful



One mechanical regression / idea registration block

XZ',XJ' c X =R1024

~Y Yy - Foa'(X) B

Total loss= % [ p"T(g,q)p + \ZTK (q(1),q(1))Z + ||Y — fo ¢" (X))~



Composing mechanical regression / idea registration blocks

X;, X; € X = R102!

XQ — R8192

Composed mechanical regression blocks — ANNs and ResNets

Composed idea registration blocks — idea formation

ANNs and ResNets are solvers for discretized idea formation problems]

CNNs are solvers for discretized idea formation problems
efined with REM Kkernels!




X, X; € X =RIO% Idea formation
X2 : R8192 /YQ _ R8192

e 3 »

Theorem
L? regularized ANNs/ResNets/CNNs have minimizers
Uniquely determined by initial momentum (weights and biases of first layer)
Norms of weights and biases of ResNet blocks are necarly preserved

ResNets converge to nested idea formation
(in the sense of adherence values as depth of ResNet blocks goes to infinity)



CNN/ResNet are discretized idea formation solvers with REM kernels

Xo=Xo =& X=X x X
X1 = Xo
T K < €1 , Ci
/’ 9" welly g) .
Py Xg—dea 110 1 1 = 1 | | FE--i -
e ﬁ === eceo o e o o
P({(vaj ~~~~~~~~ R S I S quasanunnnssy SR I quassansnnng N
A v 2 I [
R( xr - :;C A ‘
| Egeg 9" we(Fg gr)] x’ Egeg |9t we (P gz')]

r r
w e L(PEXg b R, (REX))) we L(PT X @R, Ry AY)

€1 Xp = Go R X
C2 C2
> «—=>
H o
oo o oo o l[j ................
I,II// 'LUSO(IL'”H)
"""" Egeg, [97we (P ga")] " Eqeg, [gTwe(PYga’)] we L(Xp &R,Y)
., w e LIPFX &R, (REX)2) w € L(PYXo ® R, RY Ab)



Equivariant kernels  [Reisert, Burkhardt, 2007]
X': Hilbert space

G: Group of linear unitary transformations on X

Definition

An operator-valued kernel K : X x X — L(X) is G-equivariant if
K(gz,g'z") = gK (z,2")(¢")" for all g,¢" € G.
Similarly a function f : X — X is G-equivariant if

f(gz) = gf(x) for all (z,g9) € X xG.



E,: Expectation with respect to Haar measure on G

Proposition

Given a (possibly non-equivariant) kernel K : X x X — L(X),

X

9 () e TR
\u(/,v.b } . jiw]
is a G-equivariant kernel K9 : X x X — L(X).

Theorem [Reisert, Burkhardt, 2007]
If K is scalar and K(z,x") = K(gx, gx’) then the minimizer of

subject to  f(X) =Y and f is G — equivarient

{Minimize 1f|| 5

is f9(-) = K9(-, X)KY(X, X)~1Y.



Reduced Equivariant Multichannel (REM) kernels  [O., 2020]

X: Hilbert space

Linear projections

P:X—=X
R:X—>X

G: Group of linear unitary transformations on X

Extend G, P, R to X¢

g(x1,...,x:) = (9x1,...,9T.)
P(zy,...,2.) = (Px1,...,Px.)

c1,cy € N

K : PX% x PX% — L(RX)

E,: Expectation with respect to Haar measure on G

REM kernel KREM . yoi o year [’(%cz)

KREM (CIZ, 33,) _

“q,9’

g RK(Pgz,Pg'z')Rg'|




With activation functions

K(z,2") = ¢ (x)p(2') Ipxe
e(z) = (a(z),1) @ : PX¢ - PX* @R

a(x): Activation function a : PX“ — PX“
K (2,2") = U7 (2)¥(2)

U: X9 — L(PXY &R, RX*?)
For w € L(PX“ ® R, RX)

VT (2)w = Ey[g7 (wp(Pgz))]




With activation functions

K(z,2") = ¢ (x)p(2') Ipxe
e(z) = (a(z),1) @ : PX¢ - PX* @R

a(x): Activation function a : PX“ — PX“

K (2,2") = U7 (2)¥(2)
U: X1 — L(PX @R, RX?)
For w € L(PX° ® R, RX“?)

VT (2)w = Ey[g7 (wp(Pgz))]

U?w appears in the representation of any given layer of the regressor obtained
from mechanical regression or from the composition of mechanical regression
blocks

foor(x) = (V'w)o (I +Tlwr)o---o(l+ Tlw)




With activation functions

For w € L(PX ® R, RX“?)
U (z)w =E,|g" (wp(Pgx))]

Q

T oam

z (1 gr 2 9% 3| Pgzx g we(Pgx)
|l ™

; we LIPX®R, RX)
e o)

.| o

‘R

/' wp(Pgx)
- B a(Pga)

(6)|
|




CNN/ResNet are discretized idea formation solvers with REM kernels

Xo=Xo =& X=X x X
X1 = Xo
T K < €1 , Ci
/’ 9" welly g) .
Py Xg—dea 110 1 1 = 1 | | FE--i -
e ﬁ === eceo o e o o
P({(vaj ~~~~~~~~ R S I S quasanunnnssy SR I quassansnnng N
A v 2 I [
R( xr - :;C A ‘
| Egeg 9" we(Fg gr)] x’ Egeg |9t we (P gz')]

r r
w e L(PEXg b R, (REX))) we L(PT X @R, Ry AY)

€1 Xp = Go R X
C2 C2
> «—=>
H o
oo o oo o l[j ................
I,II// 'LUSO(IL'”H)
"""" Egeg, [97we (P ga")] " Eqeg, [gTwe(PYga’)] we L(Xp &R,Y)
., w e LIPFX &R, (REX)2) w € L(PYXo ® R, RY Ab)



Pooling via striding is subgrouping

(1) (2) (3)
gl gZ gB
T
(4 HEgx (5) (6)
=) =) =

x g wep(Pgx) Eyeg, [gTwep(Pgx)]



Hamiltonian Flow with REM kernels

q; 9iq;
A | |
P i
ol
| | |

!
k(Pgiqi, Pgjq;) (Rg:p:)* (Rg;p;

Rg;p;

Rg;q;
k(Pg:q:, Pg;a;) 9; Rg;pi
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Do ideas have shape?

Idea: “mental tmage or picture”... from Greek idea “form”...In Platonic phi-
losophy, “an archetype, or pure immaterial pattern, of which the individual ob-
jects in any one natural class are but the imperfect copies”

https://www.etymonline.com/word/idea
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Conclusion

ANNs are are essentially discretized solvers for a generalization of image regis-
tration/computational anatomy variational problems.

This identification allows us to initiate a theoretical understanding of deep learn-
ing from the perspective of shape analysis with images replaced by high dimen-
sional RKHS spaces.

9-cube 10-cube 11-cube 12cube

https://johnhw.github.io/umap_primes/index.md.html https://en.wikipedia.org/wiki/Hypercube



Do ideas have shape?

Idea: “mental tmage or picture”. .. from Greek idea “form”...In Platonic phi-
losophy, “an archetype, or pure immaterial pattern, of which the individual ob-
jects in any one natural class are but the imperfect copies”

https://www.etymonline.com/word/idea

The
Form of
ﬂeau‘l‘y

The
Conceptof
Beau@

lndividual
Beautiful
Entities

Imitations of
Beavtiful Entities
fpaiwﬁngs.phafah

reflections, shadows)

https://twitter.com/PhilosophyMttrs



Artificial neural network solution Approximate f1 with

J=Jpo---0of

X =X X X, Xkt1 Xpy1 =Y
J1 fx

O @ .- O O o @

fu(z) = a(Wix + bg11)

a: Activation function / Elementwise nonlinearity
L( Xy, Xpr1): Set of bounded linear operators from Xy, to A1
Wi € L(Xg, Xki1), bpr1 € X1 identified as minimizers of

. D
mank,bk VZkZl (HWk|’%(Xk,Xk—|—1) _|_ ku_l_l”‘%(k—l—l) + Hf(X) B YH%}N

N
IY15n = 2251 1Y3ll3



Residual neural network solution Approximate fT with
[He et Al, 2016] =
f I FD O e o o O F_W]J

X =X X X, X,
1 o) 2 k F, k41

Xpy1 =Y

O

\
+ X

fr

\

X1

Qﬁl\:Qm(} o m@

O

Fr=feo(I+vf )o---o(l+uvy)

Je @ X — A fr(x)

U§ : Xk — Xk vli(aj)

a(ka + bk_|_1)
a(W:x +b7)

+H|/(X) = Y[5,m

. D

L S S
+ 2220 Wl Z ) + I10R11,)




Plato’s allegory of the cave

https://www.studiobinder.com/blog/platos-allegory-of-the-cave/

The world can be divided into two worlds, the visible and the intelligible. We
grasp the visible world with our senses. The intelligible world we can only grasp
with our mind, it is the world of abstractions or ideas




