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Thin space

− div(a∇u) = g, x ∈ Ω,
u = 0, x ∈ ∂Ω,

(2)

g ∈ H−1(Ω)⇒ u ∈ H1
0 (Ω)

g ∈ L2(Ω)⇒ u ∈ V ⊂ H1
0 (Ω)

V is a “thin” subspace of H1
0 (Ω)

(isomorphic to H2)



The flux norm
For k ∈ (L2(Ω))d, denote by kpot the potential portion of the

Weyl-Helmholtz decomposition of k (the orthogonal projection
of k onto the closure of the space {∇f : f ∈ C∞0 (Ω)}
in (L2(Ω))d). For ψ ∈ H1

0 (Ω), define

kψka−flux := k(a∇ψ)potk(L2(Ω))d .

Theorem

λmin(a)k∇ψk(L2(Ω))d ≤ kψka−flux ≤ λmax(a)k∇ψk(L2(Ω))d

k.ka−flux is a norm on H1
0 (Ω).

Furthermore, for all ψ ∈ H1
0 (Ω)



Motivations for the flux norm



Notations





Challenge: Localize the basis (work in progress)
Zhang-Berlyand-Owhadi



Basis for approximation with optimal error constant(
div (a(x)∇θk(x)) = ∆Ψk in Ω

θk = 0 on ∂Ω

Θh := span{θ1, . . . , θN(h)},

N(h): the integer part of |Ω|/hd.

(
−∆Ψk = λkΨk x ∈ Ω
Ψk = 0 on ∂Ω.



Transfer property of the flux-norm

Let u solve div(a∇u) = f ∈ L2(Ω). u = 0 on ∂Ω. Then,

Theorem

lim
h→0

sup
f∈L2(Ω)

inf
v∈Θh

ku− vka−flux
hkfkL2(Ω)

=
1

2
√
π

³ 1

Γ(1 + d
2 )

´ 1
d

.

Furthermore the space Θh leads (asymptotically as h→ 0)
to the smallest possible constant in the right hand side of (2)
among all subspaces of H1

0 (Ω) with N(h),
the integer part of |Ω|/hd, elements.

|Ω|/hd: number of dof of piecewise linear functions
on a regular triangulation of Ω of resolution h.

(3)

(3)



Optimality of the error constant
(3)



Fundamental inequality

(4)

(4)



Discrete geometric structures in Homogenization
Desbrun-Donaldson-Owhadi

− div(a∇u) = g, x ∈ Ω,
u = 0, x ∈ ∂Ω,

(
− div(a∇Fi) = 0 Ω

Fi(x) = xi ∂Ω

F : Harmonic coordinates
F := (F1, F2)

[Desbrun-Donaldson-Owhadi-09]



(
− div(a∇Fi) = 0 Ω

Fi(x) = xi ∂Ω

F : Harmonic coordinates associated to (1)
F := (F1, . . . , Fd)

d = 2, Ω convex ⇒ F is an homeomorphism.
[Ancona-2002], [Alessandrini-Nesi-2003]

d ≥ 3 : F may be non-injective
[Ancona-2002], [Briane-Milton-Nesi-2004]

F : Ω→ Ω

First solve d time independent problems



(
− div(a∇Fi) = 0 Ω

Fi(x) = xi ∂Ω

F : Harmonic coordinates associated to (1)
F := (F1, . . . , Fd)

F : Ω→ Ω



a



∇F



∇u



(∇F )−1∇u



a



∇F



∇u



(∇F )−1∇u



Edges effective conductivities

qhij := −
Z
Ω

(∇(ϕi ◦ F ))Ta(x)∇(ϕj ◦ F ) dx

ϕiΩh ϕi ◦ F



(1)

(
∂tu− div(a∇u) = g Ω× [0, T ]
u = 0 ∂Ω× [0, T ] ∪ Ω× {t = 0}

• Ω ⊂ Rd, bounded, convex, C2

• a: d× d, symmetric, uniformly elliptic, ai,j ∈ L∞(Ω)

• g ∈ L2(Ω× (0, T ))

How to homogenize eq-(1)?
[Owhadi-Zhang-2007]

Laminar (1d) elliptic case: method I (SFEM) of [Babuška-Caloz-Osborn-1994]

Homogenization without scale separation



(
− div(a∇Fi) = 0 Ω

Fi(x) = xi ∂Ω

F : Harmonic coordinates associated to (1)
F := (F1, . . . , Fd)

d = 2, Ω convex ⇒ F is an homeomorphism.
[Ancona-2002], [Alessandrini-Nesi-2003]

d ≥ 3 : F may be non-injective
[Ancona-2002], [Briane-Milton-Nesi-2004]

F : Ω→ Ω

First solve d time independent problems



(
− div(a∇Fi) = 0 Ω

Fi(x) = xi ∂Ω

F : Harmonic coordinates associated to (1)
F := (F1, . . . , Fd)

F : Ω→ Ω



u ∈ L2(0, T,H1
0 (Ω))

Theorem

If M satisfies (CTC) then

°°u ◦ F−1°°
L2(0,T,W 2,2(Ω))

≤ C kgkL2(ΩT )

[Owhadi-Zhang-2007]

u ◦ F−1 ∈ L2(0, T,W 2,2(Ω)) and

°°v°°2
L2(0,T,W 2,2(Ω))

:=
R T
0

R
Ω

P
i,j(∂i∂jv)

2



M := (∇F )T a∇F(CTC) on

βM := ess supΩ d−
Trace[M ]

2

Trace[MTM ]
< 1

Remark:    d=2

βσ < 1⇔ ess supΩ
λmax[M(x)]
λmin[M(x)] <∞



Homogenization of (1) [Owhadi-Zhang-2007]
Generalization of the space introduced in
method I (SFEM) of [Babuška-Caloz-Osborn-1994]

Xh: Finite dimensional linear sub-space of H
1
0 (Ω)

Property ∃CX > 0 : ∀f ∈ C∞0 (Ω)

infv∈Xh
kf − vkH1

0 (Ω)
≤ CXhkfkW 2,2(Ω)

Vh := {ϕ ◦ F : ϕ ∈ Xh}

ϕiΩh ϕi ◦ F



u ∈ L2(0, T,H1
0 (Ω))

uh F.E. solution of (1) in L
2(0, T, Vh)

uh = i ci(t)ϕi ◦ F (x)

Theorem

If M satisfies (CTC) then°°(u− uh)(., T )°°L2(Ω) + ku− uhkL2(0,T,H1
0 (Ω))

≤ C h kgkL2(ΩT )

[Owhadi-Zhang-2007]



a



u at t = 1



u ◦ F−1 at t = 1



u computed on 16641
degrees of freedom
(interior nodes)

uh,∆t computed on 9 d.o.f
L1-relative error: 0.0196
H1-relative error: 0.0312



K: bulk modulus ρ: Density

Extension to wave equations

Assume thatM satisfies conditionCTC, ∂tg ∈ L2(ΩT ), g ∈ L∞(0, T, L2(Ω)),
div a∇u(x, 0) ∈ L2(Ω) and ∂tu(x, 0) ∈ H1(Ω) then u ◦ F−1 ∈ L2(0, T,H2(Ω))
and

ku ◦ F−1kL∞(0,T,H2(Ω)) ≤ C
¡
kgkL∞(0,T,L2(Ω)) + k div a∇u(x, 0)kL2(Ω)
+k∂tu(x, 0)kH1(Ω) + k∂tgkL2(ΩT )

¢
.

a := ρ−1

Theorem

×
×



K: bulk modulus ρ: Density

Extension to wave equations

Assume that M satisfies condition CTC, g(x, 0) ∈ L2(Ω), ∂2t g ∈ L2(ΩT )
and ∂tg ∈ L∞(0, T, L2(Ω)) then°°∂t(u− uh)(., T )°°L2(Ω) + °°(u− uh)(., T )°°H1

0 (Ω)
≤ Ch

¡
k∂tgkL∞(0,T,L2(Ω))

+k∂2t gkL2(ΩT ) + k div(a∇u(x, 0))kH1(Ω) + k div(a∇∂tu(x, 0))kL2(Ω)
¢
.

a := ρ−1

Theorem

×
×



u



uh



u uh



(2)
∂tu− div(a∇u) = g Ω× [0, T ]
u = 0 ∂Ω× [0, T ] ∪ Ω× {t = 0}

g ∈ L2(ΩT ) ΩT := Ω× [0, T ]
a = a(x, t), symmetric, uniformly elliptic

ai,j ∈ L∞(Ω× [0, T ])

Rough coefficients in space and time



⎧⎪⎨⎪⎩
∂tFi − div

¡
a(x, t)∇Fi

¢
= 0 ΩT

Fi(x, t) = xi ∂Ω× [0, T ]
− div

¡
a(x, 0)∇Fi(x, 0)

¢
= 0 Ω

F := (F1, . . . , Fd)

Caloric coordinates

uh F.E. solution of (3) in Yh,∆t

uh = i ci(t)ϕi ◦ F (x, t)
ci(t): piecewise constant on

intervals (ti, ti+1] of size ∆t



Theorem
Assume that σ satisfies (CDC’) then

[Owhadi-Zhang-2007]

u ◦ F−1 ∈ L2(0, T,W 2,2(Ω))

∂t(u ◦ F−1) ∈ L2(ΩT )

°°(u− uh)(., T )°°L2(Ω) + ku− uhkL2(0,T,H1
0 (Ω))

≤ C (h+ ∆t
h ) kgkL2(ΩT )

°°u ◦ F−1°°
L2(0,T,W 2,2(Ω))

+
°°∂t(u ◦ F−1)°°L2(ΩT ) ≤ C kgkL2(ΩT )

u ∈ L2(0, T,H1
0 (Ω))

∂tu ∈ L2(0, T,H−1(Ω))



a



F





∇u

∇u



∇(u ◦ F−1)
∇
(u
◦
F
−
1)



σ := (∇F )T a∇F(CDC’) on

ess supΩT
δ2 Trace[σTσ]+1
(δTrace[σ]+1)2

≤ 1
d+²

Remark:

∃δ, ² > 0 :

If yσ := kTrace[σ]kL∞(ΩT )
°°(Trace[σ])−1°°

L∞(ΩT )
<∞

then (CDC’) is satisfied with δ = d
°°(Trace[σ])−1°°

L∞(ΩT )
and ² = 2yσ−1

2y2σ

provided that ess supΩT d
Trace[σTσ]
(Trace[σ])2

≤ 1 + ²
d







Discrete geometric structures in Homogenization
Desbrun-Donaldson-Owhadi

− div(a∇u) = g, x ∈ Ω,
u = 0, x ∈ ∂Ω,

(
− div(a∇Fi) = 0 Ω

Fi(x) = xi ∂Ω

F : Harmonic coordinates
F := (F1, F2)

[Desbrun-Donaldson-Owhadi-09]



Edges effective conductivities

qhij := −
Z
Ω

(∇(ϕi ◦ F ))Ta(x)∇(ϕj ◦ F ) dx

ϕiΩh ϕi ◦ F



Homogenization with edges effective conductivities

ku− uhkH1
0 (Ω)

≤ ChkfkL2(Ω)
Theorem

uh :=
i∈Nh

uhi ϕi ◦ F

X
j∼i

qhij(u
h
i − uhj ) =

Z
Ω

f(x)ϕi ◦ F (x) dx

(Weak CDC                                                       d=2)ess supΩ
λmax[(∇F )T∇F (x)]
λmin[(∇F )T∇F (x)] <∞



Physical 
conductivity space

Edges effective 
conductivities

qhij := −
Z
Ω

(∇(ϕi ◦ F ))Ta(x)∇(ϕj ◦ F ) dx

Non linear
and

Non-injective

a

qhij



Divergence-free matrix Q

qhij := −
Ω

(∇ϕi)
TQ(x)∇ϕj dx

Q :=
(∇F )Ta∇F
det(∇F ) ◦ F−1

∀l ∈ R2 div(Q · l) = 0
Theorem Q is symmetric and positive



Inversion of the function

a = det(Q) ◦G−1 Id

div Q√
det(Q)

∇Gi = 0 in Ω

Gi(x) = xi on ∂Ω.

a→ Q
Theorem If a is isotropic then

G := (G1, G2)



Physical 
conductivity space

Edges effective 
conductivities

Non linear
and

Non-injective

a

qhij

Divergence-free
Matrix space

Q
Non linear
bijective Linear

Non-injective

qhij := −
Ω

(∇ϕi)
TQ(x)∇ϕj dx

Volume
averaging



Convex functions

For each Q there exists a convex function s,
unique up to affine functions, such that

Hess(s) = RTQR,

Theorem

where Hess(s) is the Hessian of s.

R =
0 −1
1 0

a s



Homogenization as a linear interpolation operator

sh(x) = i s(xi)ϕi(x)

qh = RHess(sh)RT
Theorem

where Hess(s) is the Hessian of s.

R =
0 −1
1 0



Physical 
conductivity space

Edges effective 
conductivities

Non linear
and

Non-injective

qhij

Divergence-free
Matrix space

Q
Non linear
bijection

a
Volume

averaging

Convex functions
space

s

sh

Linear
interpolation

qh = RHess(sh)RT

linear
bijection

linear
bijection



Semi-Group Property

a



Application to mesh optimization

EQ(u) =
1
2 i∼j q

h
ij (ui − uj)2

Discrete Dirichlet energy associated to the homogenized problem

Can we choose the mesh so that for all i,j ∀i, j : qhij > 0 ?

Can we choose the mesh  to minimize the constant in

ku− uhkH1
0 (Ω)

≤ ChkfkL∞(Ω)

Idea: Use optimal weighted Delauney triangulations 
for linearly interpolating convex functions

Es = Ω
|s(x, y)− sh(x, y)|



Application to constant optimization



Physical 
conductivity space

Non linear
and

Non-injective

qhij

Divergence-free
Matrix space

Q
Non linear
bijection

Volume
averaging

Convex functions
space

s

sh

Linear
interpolation

a
linear

bijection

linear
bijection

DATA

Non linear
and

Non-injective

Non linear
bijection

Application to ill posed inverse problems



Application to EIT with incomplete measurements

Ω Ωh

a qh



Physical 
conductivity space

Non linear
and

Non-injective

qhij

Divergence-free
Matrix space

Q
Non linear
bijection

Volume
averaging

Convex functions
space

s

sh

Linear
interpolation

a
linear

bijection

linear
bijection

DATA

Non linear
and

Non-injective

Non linear
bijection

Application to ill posed inverse problems



Application to EIT with incomplete measurements



Recovery with 8 boundary measurements

Achieve resolution below mesh size



EIT

Λa : H
1
2 (∂Ω)→ H− 1

2 (∂Ω)

(
− div(a∇u) = 0, x ∈ Ω,

u = g, x ∈ ∂Ω,

g → n.a∇u

Given Λa find a

σ



EIT

Ψ∗a :=
(∇Ψ)T a∇Ψ
det(∇Ψ) ◦Ψ−1

For a given diffeomorphism Ψ from Ω onto Ω, write

Σ(Ω) = {σ ∈ ÃL∞(Ω;R2×2) | σ = σT , 0 < λmin(σ) < λmax(σ) <∞}.

Ea ={σ ∈ Σ(Ω) | σ = Ψ∗a,
Ψ : Ω→ Ω

is an H1-diffeomorphism and Ψ |∂Ω= x}.



Isotropic solutions

Λa uniquely determines Ea

There exists at most one
γ ∈ Eσ such that γ is isotropic.

Uhlmann, Sylvester, Kohn, Vogelius, Isakov and more recently,
Alessandrini, Vessella, Lassas, Paivarinta



γ = det(M) ◦G−1 Id⎧⎨⎩div
³

M√
det(M)

∇Gi
´
= 0 in Ω

Gi(x) = xi on ∂Ω.

Theorem

Let γ ∈ Eσ such that γ is isotropic.

For any M ∈ Eσ,

Corollary γ is unique.

[Desbrun-Donaldson-Owhadi]



Theorem
If a is non isotropic and constant,

then there exists no isotropic γ ∈ Ea

Theorem
There always exists a divergence free

Q ∈ Ea and it is unique

For any M ∈ Ea, Q = F∗M
where F: M-harmonic coordinates



Λa → γ Is not continuous with respect to the
topology of G-convergence [Kohn-Vogelius-84]

Λa → Q Is continuous with respect to the
topology of G-convergence [Alessandrini-Cabib]

Convex functions form the natural 
parametrizing space for
solutions of the EIT problem

[Desbrun-Donaldson-Owhadi-09]



Physical 
conductivity space

Non linear
and

Non-injective

Divergence-free
Matrix space

Q
Non linear
bijection

a

ae

Volume
averaging

Convex functions
space

s
linear

bijection

Periodic Microstructure

Effective 
conductivity

ae := Td Q

ae = Td a(Id +∇χ)

Given ae find aInverse homogenization

(
div

¡
a(y)∇(yi + χi(y))

¢
= 0

χi periodic



Optimal Shape Design / Structural Optimization
• Murat, Tartar
• Milton
• Cherkaev
• Raitum
• Allaire
• Kohn
• Lurie
• Gibiansky, Glowinsky, Reyna, Lavrov, Kikuchi….

Relaxation method in calculus of variations

Find a that minimizes J(ae) or J(a, u)
This problem is in general ill-posed,

i.e. it usually does not admit a solution in the class of admissible designs

Transform an ill posed problem into a well
posed one by defining generalized solutions









Virtual Liver Surgery (it is ok to pre-compute Global solutions)
Lily Kharevych, Patrick Mullen, H. Owhadi, Mathieu Desbrun,



Elasto-dynamics

ρ ∂2t u− div(C(x) : ε(u)) = b(x, t)

Potential energy (Hookean material)

W(u) := 1
2 Ω

ε(u) : C : ε(u)

C = (Cijkl) rank-4 (elasticity) tensor

ε(u)ij =
∂iuj+∂jui

2

how to homogenize those equations?



Virtual Liver Surgery (it is ok to pre-compute Global solutions)
Lily Kharevych, Patrick Mullen, H. Owhadi, Mathieu Desbrun,



Ceff (τ): Effective elasticity tensor of tet τ

[Kharevych-Muller-Owhadi-Desbrun-2009]Numerical coarsening rationale

Introduce d(d+1)
2 characteristic displacements Fij

Derive Ceff (τ) so that ∀l ∈ Rd×dR
τ
ε(Fl) : C : ε(Fl) =

R
τ
ε(F̄l) : Ceff (τ ) : ε(F̄l)

Fl :=
P

ij Fijlij

(
− div(C : ε(Fij)) = 0 Ω

(C : Fij).n =
¡
C : ε(xiej)

¢
.n ∂Ω

Ceff (τ) := (εc(F̄ ))
−1 : 1

|τ |
R
τ
ε(F ) : C : ε(F ) : (εc(F̄ )

−1

F̄ : linear interpolation of F over the coarse mesh



[Kharevych-Muller-Owhadi-Desbrun-2009] non-linear



(1)
− div(a∇u) = g Ω

u = 0 ∂Ω

ϕi ψi = ϕi ◦ F
Can we localize the elements ψi to triangles of Ωh?

[Owhadi-Zhang-2006]
Generalization of the method II (SFEM) of [Babuška-Caloz-Osborn-1994]

ai,j ∈ L∞(Ω)



If d = 2 and g ∈ Lp(Ω) then (∇F )−1∇u ∈ Cα(Ω)
Because (∇F )−1∇u = (∇(u ◦ F−1)) ◦ F
and u ◦ F−1 ∈W 2,p(ω), F ∈ Cα(Ω), W 2,p ⊂ C1,α



Ωh: Triangulation
(tesselation of Ω)
of resolution h

Zh :=
n
v ∈ L2(Ω)
∀τ ∈ Ωh : v|τ ∈ span{1, F1, . . . , Fd}
v is continuous at nodes of Ωh

v = 0 at boundary nodes
o

∀v ∈ Zh,
(∇F )−1∇v
is constant
per triangle (tet)



Bh[v, w] := τ∈Ωh τ
(∇v)T a∇w

SFEM Generalization of the method II (SFEM) of [Babuška-Caloz-Osborn-1994]

Look for uh ∈ Zh : ∀v ∈ Zh
Bh[v, uh] = Ω

vg

Theorem [Owhadi-Zhang-2006]

(d = 2) If M satisfies (CTC) the ∃α > 0h
Bh[u− uh, u− uh]

i 1
2 ≤ ChαkgkL∞(Ω)



Theorem [Owhadi-Zhang-2006]

h
Bh[u− uh, u− uh]

i 1
2 ≤ ChαkgkL∞(Ω)

α β

(d = 2) If M satisfies (CTC) the ∃α > 0

γ

F (α) F (β)

F (γ)

τ τF

F (τ)
F (α)

F (γ)

F (β)

θ

η(τF ) =
1

sin(θ)

χ(τF ) =
area(τF ∪ F (τ)− τF ∩ F (τ))

area(τF )and χF (τ)

η(τF )

C depends on



∀v ∈ Zh v̄: Linear interpolation of v over Ωh
Theorem [Owhadi-Zhang-2006]

(d = 2) If M satisfies (CDC) the ∃α > 0

kū− ūhkH1
0 (Ω)

≤ ChαkgkL∞(Ω)

∀v ∈ Zh Uh[v̄, ūh] = Ω
vg



∀v ∈ Zh v̄: Linear interpolation of v over Ωh

∀v, w ∈ Zh Bh[v, w] = Uh[v̄, w̄]

Uh[v̄, w̄] = τ∈Ωh(∇v̄)T (τ)a∗(τ)∇w̄(τ)

a∗(τ) =
¡
∇cF (τ )

¢−1,T ­
(∇F )T a∇F

®
τ

¡
∇cF (τ)

¢−1



a∗(τ) =
¡
∇cF (τ )

¢−1,T ­
(∇F )T a∇F

®
τ

¡
∇cF (τ)

¢−1

< M >τ=
1
|τ | τ

M

∇cF (τ) :=
µ

β − α
γ − α

¶−1µ
F (β)− F (α)
F (γ)− F (α)

¶
.

α β

γ

τ

a∗(τ) : Effective conductivity of τ



a∗(τ) =
¡
∇cF (τ)

¢−1,T ­
(∇F )Ta∇F

®
τ

¡
∇cF (τ)

¢−1
If a = a(x² ) and a(y) is periodic or ergodic, then

∇cF (τ ) −−−→
²→0

Id a∗(τ) −−−→
²→0

aeff

HMM (Heterogeneous Multiscale Method) (E-Engquist-Al...)

τ

a = a(x, x² )

a(x, y), slow/smooth in x, periodicin y (or ergodic +mixing)

Two scale convergence (Nguetseng and Allaire)

a(x, y), slow/smooth in x,

periodic in y (or ergodic +mixing)

u²
weakly inH1

0 (Ω)−−−−−−−−−−→
²→0

u0

∇u² −−−−−−−−−→
two scale conv

∇F (y)∇u0(x)

aeff (x)



a∗(τ): can be recovered from a “local energy principle”

[Babuška-Sauter-2004/2008] (“recovery method”)

[Shu-Babuška-Xiao-Xu-Zikatanov-2008]

Efficient solvers for high-dimensional lattice equations:
Key idea: Define a bilinear form on the continuous level
which has equivaent energy as the original lattice equations.

Define aeff (τ) so for a

given set of “representative solutions”

aeff -(coarse scale) Dirichlet energy on τ
= a-(fine scale) Dirichlet energy on τ



aeff (τ) =
¡
∇cF (τ)

¢−1,T ­
(∇F )Ta∇F

®
τ

¡
∇cF (τ)

¢−1

Define aeff (τ) so that ∀l ∈ Rd

(∇cFl(τ))Taeff (τ )∇cFl(τ) = 1
|τ |
R
τ
(∇Fl)Ta∇Fl

Fl =
Pd

i=1 liFi(x)

Coarse Dirichlet
energy of F̄l on τ Dirichlet

energy of Fl on τ

aeff (τ) = a
∗(τ)



Atomistic to continuum
Zhang-Berlyand-Federov-Owhadi



Bonded Interactions



Non Bonded Interactions



Atomistic origin of chirality



Atomistic to continuum approach



Atomistic to continuum modeling: Energy Matching



Continuum Elastic Energy



Continuum Elastic Energy



Discrete Elastic Energy



Discrete Elastic Energy



Set Up of the Problem



Results



Mean Curvature vs atomistic parameters



Mean Curvature vs atomistic parameters



Energy vs Twist



Energy vs Twist



Configuration of Elongated Tape



Configuration of Elongated Tape


