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Abstract. A new method is introduced for the solution of problems of scattering

by rough surfaces in the high-frequency regime. It is shown that high order

summations of expansions in inverse powers of the wavenumber can be used

within an integral equation framework to produce highly accurate results for

surfaces and wavelengths of interest in applications. Our algorithm is based on

systematic use and manipulation of certain Taylor-Fourier series representations

and explicit asymptotic expansions of oscillatory integrals. Results with machine

precision accuracy are presented which were obtained from computations involving

expansions of order as high as twenty.
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1. Introduction

Computations of electromagnetic scattering from rough surfaces play important roles in a wide

range of applications, including remote sensing, surveillance, non destructive testing, etc. The

problem of evaluating such scattering returns is rather challenging | owing to the multiple-scale

nature of rough scatterers, whose spectra may span a wide range of length-scales [Valenzuela,

1978].

A number of techniques have been developed to treat limiting cases of this problem. For

example, the high frequency case, in which the wavelength ‚ of the incident radiation is much

smaller than the characteristic surface length-scales, has been treated by means of low order

asymptotic expansions, such as the Kirchhofi approximation. On the other hand, resonant

problems where the incident radiation wavelength is of the order of the roughness scale have

been treated by perturbation methods, typically flrst or second order expansions in the height h

of the surface [Rice, 1951; Shmelev, 1972; Mitzner, 1964; Voronovich, 1994]. However, when a

multitude of scales is present on the surface none of these techniques is adequate, and attempts to

combine them in a so-called two-scale approaches have been given [Kuryanov, 1963; McDaniel

and Gorman, 1983; Voronovich, 1994; Gil’Man et al., 1996]. The results provided by these

methods are not always satisfactory, owing to the limitations imposed by the low orders of

approximation used in both, the high-frequency and the small perturbation methods.

A new approach to multi-scale scattering, based on use of expansions of very high order in

both parameters ‚ and h, has been proposed recently [Bruno et al., 2000]. These combined

methods, which are based on complex variable theory and analytic continuation, require nontriv-

ial mathematical treatments; the resulting approaches, however, do expand substantially on the

range of applicability over low order methods, and can be used in some of the most challenging
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cases arising in applications. Perturbation series of very high-order in h have been introduced

and used elsewhere to treat resonant problems | in which the wavelength of radiation is com-

parable to the surface length-scales [Bruno and Reitich, 1993; Sei et al., 1999]. In this paper

we focus on our high-order perturbation series in the wavelength ‚, which, as we shall show,

exhibits excellent convergence in the high-frequency, small wavelength regime. The combined

(h; ‚) perturbation algorithms for multiscale surfaces, which require as a main component the

accurate high frequency solvers presented in this paper, are described in [Bruno et al., 2000].

Our approach to the present high-frequency problem uses an integral equation formulation,

whose solution ” is sought and obtained in the form of an asymptotic expansion

”(x; k) = eifix¡iflf(x)
+1
X

n=p

”n(x)

kn
; (1)

with p = ¡1 for TM polarization and p = 0 for TE polarization. This expansion is similar in

form to the geometrical optics series [Lewis and Keller, 1964]

u(x; y; k) = eikS(x;y)
+1
X

n=0

un(x; y)

kn
; (2)

where S = S(x; y) is the unknown phase of the scattered fleld. Note that the phase of the

density ” of (1) is determined directly from the geometry and the incident fleld and, unlike that

in the geometrical optics fleld, it is not an unknown of the problem. In particular, the present

approach does not require solution of an eikonal equation [Vidale, 1988; VanTrier and Symes,

1991; Fatemi et al., 1995; Benamou, 1999], and it bypasses the complex nature of the fleld of

rays, caustics, etc.

The validity of the expansion (2) has been extensively studied [Friedlander, 1946; Luneburg,

1949a; Luneburg, 1949b; Van Kampen, 1949; Luneburg, 1964]; in particular, it is known that

equation (2) needs to be modifled in the presence of singularities of the scattering surface.
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To treat edges and wedges, for example, an expansion containing powers of k¡1=2 [Luneburg,

1949b; Van Kampen, 1949; Keller, 1958; Lewis and Boersma, 1969; Lewis and Keller, 1964] must

be used; caustics and creeping waves also lead to similar modifled expansions [Kravtsov, 1964;

Brown, 1966; Ludwig, 1966; Lewis et al., 1967; Ahluwalia et al., 1968]. Proofs of the asymptotic

nature of expansion (2) were given in cases where no such singularities occur [Miranker, 1957;

Bloom and Kazarinofi, 1976]. In practice only expansions (2) of very low orders (one, or, at most

two) have been used | owing in part to the substantial algebraic complexity required by high

order expansions [Bouche et al., 1997]. First order versions of the expansion (1), on the other

hand were treated in [Lee, 1975; Chaloupka and Meckelburg, 1985; Ansorge, 1986; Ansorge,

1987].

The region of validity of our ansatz (1), on the other hand, corresponds to conflgurations where

no shadowing occurs. At shadowing the wave vector of the incident plane wave is tangent to the

surface at some point, which causes certain integrals to diverge; see Section 4. Thus, a difierent

kind of expansion, in fractional powers of 1=k, should be used to treat shadowing conflgurations:

a flrst order version of such an expansion was discussed in [Hong, 1967]; see [Friedlander

and Keller, 1955; Lewis and Keller, 1964; Brown, 1966; Duistermaat, 1992] for the ray-tracing

counterpart.

In this paper we show that high order summations of expansion (1) can indeed be used to

produce highly accurate results for surfaces and wavelengths of interest in applications for both

TE and TM polarizations; in Section 7, for example, we present results with machine precision

accuracy, which were obtained from computations involving expansions of order as high as 20.

Our algorithm is based on systematic use and manipulation of certain Taylor-Fourier series

representations, which we discuss in Section 5. Operations such as product, composition and
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inversion of Taylor-Fourier series lie at the core of our algebraic treatment; as shown in Section

5 certain numerical subtleties associated with these operations require a careful treatment for

error control.

In order to streamline our discussion we flrst treat, in sections 2 to 5, the complete formalism

in the TE case; the changes necessary for the TM case are then described in Section 6. In

detail, in Section 2 we present our basic recursive formula for the evaluation of the coe–cients

”n(x) of equation (1) for the TE case. These coe–cients depend on certain explicit asymptotic

expansions of integrals, which we present in Sections 3 and 4. A discussion of the Taylor-Fourier

algebra then ensues in Section 5. As we said, the modiflcations necessary for the TM case are

discussed in Section 6. A variety of numerical results for both TE and TM polarizations, flnally,

are presented in Section 7.

2. High-Frequency Integral Equations | TE case

The scattered fleld u = u(x; y) induced by an incident plane wave impinging on the rough

surface y = f(x) under TE polarization is the solution of the Helmholtz equation with a Dirichlet

boundary condition. As is known [Voronovich, 1994] the fleld u(x; y) can be computed as

an integral involving a surface density ”(x; k) and the Green’s function G(x; y; x0; y0) for the

Helmholtz equation

u(x; y) =

Z +1

¡1
”(x0; k)

@G

@n0
(x; y; x0; f(x0))

q

1 + (f 0(x0))2dx0 (3)

where ” satisfles the boundary integral equation

”(x; k)

2
+

Z +1

¡1

@G

@n0
(x; f(x); x0; f(x0))

q

1 + (f 0(x0))2”(x0; k)dx0 = ¡eifix¡iflf(x): (4)
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In what follows we will use the relations

@G

@n0
(x; f(x); x0; f(x0))

q

1 + (f 0(x0))2 = ¡
i

4
h(kr)g(x; x0)

r =
p

(x0 ¡ x)2 + (f(x0) ¡ f(x))2 h(t) = tH1
1 (t) H1

1 Hankel function

g(x; x0) =
f(x0) ¡ f(x) ¡ (x0 ¡ x)f 0(x0)

r2
fi = k sin(µ) fl = k cos(µ);

where µ is the incidence angle measured counter-clockwise from the vertical axis, and k = 2…=‚

is the wavenumber.

A useful form of the integral equation (4) results as we factor out the rapidly oscillating phase

function eifix¡iflf(x)

‡

e¡(ifix¡iflf(x))”(x; k)
·

¡
i

2

Z +1

¡1
h(kr)g(x; x0)

‡

e¡(ifix¡iflf(x))”(x0; k)
·

dx0 = ¡2; (5)

which cancels the fast oscillations in all non-integrated terms, and thus suggests use of an ansatz

of the form

”(x; k) = eifix¡iflf(x)
+1
X

n=0

”n(x)

kn
: (6)

Substitution of the ansatz (6) into equation (5) then yields

+1
X

n=0

1

kn

µ

”n(x) ¡
i

2
In(x; k)

¶

= ¡2 (7)

where

In(x; k) =

Z +1

¡1
h(kr)g(x; x0)eifi(x0¡x)¡ifl(f(x0)¡f(x))”n(x0)dx0:

To solve equation (7) we use asymptotic expansions for the integrals In(x; k), collect coe–cients

of each power of 1=k, and then determine, recursively, the coe–cients ”n(x). In detail, we obtain

in Section 3 an expansion which gives In(x; k) in terms of derivatives of ”n(x)

In(x; k) =
1

k

+1
X

q=0

In
q (x)

kq
where In

q (x) =
q

X

‘=0

@‘”n(x)

@x‘
Bq¡‘(x) (8)
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where the functions Bq¡‘(x) are determined from the proflle and incidence angle only. (We

point out, however, that our algebraic treatment yields an expression for In
q (x) which, although

equivalent to that of (8), is difierent in form; see Remark 1 and equation (25).) From (7) and (8)

we then flnd a recursion which gives ”n(x) as a linear combination of derivatives of the previous

coe–cients ”n¡1¡q(x)
8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

”0(x) = ¡2

”n(x) =
i

2

n¡1
X

q=0

In¡1¡q
q (x):

(9)

Use of the Taylor-Fourier algebra of Section 5 allows us to perform accurately the high order

difierentiations required by our high-order expansions; the needed expansion (8) of the integral

In, in turn, is the subject of the next section.

3. Asymptotic expansion of In(x; k)

We flrst split the integral In as a sum In = In
¡ + In

+ where

In
¡(x; k) =

Z x

¡1
h(kr)g(x; x0)eifi(x0¡x)¡ifl(f(x0)¡f(x))”n(x0)dx0

In
+(x; k) =

Z +1

x
h(kr)g(x; x0)eifi(x0¡x)¡ifl(f(x0)¡f(x))”n(x0)dx0

We evaluate in detail the asymptotic expansion for In
+(x; k); the corresponding expansion for In

¡

then follows analogously.

Using t = x0 ¡ x we obtain

In
+(x; k) =

Z +1

0
h(k`+(x; t))g(x; x + t)eifit¡ifl(f(x+t)¡f(x))”n(x + t)dt (10)

where

`+(x; t) =
q

t2 + (f(x + t) ¡ f(x))2:
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For the treatment presented here, f(x) is assumed to satisfy the condition

`0
+(x; t) =

@`+(x; t)

@t
> 0 for t ‚ 0 (11)

so that the map t 7! `+(x; t) is invertible. (This condition is generally satisfled by rough surfaces

considered in practice: for a sinusoidal proflle f(x) = a cos(x), for example, the inequality (11)

holds as long as a < 1.) Then setting

u = `+(x; t) () t = `¡1
+ (x; u)

equation (10) becomes

In
+(x; k) =

Z +1

0
h(ku)

g(x; x + `¡1
+ (x; u))

`0
+(x; `¡1

+ (x; u))
”n(x + `¡1

+ (x; u))eifi`¡1
+

(x;u)¡ifl(f(x+`¡1
+

(x;u))¡f(x))du:

Calling
8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

Fn
+(x; u) =

g(x; x + `¡1
+ (x; u))

`0
+(x; `¡1

+ (x; u))
”n(x + `¡1

+ (x; u))

ˆ+(x; u) =
‡

f(x + `¡1
+ (x; u)) ¡ f(x)

·

cos(µ) ¡ `¡1
+ (x; u) sin(µ);

(12)

In
+(x; k) reduces to

In
+(x; k) =

Z +1

0
Fn

+(x; u)h(ku)e¡ikˆ+(x;u)du:

Remark 1 The unknown ”n(x) is contained as a factor in the function F n
+(x; u). Notation (12)

is useful in that it helps present the integrand as a product of two distinct factors: a non-

oscillatory component F n
+(x; u) and an oscillatory component h(ku)e¡ikˆ+(x;u).

In addition to (11) we assume the proflle y = f(x) is an analytic function | so that the map

u 7! Fn
+(x; u) is analytic as well. Using the Taylor series

Fn
+(x; u) =

+1
X

m=0

@mFn
+(x; 0)

@um

um

m!
=

+1
X

m=0

p+
n;m(x)um (13)
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the integral In
+(x; k) takes the form

In
+(x; k) =

+1
X

m=0

p+
n;m(x)

Z +1

0
umh(ku)e¡ikˆ+(x;u)du

=
+1
X

m=0

p+
n;m(x)

km+1

Z +1

0
vmh(v)e¡ikˆ+(x; v

k
)dv:

(14)

Thus, the 1=k expansion of In
+ results from the corresponding expansions of the integrals

A+(k; m; x) =

Z +1

0
vmh(v)e¡ikˆ+(x; v

k
)dv: (15)

These non-convergent integrals must be re-interpreted by means of analytic continuation | in a

manner similar to that used in the deflnition and manipulation of Mellin transforms [Bleistein

and Handelsman, 1986]. An explicit expansion of A+(k; m; x) is given in the following section.

3.1. Expansion of the integrals In
+ and In

¡

Using the Taylor expansion of ˆ+(x; u) =
+1
X

m=0

ˆ+
m(x)

um

m!
in the variable u together with

the identity ˆ+(x; 0) = 0, expansion of the function exp(¡i(kˆ+(x; v
k ) ¡ ˆ+

1 (x)v)) leads to the

expression

e¡ikˆ+(x; v
k
) = e¡iˆ+

1
(x)v

ˆ

1 +
+1
X

n=1

k¡n
n

X

‘=1

a+
‘;n(x)

‘!
vn+‘

!

(16)

for certain (function) coe–cients a+
‘;n(x). Then, deflning

A+
0 (p; x) =

Z +1

0
vph(v) e¡iˆ+

1
(x)vdv (17)

and

A+
n (m; x) =

n
X

‘=0

a+
‘;n(x)

‘!
A+

0 (m + n + ‘; x) (18)

we obtain

A+(k; m; x) = A+
0 (m; x) +

+1
X

n=1

A+
n (m; x)

kn
; (19)
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and the series

In
+(x; k) =

+1
X

q=0

ˆ q
X

‘=0

p+
n;q¡‘(x)A+

‘ (q ¡ ‘; x)

!

k¡q¡1 (20)

for In
+ results. We see that this expansion is given in terms of the integrals (17) which, like

those of the previous section, are non-convergent and require analytic continuation. An explicit

expression for this integral as a function of p and x is given in Section 4.

The case of In
¡(x; k) can be treated similarly: we use t = x ¡ x0 and the deflnitions

`¡(x; t) =
q

t2 + (f(x ¡ t) ¡ f(x))2

Fn
¡(x; u) =

g(x; x ¡ `¡1
¡ (x; u))

`0
¡(x; `¡1

¡ (x; u))
”n(x ¡ `¡1

¡ (x; u))

ˆ¡(x; u) =
‡

f(x ¡ `¡1
¡ (x; u)) ¡ f(x)

·

cos(µ) ¡ `¡1
¡ (x; u) sin(µ):

Then, letting a¡
‘;n(x) be the coe–cients in the expansion of e¡ikˆ¡(x; v

k
)

e¡ikˆ¡(x; v
k
) = e¡iˆ¡

1
(x)v

ˆ

1 +
+1
X

n=1

k¡n
n

X

‘=1

a¡
‘;n(x)

‘!
vn+‘

!

;

calling

A¡
0 (p; x) =

Z +1

0
vph(v) e¡iˆ¡

1
(x)vdv

and deflning the functions A¡
n (m; x) by

A¡
n (m; x) =

n
X

‘=0

a¡
‘;n(x)

‘!
A¡

0 (m + n + ‘; x): (21)

we obtain the expansion for the integral In
¡:

In
¡(x; k) =

+1
X

q=0

ˆ q
X

‘=0

p¡
n;q¡‘(x)A¡

‘ (q ¡ ‘; x)

!

k¡q¡1: (22)



12

3.2. A simplifled expression for the integral In(x; k)

The expansions for In
+(x; k) and In

¡(x; k) can be combined into an expression which depends

only on the functions p+
n;‘(x), a+

‘;n(x) and

S(q; x) = A+
0 (q; x) + (¡1)qA¡

0 (q; x): (23)

Indeed, using the identity `¡(x; t) = `+(x; ¡t) we flnd

ˆ¡
‘ (x) = (¡1)‘ˆ+

‘ (x); a¡
‘;n(x) = (¡1)‘+na+

‘;n(x); and p¡
n;‘(x) = (¡1)‘p+

n;‘(x): (24)

The 1=k-expansion of In(x; k) now follows from (20), (22) and (24)

In(x; k) = In
+(x; k) + In

¡(x; k)

=
+1
X

q=0

ˆ q
X

‘=0

p+
n;q¡‘(x)A+

‘ (q ¡ ‘; x) + p¡
n;q¡‘(x)A¡

‘ (q ¡ ‘; x)

!

k¡q¡1

=
+1
X

q=0

q
X

‘=0

p+
n;q¡‘(x)

‡

A+
‘ (q ¡ ‘; x) + (¡1)q¡‘A¡

‘ (q ¡ ‘; x)
·

k¡q¡1

Using (18), (21) and (24) we thus obtain our key formula

In(x; k) =
+1
X

q=0

In
q (x)

kq+1
; where

In
q (x) =

q
X

‘=0

p+
n;q¡‘(x)

0

@

‘
X

j=0

a+
j;‘(x)

‘!
S(q + j; x)

1

A :

(25)

As we have seen, the function S(m; x) is deflned by divergent integrals; an explicit expression

for this function is given in the following section. The coe–cients a+
j;m and p+

n;m, in turn, are

deflned as products, quotients, compositions and inverses of certain power series expansions;

accurate methods for such manipulations of power series are given in Section 5. Note that
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a+
j;‘(x) and S(q + j; x) depend on the scattering proflle and incidence angle only; the coe–cient

p+
n;m depends on the geometry and the derivatives of the coe–cient ”n of order • m.

4. Computation of S(q; x).

Interestingly, a closed form expression can be given for the function S(q; x). Indeed, since

ˆ¡
1 (x) = ˆ+

1 (x) we may write

S(q; x) = A+
0 (q; x) + (¡1)qA¡

0 (q; x)

=

Z +1

0
vqh(v)

‡

e¡iˆ+
1

(x)v + (¡1)qeiˆ+
1

(x)v
·

dv;

or,

S(q; x) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

2

Z +1

0
vq+1H1

1 (v) cos(ˆ+
1 (x)v)dv q even

¡2i

Z +1

0
vq+1H1

1 (v) sin(ˆ+
1 (x)v)dv q odd:

Using formulae (11.4.19) and (11.4.16) in [Abramowitz and Stegun, 1964] together with the

Taylor expansion of sin(x) and cos(x), we then obtain the closed form expression

S(q; x) =

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

2q+2
+1
X

k=0

(¡1)k (2ˆ+
1 (x))2k

(2k)!

¡(
2k + q + 3

2
)

¡(
1 ¡ 2k ¡ q

2
)

q even

¡i 2q+2
+1
X

k=0

(¡1)k (2ˆ+
1 (x))2k+1

(2k + 1)!

¡(
2k + q + 4

2
)

¡(
¡2k ¡ q

2
)

q odd.

(26)

Thus S(q; x) is a series in powers of ˆ+
1 (x), whose coe–cients can be evaluated explicitly in

terms of the ¡ function.

Remark 2 It is easy to see that the radius of convergence of the power series in equation (26)

is 1, and that the series actually diverges for ˆ+
1 = 1. This condition has an interesting physical
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interpretation; since

ˆ+
1 (x) =

f
0
(x) cos(µ) ¡ sin(µ)

q

1 + f 0(x)2

the condition ˆ+
1 (x) = 1 is equivalent to

f
0

(x) = ¡ cot(µ)

or, equivalently, that some rays in the incident plane wave are tangent to the scattering surface.

Alternatively, using the asymptotic expansion

H1
1 (v) »

r

2

…v
e
i

µ

v¡
3…

4

¶

we see that the oscillatory term in A+
0 (p; x) is ei(1¡ˆ+

1
(x))v, which becomes non-oscillatory for

ˆ+
1 (x) = 1, and thus causes the integral to diverge. Therefore, as mentioned in the introduction,

the present algorithm applies only to conflgurations for which no shadowing occurs. Extension

of these methods to conflgurations including shadowing are forthcoming.

Remark 3 In addition to the inflnite series (26), the function S admits a flnite closed form

representation, namely:

S(q; ˆ) = (1 ¡ ˆ2)¡(q+3=2)Pq(ˆ)

where Pq(x) is a polynomial of degree equal to the integer part of q=2. These polynomials can be

computed easily and e–ciently through a Taylor expansion of the product S(q; ˆ)(1 ¡ ˆ2)(q+3=2).
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For example, the flrst few values of q we have

S(0; ˆ) = (1 ¡ ˆ2)¡3=2:2

S(1; ˆ) = (1 ¡ ˆ2)¡5=2:(¡6)

S(2; ˆ) = (1 ¡ ˆ2)¡7=2:(¡6 + 24ˆ)

S(3; ˆ) = (1 ¡ ˆ2)¡9=2:(90 + 120ˆ)

S(4; ˆ) = (1 ¡ ˆ2)¡11=2:(90 + 1080ˆ + 720ˆ2)

S(5; ˆ) = (1 ¡ ˆ2)¡13=2:(¡3150 ¡ 12600ˆ ¡ 5040ˆ2)

5. Computation of p+
n;q¡‘ and a+

j;‘: Taylor-Fourier algebra

As indicated previously, the functions p+
n;q¡‘ and a+

j;‘ in equations (12), (13) and (16) can

be obtained through manipulations of Taylor-Fourier series, which we deflne, quite simply, as

Taylor series whose coe–cients are Fourier series. Thus, a Taylor-Fourier series f(x; t) is given

by an expression of the form

f(x; t) =
+1
X

n=0

fn(x)tn fn(x) =
1
X

‘=¡1

fn‘ ei‘x (27)

The manipulations required by our methods include sum, products, composition and as well as

algebraic and functional inverses. These operations need to be implemented with care, as we

show in what follows.

Compositions and inverses of Taylor-Fourier series require consideration of multiplication and

addition, so we discuss the latter two operations flrst. Additions do not pose di–culties: nat-

urally, they result from addition of coe–cients. Multiplications and divisions of Taylor-Fourier

series, on the other hand, could in principle be obtained by means of Fast Fourier Trans-

forms [Press et al., 1992]. Unfortunately such procedures are not appropriate in our context.

Indeed, as we show below, the very rapid decay of the Fourier and Taylor coe–cients arising
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in our calculations is not well captured through convolutions obtained from FFTs. Since an

accurate representation of this decay is essential in our method | which, based on high or-

der difierentiations of Fourier-Taylor series, greatly magnifles high frequency components | an

alternate approach needs to be used.

Before describing our accurate algorithms for manipulation of Taylor-Fourier series we present

an example illustrating the di–culties associated with use of FFTs in this context. We thus

consider the problem of evaluating the subsequent derivatives of the function

S(x) =

0

@

1
X

k=¡1

cos(kx)

ajkj

1

A

2

through multiplication and difierentiation of Fourier series. For comparison purposes we note

that S actually admits the closed form

S(x) =

µ

1 + 2
a cos(x) ¡ 1

a2 ¡ 2a cos(x) + 1

¶2

; (28)

the value a = 10 is used in the following tests.

In Table 1 below we present the errors resulting in the evaluation of a sequence of deriva-

tives of the function S at x = 0 through two difierent methods: FFT and direct summation of

the convolution expression. (Here errors were evaluated by comparison with the corresponding

values obtained from direct difierentiation of the expression (28) by means of an algebraic ma-

nipulator.) We see that, as mentioned above, use of Fourier series obtained from FFTs lead to

substantial accuracy losses. Indeed, FFTs evaluate the small high-order Fourier coe–cients of a

product through sums and difierences of \large" function values, and thus, they give rise to large

relative errors in the high-frequency components. These relative errors are then magnifled by the

difierentiation process, and all accuracy is lost in high order difierentiations: note the increasing

loss of accuracy that results from use of larger number of Fourier modes in the FFT procedure.
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The direct convolution, on the other hand, does not sufier from this di–culty. Indeed, direct

convolutions evaluate a particular Fourier coe–cient an of a product of series through sums of

terms of the same order of magnitude as an. The result is a series whose coe–cients are fully

accurate in relative terms, so that subsequent difierentiations do not lead to accuracy losses. We

point out that full double precision accuracy can be obtained for derivatives of orders 20 and

higher provided su–ciently many modes are used in the method based on direct convolutions.

In addition to sums and multiplications, our approach requires use of algorithms for compo-

sition and as well as algebraic and functional inverses of Taylor-Fourier series. In view of the

previous considerations, a few comments will su–ce to provide a complete prescription. Com-

positions result from iterated products and sums of Fourier series, and thus they do not present

di–culties. As is known from the theory of formal power series [Cartan, 1963], functional in-

verses of a Taylor-Fourier series (27) with f0 = 0 results quite directly once the algebraic inverse

of the Fourier series f1(x) 6= 0 is known. We may thus restrict our discussion to evaluation of

algebraic inverses of Fourier series.

As in the case of the product of Fourier series, two alternatives can be considered for the

evaluation of algebraic inverses. One of them involves point evaluations and FFTs; in view

of our previous comments it is clear such an approach would not lead to accurate numerics.

An alternative approach, akin to use of a direct convolution in evaluation of products, requires

solution of a linear system of equations for the Fourier coe–cients of the algebraic inverse. In

view of the decay of the Fourier coe–cients of smooth functions, such linear systems can be

truncated and solved to produce the coe–cients of inverses with high accuracy.

In sum, manipulations of Taylor-Fourier series should not use point-value discretizations if

accurate values of functions and their derivatives are to be obtained. The approach described
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in this section calls, instead, for operations performed fully in Fourier space. In practice we

have found the procedures described here produce full double precision accuracies for all oper-

ations between Taylor-Fourier series and their subsequent high-order derivatives in very short

computing times.

6. High-Frequency Integral Equations | TM case

In the transverse magnetic (TM) polarization, the scattered fleld u = u(x; y) induced by an

incident plane wave impinging on the rough surface y = f(x) is the solution of the Helmholtz

equation with a Neumann boundary condition. The fleld u(x; y) can be computed [Voronovich,

1994] as an integral involving a surface density ”(x; k) and the Green’s function G(x; y; x0; y0)

for the Helmholtz equation

u(x; y) =

Z +1

¡1
”(x0; k) G(x; y; x0; f(x0))

q

1 + (f 0(x0))2dx0 (29)

where ” satisfles the boundary integral equation

¡
”(x; k)

2
+

Z +1

¡1

@G

@n
(x; f(x); x0; f(x0))

q

1 + (f 0(x0))2”(x0; k)dx0 = ¡
@uinc

@n
(x; f(x)): (30)

In what follows we will use the relations

uinc(x; y) = eifix¡ifly @G

@n
(x; f(x); x0; f(x0)) = ¡

i

4
h(kr)g(x; x0)

r =
p

(x0 ¡ x)2 + (f(x0) ¡ f(x))2 h(t) = tH1
1 (t) H1

1 Hankel function

g(x; x0) =
f(x) ¡ f(x0) ¡ f 0(x)(x ¡ x0)

r2
fi = k sin(µ) fl = k cos(µ);

where µ is the incidence angle measured counter-clockwise from the vertical axis, and k = 2…=‚

is the wavenumber. Since

@uinc

@n
(x; f(x)) = ¡

ifif 0(x) + ifl
q

1 + (f 0(x))2
eifix¡iflf(x);




