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1 Abstract

While the ultimate aim of this project is to learn how to better understand and
cortrol the acousticalproperties of violins, the goal for the researth undertaken this
summer was just to calculate the frequency spectrum of a resonan wood-walled
cavity. Due to time considerations,its scope was limited in that it does not in-
clude air or elastic damping: the model used calculatesonly the free eigenmales
of the instrument. The instrument primarily consideredwas a Badkpadker ukulele
(built by Martin Inc.), which hasa simpler geometrythan a violin, lacks the detailed
hand-carving of violin plates, and is inexpensiwe (thus reducing the level of concern
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asseiated with the prospect of causingdamageto the actual instrument during ex-
perimertation). Numerical calculations of the eigenmales were made using nite

elemens, and were comparedwith measuremets on the real Backpadker ukulele.

2 Intro duction

2.1 Violin Making

The heyday of violin making wasin the late 17th and early 18th certuries, whenthe
great masters Antonio Stradivari (1644-1737)and Giuseppe Guarneri (1698-1744)
worked in Cremona, Italy. Over 250 years after their deaths, their instruments re-
main largely unequaled,and are to this day frequertly copied (my instrument is a
1997 copy of a Guarneri viola). Clearly, violin making has not advancedas rapidly
as have marny other elds. It su®ersfrom two seriousditculties. One is that mu-
siciansand makers themsehesdon't all agreeasto the way an instrument ough to
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sound, and the more substartial oneis the enormouscomplexity of the violin itself,
which engendersa signi cant variability in the instruments due to extremely slight
di®erencesn materials and craftsmanship. My hope is that modern computerscan
be usedto better understand the behavior of the violin and the subjective criteria
peopleuseto judge the quality of its sound,in hopesof oneday being able to design

violins with very particular acousticalcharacteristics.

2.2 The Finite Element Metho d

The nite elemen method is a generalmathematicaltechnique for developingapprox-
imate solutions to partial di®erertial equationsgiven someregion and appropriate
boundary conditions. The cortinuum is divided into a nite set of individual pieces,
or elemerts. The eld variablesare then stored at the vertices of the elemerts, and
interpolated inside them to whatever order is desired. Typically through use of a
variational principle, the di®erertial equation can be cast in integral form. Repre-
serting all eld variablesin terms of the interpolation functions, it is possibleto write
what is known as the weak form of the integral equation. This processtransforms
the problem of solving a di®erenial equation into the problem of solving a matrix
equation. The matrices can be very large, but they have relatively low bandwidth.
The solution can be improved either through the use of higher order interpolation

functions or a larger number of elemets.



2.3 Prior Research

Researbershave attempted nite elemen modeling of the free plates of the violin [1],
and the air inside [2], but to my knowledge,the coupling betweenthe two hasnot yet
beenfully treated. Isakssonet al. [5] usea simpli ed model of air columnsconnecting
the front and badk plates, which is quite accuratein calculating the frequenciesof
the rst two eigenmales. Howewer, its accuracydiminishessubstartially for higher
frequency modes due the column model: the air isn't really con ned to arti cial

columns,and it movesin more than onedimension.

3 Results

3.1 Static Loading of a Cube

As a basictest, the displacemen of two facesof a cube was xed soasto stretch the
cube (onewas xed and the other displacedby % the sidelength of the cube). This

was chedked with another static loading program, and appearsto be correct.



3.2 The Backpacker Ukulele

After a great deal of measuremet) the following meshwas generatedfor the ukulele.
It is almost ertirely accurate,exceptthat the part connectingthe ned to the body

is not curved like the real instrument. It should be a decen rst appraximation.



In order to make measuremets of the ukulele's spectrum, Quake Hold putty
was usedto attach small permanen magnetsto various locations on the baseof the

ukulele, which was hung with rope from a pipe on the ceiling, as shovn below.



The ropesweretensionedsoasto touch only the cornersof the instrument. Most
of the weight was supported by the rope closestto the certer of mass. The magnets
weredriven with an alternating current solenoid. The resppnsewas measuredwith a
microphonepositioned as shovn. A computer swept through many di®eren driving
frequenciesto determine the ratio betweenthe input and output power and give a
power spectrum of the responseof the ukulele. The following gure shavsthe general

featuresof the power spectrum.



3.3 Static Loading of the Ukulele

Thesearethe resultsof the static loading calculation on the ukulelefor forceboundary
conditionsapproximately correspndingto putting an equaltensionin all four strings.

The magnitude of the displacemen is exaggeratedby a factor of 10°.






Notice how much the areaaround the bridge stretches.

3.4 Eigenmo des of the Ukulele

Modessix and eight (calculatedat 308.18Hz and 559.80Hz) werereasonablycloseto
the actual peak frequenciesof 308.15Hz and 530.94Hz. Thesewere calculatedusing
the actual density (520 %) of Honduran Mahogary, and reasonableappraximations

to its Poissonratio (0.4) and Young modulus (1:5E6 PSI).

The calculation was done for the caseof isotropic elastic constarts, which is
somewhatinaccurate (see[4] - for Honduran Mahogary, the Young modulus is higher

in the axial direction by factors of approximately 11 and 16, respectively, compared
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with the Young modulus in the tangertial and radial directions. This meansthat in
order to really get the spectrum right, it would be necessarynot only to accurately

model the air and damping, but to know preciselyhow the piece of wood usedwas

cut from the tree.)

4 Metho ds

To better explain nite elemerts for the unfamiliar reader, we shall rst investigate

the separateand simpler casesof solving a static loading problem, and an eigervalue

problem in one dimension.
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4.1 Finite Elements in One Dimension: Static Loading of a
String

We seekthe vertical de°ection of a string under tension, subject to a load which is
small comparedto the tensionin the string (so that we can assumereasonablythat

there is no horizortal de°ection), but otherwisearbitrary.

d?a( x
T OIf(z)+f(x):o 1)
30) =3 L)=0 (2

Equation (1) governsthe behavior of the system. T is the tensionin the string, &( x)
is the vertical de°ection of the string, and f (x) is the force per unit length applied
to the string. Equation (2) statesthe xed end boundary conditions. This is all we

needto descrile the cortinuous problem. The discretization equationsare:

Xn > Xmi8N > m (3)
Xo= 0;xy = L (4)
20 = Xn'i Xni 1 (5)

_ X Xni Xnj1_ i %
;= - - >
anxnil n

(6)

The boundary betweenthe (n + 1) and n"" elemerts is x,. A natural coordinate

», is introduced, which varies betweenj 1 and 1 over ead of the N elemens. The
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length of the n'" elemen is 2,. Equation (4) restatesthe boundary condition (2).

Z. RS B
T ™

| is the potertial energy of the string, which is equal to the sum of the potential

energiesover all of the elemens. We wish to minimize |, and this is accomplished

by setting the rst variation £ to zero. Expressedn terms of the natural coordinate

», we have:
Z 1o ) H ﬂz#
2T d?( )
= n a l
0= fOon)3( ) + 2 b, (8)
X
#= 4,20 ©)
n=1

Equation (9) requiresthat the rst variation be zero(sothat the energyis a minimum
to rst order), and that the total variation is the sum of the variations over all of the
elemerts. The individual variations can be calculated using the basic de nitions of

variational calculusand someintegration by parts, resulting in:

Z .
y,o AT aE
= n 2 1 2% d)h d)}]

+ f ()2 , dx, (10)

The interpolation functions are:

) = 1 (11
a(om) = " (12)
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We represen @ and ¥ are in the basisof theseinterpolation functions. @ and +2

vary linearly betweenqg and g respectively, at the edgesof the elemeits:

X
3(m) = hy () h+j; 2
j=1;2
(13)
X
() = hi () £th+i; 2
i=1;2
(14)
LU - 2Tzldhidhjd>+x | 2nzlf>h,)d)
H = "—'Ch+|12q1+1i2? Oy O h | heii 27 o () hi (m) Aoy

n=1 i

(15)

This can now be written as a matrix equation, where Q is a column vector of the
g, and K and F are a matrix and column vector composedof the kﬁ”) and fi(”) (the
two by two matrix and two elemen column vector assaiated with ead individual

elemen) sud that equation (15) is satis ed:

Z
21ty

(n) — i
kij - 2 1 dx, by, (16)
2 1
(=3 Tohendy (17
' (KQi F)=0) KQ=F (18)

This involvesbuilding up K, Q, and F from the ki(j”) and f .
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4.2 Eigenmo des of a String With Arbitrary Densit y

This is sort of an extensionof the previous part. We considerthe single frequency
eigenmalesof a string whosedensity function , (x) is somearbitrary (not necessarily

constart) function:

@(xt) @ (x1) _

Tvl ,(X)T 0 (19)
. (X) > 0;8x (20)

Z L
M= (x)dx (21)

0
& (1) = exp(i it t)2 4 (x) (22)
(X)) =, (x)=T (23)

d?a

oz 127(x)2, = 0 (24)

This is a regular Sturm-Liouville problem, sothere is a discretespectrum of eigerval-
ues! . The restof the math is alittle bit messierthan it wasin the previoussection,
but it follows the sameform. The weak form of the integral equationis:

)(\] X A 1 2 YA 1 . .2
! ja : d)%En' 2:(»n)hlhj | d)%zﬂm =0 (25)

n=1 ij il il n
Thus, we have a generalizedeigervalue problem:
(Kj!2L2 =0 (26)

det(K j !°L)

I
o

(27)
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We must rst nd the eigervalues! ,, by solving equation (27), and then solwe for
the eigervectors? by solving (26). The form of the matrices K and L comesfrom
the weak form of the integral equation (25). K is in fact the sameasit wasin the
previoussection,and L dependsonly on the function , (x).

The code and someresults are attached. It is quite interesting to comparethe

changesin the shape and frequenciesof the eigenmales for small deviations from

constart mass,which givesmodesof the form @ ,(x) / sin(™*). This actually has
a useful application, as violin strings can undergo slight changesin density due to
interactions with oil from the ngers and rosin from the bow which are reputed to be

suzciently largeto alter the modesin a noticeableway.

4.3 Finite Elements in Three Dimensions

For my three dimensionalmodel, I've beenusingtetrahedral elemens and linear inter-
polation functions. A meshcontaining M elemerts and N nodeswould be descriked
by the coordinates of the nodesr:::rx, and a list of the indices of the nodes com-
prising ead tetrahedron, e.g. E; = (1;8;7;12);E, = :i;En = (128 129217 220),
wherein this case,the coordinates of the four verticesof E; are r; Fg; F~; ro.

We then introduce the referencecoordinates (®; ;°), and compute the linear
transformation J; from the coordinates(x; y; z) sud that the interpolation functions

for the i elemen take on the simple form:
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hy(® ;°)=® (28)

ha(® ;°) = (29)
hs(®, ;°)="° (30)
ha(® ;°)=1j ® j ° (31)

The purposeof doing this is to allow the necessaryintegrals and derivatives of
the interpolation functions to be computed beforehand,wherethey di®erfrom those
used for the actual coordinates by only a linear transformation. Given the Young
modulus Y and the Poissonratio © (which completely descrile an isotropic elastic

body), the relevant elastic constarts are:

_ Y °)
T Ao 2) =
_ Y
G = 2(1+ °) (33)
v (34)

ST @ 2)

Where D¢ is a matrix of the elastic constarts, h is a matrix of the interpolation
functions, T; is the boundary traction, “is the (constart) density, and B is a matrix
of derivativesof interpolation functions (in this case,just constarts), the matricesfor

the i elemen are:
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leli®zli®i_

ki = i d°d d@B"D.B (35)
il 0o o 0
z
m; =  Y%HhdVv (36)
7"
fi = hTTidS (37)
@/

These matrices are then asserbled in essetially the sameway as for the one
dimensional case. Given someboundary conditions, the we can solwe either static

loading problems,or nd the eigenmales, by solving either of theseequations:

KQ=F (38)
(Ki!?M)Q=0 (39)

(38) is a plain old matrix equation. (39) is a generalizedeigervalue problem with

i 2
eigervalues! ;

4.4 Remarks on Ukulele Exp eriments

The ukulele should have beenfairly well isolated from environmental vibrations, as
the ropeswerenearly 2 metersin length, sothe pendulumresonancewhich is P $:2V4
should be at frequencieson the order of 1Hz.

The way in which the putty was attached is important - a small amourt had to
be betweenthe magnet and the body of the ukulele in order to make the magnets
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stick well enough. | have no corveniert way to measureits elastic properties, and
thus simply hope it won't changethe resonancecharacteristics of the systemmuch.

Another important considerationis how the applied driving force varieswith the
frequency Using the quasi-static appraximation (which is quite reasonableat these
frequencies:r*f/c is very much lessthan 1, wherer is the radius of the solenoid,c is
the speedof light, and f is the frequencyof the alternating current), the force on the
magnet is proportional to the eld, which is proportional to the current. Howeer,
the current is not constart over the range of frequenciesconsidered: the solenoid
was hooked up directly to an ampli er which put out a constart voltage sine wave
(altering this would have beenditcult given the proprietary HP software usedto
operate the data acquisition system), sothe current varieswith frequencyaccording
to the impedanceof the solenoid. The solenoidhad negligible capacitanceC=7(+-
2%) pF, sol treat it asan inductor of inductance L=14.65(+-2%) mH, in serieswith
a resistor R=69.1(+-0.2) Ohms.

The solenoidwas staded in a somewhatprecariousmanneron top of a wire spool
and a plastic componert box. It wasditcult to nd anything elsethat wasthe right
height, sol just hope that the vibrations in this structure weren't too signi cant - |
at least never heard any noisecoming from it: even whenthe driving frequencywas

closeto a ukulele resonance.
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5 Conclusion

Thereis still a greatdealof work left to be done: the addition of air and elasticdamp-
ing to the model, and to considerthe anisotropy of the elastic constarts. Despitethe
apparernt agreemehn of a coupleof the calculatedmode frequencieswith the obsened
spectral peaks,it is ditcult to say whether they are in fact causedby those modes
without the considerationof damping in the model so that a true spectrum can be

calculated.
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