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The numerical solution of time-dependent ordinary and partial differential
equations presents a number of well known difficulties—including, possibly,
severe restrictions on time-step sizes for stability in explicit procedures, as well
as need for solution of challenging, generally nonlinear systems of equations
in implicit schemes. In this note we introduce a novel class of explicit meth-
ods based on use of one-dimensional Padé approximation. These schemes, which
are as simple and inexpensive per time-step as other explicit algorithms, pos-
sess, in many cases, properties of stability similar to those offered by implicit
approaches. We demonstrate the character of our schemes through application
to notoriously stiff systems of ODEs and PDEs. In a number of important
cases, use of these algorithms has resulted in orders-of-magnitude reductions in
computing times over those required by leading approaches.

KEY WORDS: Numerical solution; explicit methods; evolution partial differ-
ential equations; stiff ordinary differential equations; Padé time stepping (PTS).

1. INTRODUCTION

The numerical solution of time-dependent ordinary and partial differential
equations presents a number of well known difficulties—including, possi-
bly, severe restrictions on time-step sizes for stability in explicit schemes, as
well as need for solution of challenging, generally nonlinear systems of equa-
tions in implicit schemes. Numerous algorithms have resulted from combina-
tions of implicit and explicit methods, including predictor-corrector schemes
[15], split-step [3] and semi-implicit [7] schemes. The exponential propaga-
tion method introduced recently [12], which is neither an implicit nor a
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semi-implicit method, does require, in general, solution of large linear-alge-
bra problems. Improvements in stability of explicit schemes have also been
sought through use of an increased number of sub-steps or “stages”, as in
the stabilized Runge-Kutta methods [10, 20–23].

In the predictor-corrector methods an explicit scheme is used to pro-
duce an initial guess for the implicit solve; for stability, however, full non-
linear solution is required in the corrector step, leading, generally, to high
computational costs. Split-step and semi-implicit methods, in turn, can be
attractive under certain circumstances, since they can derive stability from
use of exact or otherwise easily obtainable solutions for some portions of
the differential operator at hand; of course, the existence of such useful
easily-obtainable solutions cannot be guaranteed in general. The exponen-
tial propagation schemes, in turn, evolve the solution through linearization
and evaluation of matrix exponentials. The stabilized Runge Kutta meth-
ods have proven quite successful for treatment of parabolic PDEs; their
usefulness in the context of hyperbolic equations or generic systems of
ODEs, on the other hand, is limited.

It is interesting to note that all of these schemes bear connections
with Padé approximation [4]. For example, in most cases, the stability
functions of classical implicit and explicit time-stepping algorithms are
given by Padé approximants [11]; the matrix exponentials required by
the exponential propagation method, on the other hand, are frequently
obtained via Padé approximation of matrix valued Taylor series [12]. In
this note we introduce a new class of explicit methods based on one-
dimensional Padé approximation. These Padé time-stepping (PTS) schemes,
which are as simple and inexpensive per time-step as other explicit algo-
rithms, possess, in many cases, properties of stability similar to those
offered by implicit methods.

The novelty in the approach introduced in this paper lies in its use of
scalar Padé approximation even in its application to systems of equations:
the proposed algorithm time-steps a vector valued solution by means of
one scalar Padé approximant for each of its components. In particular, the
present method is fundamentally different from the rational Runge–Kutta
(RRK) method [23], see Section 5.2, even though, like ours, the RRK
approaches also rely on use of rational functions. An algorithm for sin-
gle ODEs [24] has been proposed, which proceeds through use of Padé
approximation in a manner akin to the one put forward in the pres-
ent text. Generalizations of that approach that might allow for applica-
tion to systems of equations have not been proposed before. However, the
exponential propagation method [12] with use of Padé approximation for
evaluation of the matrix exponential could indeed be viewed as such a
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generalization. Note that, unlike the present approach, such generaliza-
tions typically require solution of large linear-algebra problems.

As is the case for other nonlinear approaches, Padé time-stepping
does not commute with similarity transformations. Thus, stability analy-
ses based on the spectrum of eigenvalues are not as conclusive as they
are for classical methods; for example, stability of PTS for a single linear
ODE does not guarantee stability for a diagonalizable linear system; see
Section 3.3. For the particular case of triangular linear systems (with neg-
ative eigenvalues), however, we do establish that our algorithm is uncon-
ditionally stable. Using particular examples, on the other hand, we show
that a property of unconditional stability does not hold in general. Yet,
through consideration of a class of rather generic linear systems as well as
a number of linear and nonlinear ODEs and PDEs a compelling picture
emerges: for a wide range of evolution problems the PTS scheme does not
suffer from significant time-step stability restrictions; often the time-step
restrictions for stability lie far beyond the limit where accuracy is com-
pletely lost. In a number of important applications, use of the new scheme
has resulted in orders-of-magnitude reductions in computing times over
those required by leading approaches.

We demonstrate the properties of the PTS method through applica-
tion to notoriously stiff systems of ODEs and PDEs. In the treatment of
PDEs, for example, our experiments suggest that selection of appropriate
spatial discretizations, (e.g., Fourier decompositions), can make PTS sta-
ble and accurate for very large time-steps. This desirable behaviour does
not hold uniformly: as we will show, for example, the performance of
PTS is not favorable when used in conjunction with finite-difference spa-
tial discretization of hyperbolic PDEs. Thus, in the PDE context, use of
adequate spatial discretization is essential for the realization of the poten-
tially significant efficiency gains implicit in the PTS algorithm. More gen-
erally, as mentioned in Section 7, appropriate formulation of a problem at
hand is often necessary in order to fully realize the advantageous aspects
of PTS. In all the problems we have considered such appropriate formula-
tions were found—and gave rise to solvers that improve significantly over
those resulting from use of leading time-stepping algorithms.

2. PADÉ TIME-STEPPING (PTS)

As mentioned above, time-stepping numerical schemes for systems
of differential equations usually bear relation to Taylor expansions of
the vector-valued unknowns and corresponding Padé approximants with
matrix-valued arguments. The present approach, in contrast, time-steps the
solution by means of Padé approximations for each one of the scalar
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unknowns. As is well known, the [L/M]-Padé approximant of a func-
tion u = u(t) is defined [4] as a rational function of polynomials in t

with numerator degree L, denominator degree M, and whose Taylor series
agrees with that of u up to order L+M.

To introduce the Padé time-stepping scheme let us consider a system
of differential equations of the form

du

dt
=F [u, x, t ] (1)

for an unknown function u= (u1, . . . , uk)T . (Here and throughout this paper
aT denotes the transpose of a vectora.) The function F is assumed to be either

(i) A general, possibly nonlinear vector function of u = u(t) =
(u1(t), . . . , uk(t))T and time t ; F = F [u, t ]—so that, the class of
equations of the form (1) includes all ODEs; or

(ii) A general vector function of u=u(x, t)= (u1(x, t), . . . , uk(x, t))T ,
time t , a finite dimensional “spatial” vector x, and a finite num-
ber of derivatives of u, of various orders, with respect to the
spatial variables x = (x1, . . . , xn)—so that the class of equations
of the form (1) includes a wide range of evolution PDEs, and
in particular, through appropriate coordinate transformations, all
hyperbolic PDEs.

As is the case for all time-stepping schemes, Taylor series of the solu-
tion in the time-step h for fixed t

um(t +h)≈
∑

q

cm
q (t)hq (2)

play central roles in our approach. The dependence of such series with
respect to the spatial variable x, if any, is encoded in their Taylor coeffi-
cients: for partial differential equations we have cm

q = cm
q (x, t).

The PTS scheme time-steps the solution u by means of certain explicit
algebraic manipulations on the Taylor polynomial (2). As is well known,
truncated Taylor expansions at a point t = t0 for the components of
the unknown vector u can be extracted from equation (1) and a given
value u(t0). A variety of approaches can be used to produce such series
numerically; two such algorithms are described in Sections 2.1 and 2.2
below. Appropriate discretizations of the spatial variables must be used for
numerical solution of PDEs; a discussion on adequacy of various spatial
discretization schemes within our framework is presented in Section 5.

Our scheme evolves the solution u by means of the Padé approximant
of the Taylor series (2) for each component of the vector valued unknown
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function. Calling h the time-step, for a given pair of integers (L,M) we
denote the Padé approximant to the Taylor series (2) by

[L/M]m,t (h)= a
m,t
0 +a

m,t
1 h+· · ·+a

m,t
L hL

1+b
m,t
1 h+· · ·+b

m,t
M hM

, (3)

provided it exists. Then, calling tj = jh the j th time-step (j = 1,2, . . . ),
our [L/M] Padé time-stepping scheme (PTS[L/M]) time-steps the solution
according to the prescription

um
j+1 = [L/M]m,tj (h)

unless one of the following situations occur:

1. The Padé approximant [L/M]m,tj does not exist, or
2. The Padé approximant [L/M]m,tj exists but the condition

∣∣[L/M]m,tj (h)
∣∣<K |um

j | (4)

is violated– where K is an appropriately large (problem depen-
dent) constant. This situation may occur when, for example, the
Padé denominator vanishes or is very small.

In either of these exceptional cases, our scheme time-steps the solution
according to the prescription

um
j+1 =

L+M∑

q=0

c
m,tj
q hn. (5)

In order to avoid underflow, in our actual implementations condition
2 above was supplemented with a condition which requires selection of an
appropriately small constant ε: the algorithm should also revert to use of
the Taylor series (5) whenever

2′. The Padé approximant [L/M]m,tj exists but, calling Qm,tj the
denominator of this approximant, the condition

|Qm,tj (h)|>ε (6)

is violated.

In practice we have found that in presence of condition 2′, condition 2 can
safely be eliminated provided appropriate values of the small constant ε

are used. In our experiments we have frequently used the value ε=10−13.
There is significant flexibility in the selection of this parameter, however:
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even orders of magnitude larger or smaller values of ε may be just as ade-
quate.

Remark 1. It should be noted that, even under conditions 2 and 2′
above, the PTS scheme may still become “locally inaccurate”, that is, it
may produce, at certain time-steps, accuracies of an order lower than that
of the underlying Taylor Series. For example it can be readily seen that for
a single scalar equation for an unknown u(t), the first residual term for
PTS[1/1] (i.e., the difference between the Taylor polynomial of order two
and the Padé approximant) with stepsize h is C1h

3, where

C1 = (u′′)2

4u′ .

Thus, if we have |C1|>O(h−1) at a certain time-step, local accuracy is lost
at that step. This problem can be easily solved: the Taylor series can be
modified, e.g., by adding a linear term, in such a way that for the new
function u′ �=0 and u′′ remains unchanged. A discussion of our method of
accuracy control, together with some illustrative examples are presented in
Appendix A.

2.1. Taylor PTS Schemes

Perhaps the simplest and most direct method to evaluate truncated
Taylor expansions from equation (1) and a given value u(t0) proceeds via
an inductive calculation similar to that arising in the proof of the Cauchy
– Kowalevsky theorem [14, p. 74–75]. This inductive procedure, which may
or may not be the most convenient in a given application, produces the
Taylor series (2) via multiple differentiation of equation (1) with respect
to t and the spatial variables x, if any.

For example, given the value u(t0), derivatives of all orders at t = t0 of
the solution u of the ODE u′ =f (u, t) can be obtained from the formulae

u′′ =ft +fuf

u′′′ =ftt +ftuf +fuft +fuuf
2 +f 2

u f

u′′′′ = . . .

which result from iterated differentiation of the relation u′ =f (u, t).
Analogously, let us consider a PDE such as

ut =−uxxx −6uux, (7)

and suppose the values of u at t = t0 are known:

u(t0, x)=g(x) for x ∈ [a, b]. (8)
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Clearly equations (7) and (8) give ut (t0, x) for x ∈ [a, b]:

ut (t, x)=−g′′′(x)−6g(x)g′(x). (9)

To obtain the second time-derivatives of u at t = t0 we differentiate
equation (7)

utt =−utxxx −6utux −6uuxt . (10)

and we note that all of the quantities in the right hand side of equa-
tion (10) can obtained from equations (8), (9) and their x derivatives.
Clearly this procedure can be continued indefinitely to produce the Taylor
series (2) for any differential equation of the form (1), provided the oper-
ator F satisfies either one of the conditions (i) or (ii) above.

2.2. Multi-Step PTS Schemes

The method of evaluation of the Taylor coefficients (2) described in
Section 2.1 and the resulting Taylor PTS schemes are adequate for prob-
lems in which the derivatives of the operator F of equation (1) are easy to
obtain. For certain types of applications, however, it may be highly pref-
erable to use “multi-step” PTS algorithms based on numerical differenti-
ation—in which the Taylor coefficients are evaluated from values of the
operator F only. As discussed in what follows, multi-step algorithms for
the evaluation of truncated Taylor series can be constructed using stan-
dard explicit methods—each giving rise to a corresponding multi-step PTS
scheme.

Using a “mini-step” h̃, Taylor series (2) can be obtained through use
of any high-order explicit algorithm with time-step h̃. The mini-step h̃

should be chosen to optimize the stability and accuracy of the overall
multi-step scheme. For definiteness and simplicity here we describe a pos-
sible multi-step PTS[1/1] algorithm that uses the RK2 algorithm as the
underlying standard explicit scheme; it should be clear that other explicit
methods, either of fractional step type (e.g., Runge–Kutta) or linear multi-
step type (e.g., Adams–Bashforth) can be used instead, and that a number
of variants of the proposed strategy could be considered.

The present multi-step PTS algorithm proceeds as follows: Given the
value uj at t = tj and a mini-step h̃, we

1. Use second order Runge–Kutta to find approximate values u+
and u− of u at times tj + h̃ and tj − h̃; then

2. Using uj , u
+, u−, we form the difference quotient

δ2(u)= (u+ −2uj +u−)/(h̃)2
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(which approximates the second derivative of u with an error of
order h̃2), and finally,

3. Using the values uj , u
′
j = F [u, x, t ] and δ2(u), we construct the

approximation uj+1 as

uj+1 =P(h)

where P(t) is [1/1] the Padé approximant of the Taylor polyno-
mial uj +u′

j t + 1
2δ2(u)t2.

Remark 2. The parameter h̃ should be chosen appropriately: very
small values of h̃ give rise to ill-conditioning, while large values of h̃ result
in accuracy loss. In the calculations of Section 6 we used h̃=10−4.

Remark 3. No attempt is made here to provide an analysis of the
stability properties of multi-step PTS schemes. The numerical examples
of Section 6, however, do indicate that the accuracy, stability and speed
resulting from the proposed multi-step PTS approach are comparable to
those resulting from the corresponding Taylor PTS method.

2.3. PTS[1/1] and PTS[2/2] Algorithms

To summarize the preceeding discussion, we provide a brief outline of
the second and fourth order PTS schemes used for the examples provided
in Sections 4–6. In all cases we have used the parameter value ε =10−13.

Given an ODE of the form u′ =f (u, t) and starting value u(t0)=u0,
a subsequent approximation u1 at t = t0 +h for stepsize h>0 may be com-
puted as follows:

PTS [1/1]

1. Compute Taylor Series coefficients c0 =u0, c1 =f (u0, t0), and c2 =
(fuf + ft |(u0,t0))/2 (Taylor PTS; Section 2.1) or c2 = δ2(u0)/2
(Multi-step PTS; Section 2.2).

2. Check for local accuracy (Remark 1 and Appendix A) by ver-
ifying that

∣∣c2
2/c1

∣∣ < O(h−1). If this relation is not satisfied,
then employ one of the various local accuracy control strategies
described in Appendix A; see Remark 4.

3. If |c1 − c2h|>ε then

u1 = c0c1 + (c2
1 − c2c0)h

c1 − c2h
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else

u1 = c0 + c1h+ c2

2
h2

PTS [2/2]

1. Compute Taylor Series coefficients c0 = u0, c1 = f (u0, t0), and
subsequent coefficients c2, c3, c4 via Taylor or Multi-step PTS (see
Sections 2.1 and 2.2).

2. Check for local accuracy (Remark 1 and Appendix A) by verify-
ing that∣∣(c3

3 −2c3c2c4 + c1c
2
4)/(c1c3 − c2

2)
∣∣ < O(h−1). If this relation is not

satisfied, then employ one of the various local accuracy control
strategies described in Appendix A; see Remark 4.

3. If |c1c3 − c2
2 + (c2c3 − c1c4)h+ (c2c4 − c2

3)h
2|>ε then

u1=
c0c1c3−c0c

2
2 + (c2

1c3 − c1c
2
2 − c0c1c4 + c0c2c3)h+ (2c2c1c3 − c3

2 − c2
1c4 − c0c

2
3 + c0c2c4)h

2

c1c3 − c2
2 + (c2c3 − c1c4)h+ (c2c4 − c2

3)h
2

else

u1=c0+c1h+ c2
2 h2 + c3

3! h
3 + c4

4! h
4

Remark 4. Although, as shown in Appendix A, a local accuracy con-
trol procedure may be needed in some cases, we have found that such a
measure is often not necessary: no such accuracy control was needed in
any of the examples presented in Sections 4–6.

3. STABILITY

As detailed in Section 7, given the nonlinear nature of Padé approx-
imation it is not possible to deduce a property of unconditional stability
for general linear systems of ODEs from corresponding properties of sta-
bility for single linear ODEs. In fact, PTS schemes are not uncondition-
ally stable for general systems of equations—even linear ones—although
as demonstrated by means of the results in Sections 4 and 5, PTS schemes
can provide vastly improved stability properties over those offered by
explicit methods (with limited additional computational expense) for a
wide range of problems.

Insight into the general stability properties of PTS schemes can be
obtained through application to linear systems. In particular, in the fol-
lowing subsection we note that, for single linear equations, diagonal PTS
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schemes are always unconditionally stable. In Section 3.2 we then present
a result of stability for triangular linear systems with negative eigenvalues
and finally in Section 3.3 we consider general systems. While in general
for a given order of accuracy several PTS[L/M] schemes could be consid-
ered for various values of L and M, our experiments clearly suggest that
balanced schemes where L≈M tend to provide more favourable stability
properties; consequently, henceforth we restrict our focus to PTS schemes
with L=M.

3.1. Single Scalar Equation

It has long been known that time stepping a single linear equation by
means of Padé approximants gives rise to unconditionally stable numerics;
see [6]. In our nomenclature, we can thus state

Theorem 5. Let Re(a)<0. Then, for any positive integer n, the PTS[n/n]
scheme for the single ODE u̇ = au is stable for all stepsizes h > 0 and the
PTS[n/n] numerical solution uj for this ODE tends to zero as j →∞.

3.2. Triangular Linear Systems

We extend this result of unconditional stability to triangular linear
systems with negative diagonal entries; to establish our result we need the
following lemma.

Lemma 6. Call P(t) the [n/n] Padé approximant of the exponential
function y =e−t around t =0. Then, given s >0 there exists a number η>0
such that, for every Taylor polynomial

c(t)≈
2n∑

q=0

cqtq

satisfying |cq |<η for 0�q �2n, the [n/n] Padé approximant Q(t) of u(t)=
e−t + c(t) satisfies

|Q(s)|<1. (11)

Proof. Clearly, in view of the invertibility of the Padé linear algebra
problem for the Taylor series of the exponential function [4], given δ > 0
we have |P(s) − Q(s)| < δ provided η is small enough. In view of Theo-
rem 5 and taking δ small enough equation (11) follows.

We can now establish our stability result for the PTS[n/n] scheme
for an upper triangular linear system of k equations. In what follows the
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Taylor coefficients (2), calculated for the m-th component of the solution
vector at time t = tj = jh by the methods described in Section 2.1, are
denoted by cm

q,j (0�q �2n, j �1).

Theorem 7. Let A be a real, upper triangular k × k matrix with
negative diagonal entries. Then, for every value of n, the PTS[n/n] scheme
for the system

u̇=Au, (12)
is stable for all stepsizes h>0. More precisely, for all h>0 we have

um
j →0 as j →∞ for 1�m�k.

Proof. Let h > 0 be given, and let uj = (u1
j , . . . , u

k
j )

T denote the
approximation provided by the PTS[n/n] scheme with step-size h for the
solution of the system (12) at time tj = jh. By Theorem 1 we know that
the k-th component uk

j of u tends to zero as j →∞. Further, the Taylor
coefficients ck

q,j , which are determined by uk
j , also tend to zero as j →∞.

We shall establish inductively that the same is true for all components um

of the solution vector: for all m= 1, . . . , k, um
j together with all the calcu-

lated Taylor coefficients cm
q,j (0 � q � 2n) corresponding to the m-compo-

nent of the solution vector tend to zero as j →∞.
Otherwise, let p be the largest index m,m = 1, . . . , k, for which this

statement is not valid; clearly, p � k − 1. It is easy to see that u
p
j �→ 0 as

j → ∞ since, from the details of the constructions of Section (2) it can
be verified that u

p
j →0 implies that all of the calculated Taylor coefficient

tend to zero as well. To analyze this case, let us re-express the pth equa-
tion in the form

dup

dt
(t)=appup(t)+bp(t) (13)

where bp(t)=∑k
m=p+1 apmum(t). Clearly, our inductive hypothesis implies

that the sequence

b
p
j =

k∑

m=p+1

apmum
j

as well as all of the corresponding sequences of calculated Taylor coeffi-
cients

b
p
q,j =

k∑

m=p+1

apmcm
q,j (14)

tend to zero as j →∞.
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If for a certain j we have u
p
j �=0, since app is negative we may define

the function

v(t)=up
(
(t − tj )/|app|+ tj

)
/u

p
j

so that equation (13) can be re-expressed in the form

dv

dt
(t)=−v(t)+ bp((t − tj )/|app|+ tj )

|app|up
j

,

and, clearly, we have

v(tj )=1.

Applying Lemma 6 with s = |app|h we see that there is a number γ > 0
such that the [n/n] Padé approximant Q of the Taylor series of v(t) at t =
tj satisfies

|Q(|app|h)|<1

provided
∣∣∣∣∣

b
p
q,j

appu
p
j

∣∣∣∣∣<γ (15)

for 0 � q � 2n. Indeed, it suffices to take γ sufficiently small so that the
Taylor polynomial of v differs from the Taylor polynomial of the expo-
nential by a polynomial with coefficients smaller than η.

In sum, if u
p
j �=0 and equation (15) is satisfied we have Q(|app|h)<1

and, since u
p

j+1 = u
p
j Q(|app|h), it follows that there exists a constant 0 <

M ′ <1 such that

|up

j+1|<M ′|up
j |. (16)

In case either u
p
j =0 or equation (15) is not satisfied for some 0�q �2n,

on the other hand, equation (16) may not hold, and for some q,0�q �2n,
we must have

∣∣∣∣∣
b

p
q,j

app

∣∣∣∣∣�γ |up
j |. (17)

In this case we appeal to Condition 2 in the definition of the PTS
scheme (Section 2), which guarantees that there is a fixed constant K
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such that either |up

j+1|<K|up
j | or u

p

j+1 is computed by means of a Taylor
polynomial (5). In the latter case, u

p

j+1 is given by a linear combination

with constant coefficients of u
j
p and the calculated Taylor coefficients cm

q,j

for m > p. We thus see that, whenever equation (15) is not satisfied or
u

p
j =0, u

p

j+1 is bounded by a fixed constant M times the maximum of um
j

for m�p:

|up

j+1|�M max
m�p

|um
j |. (18)

In view of equation (17) it follows that

|up

j+1|�M max
{
|up

j |, max
m>p

|um
j |

}
�M ′′ max

{
max

0�q�2n

∣∣∣∣∣
b

p
q,j

app

∣∣∣∣∣ , max
m>p

|um
j |

}

(19)

for some constant M ′′ >0.
We have thus established that, for each j , one of the inequalities (16)

and (19) must hold, with constants M ′ and M ′′ satisfying 0 <M ′ < 1 and
M ′′ > 0. Since we know that, as j → ∞, um

j → 0 for m > p and b
p
q,j → 0

for 0 � q � 2n, it is easy now to check that u
p
j → 0 as j →∞—and, thus

that, for every q, c
p
q,j →0 as well. By induction this shows that um

j →0 as
j →∞ for 1�m�k, as claimed.

3.3. General Systems of Differential Equations

To gain an insight on the behavior that might be expected from appli-
cation of PTS schemes to non-triagular systems, we consider two families
of 2×2 systems of ODEs

u̇=Au, with A=
[

a b

c d

]
, (20)

each one of which is parametrized by an angle θ . These families are
defined by matrices

A=Aj(θ, κ)=V BjV
−1, j =1,2 (21)

where

V =
[

cos θ sin θ

sin θ cos θ

]
(22)

and where, using κ >0, we define
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B1 =
[ −1 0

0 −κ

]
and B2 =

[
0 1

−κ 0

]
. (23)

The matrix A = A1, which has negative eigenvalues, gives rise to two-
dimensional linear systems (20) whose solutions have properties similar to
those of the one-dimensional equations to which Theorem 5 is applicable.
In this case, the angle θ relates to the angular separation of the eigen-
vectors, and the number κ determines the size of the eigenvalue spectrum.
The matrix A=A2, which has purely imaginary eigenvalues, provides sig-
nificant complementary insights on the nature of the PTS algorithm.

For simplicity we restrict ourselves to the PTS[1/1] map. Noting that
this map may be expressed in the form xj+1 =rjF (φj ), and yj+1 =rjG(φj )

(where (rj , φj ) denotes the polar representation of the point (xj , yj ), j =
0, . . .∞) without loss of generality, a study of stability in this context may
be restricted to consideration of solutions starting at points on the unit
circle: r0 = 1, φ0 ∈ [0,2π ]. Systems (20)–(21) with eigenvalue parameter in
the range 20 <κ < 20000, .001 <h< 107 and angles away from the degen-
erate cases at θ = π

4 , 3π
4 , . . . were studied. For a given set of parameters

the stability of the PTS[1/1] map was determined via direct iteration: in
every case a clear distinction emerges between the (θ, κ) values which cor-
respond to stability (iterates remained bounded for every initial point on a
fine discretization of the unit circle) and instability (iterates do not remain
bounded for at least one initial point on the unit circle).

For the system A1 the iterated map was found to remain stable for
all parameter values, that is, the numerical evidence suggests strongly that
PTS[1/1] method is unconditionally stable for this problem. For the sys-
tem A2, on the other hand, for all values of θ and κ there exist step-
sizes beyond which the iterates become unbounded. To visualize this, in
Figure 1 we present the stability boundaries for a range of values of κ—
in polar form (ρ, θ), in which radial distance ρ corresponds to stepsize
h according to the rule h = 10ρ−3, and in which the angular coordinate
equals to the system angle θ .

Remark 8. In the above discussion the parameter θ is a measure of
relative angle between eigenvectors. A very similar picture to that pre-
sented in this section emerges in the case in which V is the rotation matrix

V =
[

cos θ − sin θ

sin θ cos θ

]
.
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